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PREFACE. 


T he aim of the authors of the present work has been to 
produce a book which will help to make Geometry an 
attractive subject to the average British boy or girl. 

The new schedule of geometry recently adopted by Cambridge 
has been taken as a basis of operations. These regulations 
affect candidates for tho Previous Examination after IMarch 11)01. 

It hjis been found easy to follow this schedule closely and 
at the same time to have regard to tho reformed schedules of 
various other examinations, such as Oxford and Cambridiro Locals, 
Oxford Reaponsions, together with the examinations of the Uni- 
versity of London, and the Civil Service Commissioners. Tlio 
reports of the British Association and of the Mathematical 
Association have been very helpful. 

The book opens with a course of experimental work; 
great pains have been taken to make tho exercises perfectly 
explicit and free from ambiguity. The beginner is taught to 
use instruments, to measure accurately lines and angles (thi:; 
will in future be regarded as an indispensable part of geo- 
metrical work), to construct and recognize the simpler plane 
and solid figures, to solve problems by drawing to scale. At the 
same tune he is led to discover many geometrical truths which 
are proved later; he should be encouraged to put into words 
and make notes of any such discoveries. There is much in this 
part which will he useful revision work for more advanced pupils. 



71 


PREFACE 


Then follows the course of Theoretical Geometry, which 
is divided -into four ‘books.* The experimental method is still 
prominent, in the shape of exercises leading up to propositions. 

The sequence of theorems is Euclidean in form, but greatly 
simplified by the omission of non-essentials, and by the use of 
hypothetical constructions. There is reason to hope that it is 
now possible to adopt a sequence (not differing very greatly 
from that of Euclid) which ■will be generally accepted for some 
time to come. 

The treatment of problems is practical, though proofs are 
given ; for this part of the subject the present work is designed 
to fulfil the purposes of a book on geometrical drawing. 

Among the exercises, some are experimental and lead 
up to future propositions, some ai*e graphital and numerical 
illustratioiLs of known propositions, some are ‘ riders* of the 
ordinary type*. In a great number of the earlier exercises the 
figures are given. There is a collection of exercises on plotting 
loci and en'velopesj a subject which is found interesting, 
aiid introduces the learner to other curves than the circle and 
straight line. 

Book I. deals with the subject-matter of Euclid I. 1 — 34; 

angles at a point, parallels, angles of polygons, the triangle, 
the parallelogram, sub-divisioii of straight lines, the earliest 
constructions and locL 

Book II. treats of area. The notion of area is enforced 
by a large number of exercises to be worked on squared paper, 
the use of coordinates being explained incidentally. Euclid’s 
second book appcai-s in a new garb as geometrical illustrations 
of algebraical identities. 

• We are indebted to tlxe kindness of Mr R. Levett and of Messrs Swan 
Bonnenschein and Co. for permission to use a few of the riders from The 
Etenieiits of Plane Geometry issued under tlie auspices of the A. I. G. T. 
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Book m.— the clrcloj relieved of a groat number of useless 
propositions. In addition to the topics usually treated, there 
are sections on the mensuration of the circle, a knowledge 
of which is generally assumed in works on solid geometry. 

Book IV. — similarity. Hero again much of Euclid VL 
is omitted, as not really illustrating the subject of similar figures. 
Euclid's definition of proportion has gone, and is replaced by an 
easy algebraic treatment applicable (as is now permitted) to 
commensurable magnitudes only. 

On the whole, the authors believe that with two-thirds of 
the number of th^orema, more ground is covered than by Euclid 
B— IV, and VL 


References have generally been given in the proof of 

propositions; it is not supposed however that pupils will be 

required to quote references. Their presence in a book can be 

Justified only on the ground that they may help a reader to 
follow the argument. 


The authors desire to express their gratitude to many friendly, 
whose criticisms have been both salutary and encouraging. 

C O 

OAMBRmoE, Axiguat, 1903. ^ « 

A. W, S, 

An appendix on the pentagon group of constructions is now- 
added. 

July^ 1906. 

Revision papers have been added at the end o£ the book. 
For pemn^on to print certain items we are indebted to the 
Murte^ of H.M. Stationery Office, the Oxford Local Examina. 
bo^ De e^y, the Cambridge Ix>cal Examinations Syndicate, 
the Jomt BoaH the University of London and the Lard of 
Management of the Common Entrance Examination. 


December, 1916, 


0. G. 

A. w. a 


PREFACE TO SECOND EDITION. 

I N this edition the first four theorems of Book 11. (areas ot 
pfirallelogram and triangle) have been reNvritten and com- 
pressed into three theorems, the enunciations now following the 
arrangement of the Cambridge Syllabus. The proofs of III. 6 
and 7 have also been rewritten. 

In the first edition references were given, as a rule, in the 
proofs of theorems; but in some cases an easy step was left 
to the reader, by the insertion of (why ?). This is now deleted 
from theorems, and the reference is given in all such cases. 

An additional set of exercises on drawing to scale has been 

inserted. 

A very full table of contents now appears : this, in fact, was 
added in an earlier reprint. 

Other minor changes have been made (e.g. new figure for I, 3, 
II. 7, IV. 1). 

For the convenience ot users of the first edition, it has been 
arranged that there is no change in the numbering of pages or 
exercises. 

A. W. S. 

Aprily 1909 . 

PREFACE TO THIRD EDITION. 

I N this edition no changes have been made in the numbering of 
pages or of exercises. The most important change is that 
exercires of a theoretical character (riders) have b^n marked 
thus tEx. 326, and exercises intended for discussion in class are 

distinguisbed thus 51Ex. 30. 

In oi'der to economise time some of the drawng exercises in 
the later part of the book have been slightly changed so tliat they 
now require only a description of the method of performing the 
construction instead of requiring that it shall actually be per- 
formed. ^ ^ 

A. w. a 


December, 1911 . 
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PART I. 

EXPERIMENTAL GEOMETRY. 




INSTRUMENTS 

The following instruments will be required 

A hard pencil (HH). 

A ruler about 6" long (or more) graduated in inches and tenths of an. 
Inch and also in cm. and mm. 

A sat square (60®) ; its longest side should be at least 6" long. 

A semi-circular protractor. 

A pair of compasses (with a hard pencil point). 

The pencil should have a chisel-point. 

The compass pencU may have a chisel-point, or may be sharpened in tha- 
ordinary way. 

In testing the equaUty of two lengths or in transferring lengths, compassea 
should always be used. 

Exercx^es distinguished hy a paragrajdi sign thus: ^Ex. 27, 
CLTC ifilended Jot discxtasioTi closs* 

Exercises of a theoretical character {riders) are marked wxth 
a dagger thus : t Ex, 323. 



EXPEBIMENTAL GEOMETRY. 


Stuaigiit Lixks. 

Lv stating the length o( a line, remember to give the unit; the following 
abbreviations may be used tn. for inch; cm. for centimetre; mm. for 
tniUimetre. 

In Ex. 1-163, all lengths measured in inches are to be given tc the 
nearest tenth of an inch, all lengths measured in centimetres to the nearest 
millimetre. 

Always give your answers in decimals. 

Ex- 1. Measure the lengths AB, CD, EF, GH in fig, 1 

(i) in inches, 

(ii) in centimetres. 



X X 

£ F 


K- 

Q 

fig. L 


X 

M 


Ex. 2, Measure in inches and 
<ite edges of your wooden blocks. 


centimetres the lengths of 


1—2 



4 
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Ex. 8. Measure ia iiiches the lengths AB, BC, CD in fig. 2 } 
arrange your results in tabular form and add them together. 



fig. 2. 


AB = 

in. 

BC = 

in. 

CD = 

in. 

AB+BC+CO = 

in. 


Check by measuring AD. 

Kx. 4. Repeat Ex. 3, using centimetres instead of inches. 

Ex. 5. Repeat Ex. 3, for fig. 3, (i) using centimetres, 
(ii) using inohea 


X X ^ 

a O o 

dg. 3. 

Ex. 6. Measure in centimetres the lengths AB> BC in 
fig. 4, and find their difierence ; arrange your results in tabular 
form. 



1 — i_ 

AC B 

fig. 4. 

AB= cm. 

BCs cm. 

AB— BC= cm. 

Check by measuring AC. 

Ex. 7. Repeat Ex. 6, using inches instead of centimetrea 


sthaight lines 


5 


Ex. 8. Repeat Ex. 6, for fig. 6, (i) naing inches, (ii) using 
centimetres. 


X 

A 


X 

C 


X 

8 


fig. 5. 


Ex. 9. Measure in inches, and also in centimetres, the 
length of the paper you are using. 

Tour ruler is probably too short to measure directly; divide the length 
into two (or more) parts by making a pencil mark on the edge, and add these 
lengths together. 

Ex. 10. Measure the breadth of your paper in inches and 
abo in centimetres. 

JEx. IL. Draw a straight line about 6 in. long and cut off 
a part AB = 2 in., a part BC = 1*5 in,, and a part CD = 1*8 in.; 
find the length of AD by adding these leng;th3 ; check by measur- 
ing AD. [Slake a table as in Ex. 3.] 

Ex. 12. Repeat Ex 11, with 

AB = 2*7 cm,, BC =; 9-6 cm,, 

BC = 3-9 cm.. 

BC = 2*6 in., 

BC = *5 cm., 

BC=2*9 in., 

A man walks 3*2 miles duo north and then 1*5 miles 
duo sout^ how far is he from his starting point? Draw a plan 
(1 mile being represented by 1 inch) and find the distance by 
measurement. 

Ex 14. A man walks 6*4 miles duo west and then 8*2 miles 

due ^t, how far is he from his starting point? (Represent 
i mile by 1 centimetre.) 

Ex. 15. A man walks 7*3 mUes due south, then 12*7 miles 
tarting point? (Represent 1 mile by 1 centimetre.) 


(i) 

(ii) 

<iii) 

(iv) 

<^) 
Ex. 13. 


AB =s 5*2 cm., 
AB = *7 in., 
AB = *8 cm., 
AB = 1*8 in,, 


CD = 1*3 cm. 
CD =s 2‘8 
CD = 2'4 in. 
CD = 2*4 cm. 
CD =t *6 in. 
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Ex. 16. Draw a straight line, guess its middle point and 
mark it hy a short cross-line ; test your guess by measuring the 
two parts. 

Ex. 17. Kepeat Ex. IG, three or four times with lines o£ 
various lengths. Show by a table how far you are wrong. 

Ex. 18. Draw a straight line of 10*6 cm.; bisect it by calcu- 
lating the length of half the line and measuring off that length 
from one end of the line, then measure the remaining part. 

When told to draw a line of some given length, you ehonld draw a line 
a little too long and cut off a part equal to 

the given length as in fig. 6. You ahoald 

also write the length of the line against it, 
being careful to state the unit. 

Ex. 19. Draw a straight line 3*2 in. 
in Ex. 18. 

Ex. 20. Draw a 
in Ex. 18. 


/ 3 ^. 

fig. 6. 

long, bisect it 


os 


straight line 2*7 in. 


long, bisect it as 


Ex. 21. Draw straight lines of the following lengths, bisect 
each of them: (i) 7*6 cm., (ii) 10*6 cm., (iii) 4*1 in., (iv) *9 in., 
(v) 5-8 cm., (vi) 11*3 cm. 

A good practical method of bisecting a straight line (AB) is 
as follows : — measure off with dividers equal lengths (AC, BD) 
from each end of the line (these lengths should be very nearly 
half the length of the line) and bisect the remaining portion 
(CD) by eya 

CD 

H — ^ 

A E B 

fig. 7. 


Ex. 22. Draw three or four straight lines and bisect them 
with your dividers (as explained above) ; verify by measuring 
each part of the line (remember to write its length against each 
part). 

Ex. 23. Open your dividers 1 cm., apply them to the inch 
scale and so find the number of inches in 1 centimetra 


STRAIGHT LINES — ANGLES 


7 


•Rt. 24. Find the number o£ inches in 10 cm. as in Ex. 23 ; 
hence express 1 cm. in inches. Arrange your results in tabular 

form. 

Ex. 25, Find the number of centimetres in 5 in. as in Ex. 23, 
hence find the number of centimetres in 1 inch. 



Ex. 26. Guess the lengths of the lines in fig. 8 (i) in 
inches, (ii) in centimetres j verify by measurement. a 

table thus; — 


Line 

Guessed 

Measured 

1 

a ' 



b 




AxanKS. 

If you hold one arm of your dividers firm and turn the other 
about the hinge, the two arms 
may bo said to form an angle. 

In the same way if two 
straight lines OA, OB are drawn 
from a point O, they are said 



fig. 9. 
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to form an ajigle at O. O is called the vertex of the angl^ 
aad OA, OB its arms. 



An angle may ho denoted by three letters ^ thus "wo speat of 
the angle A08, the middle letter denoting the vertex of the 
angle the outside letters denoting points on its arms. 

If there is only one angle at a point O, we call it the 
angle O. 

Sometimes an angle is denoted by a small 
letter placed in it; thus in the figure we have two 
angles a and h. 

fig. 11. 

z. is the abbreviation for angle. 

Two angles AOB, CXD (see figs. 10 and 12), are said to be 
when they can be made to fit on one another exactly (Le, 
when they are such that, if CXD be cut o 
out and placed so that X is on O and XC 
along OA, then XD is along OB). It is 
important to notice that it is not necessary 
for the arms of the one angle to be equal 
to those of the other, in fact i/ie size of an 
angle does not depend on the lengths of its 
arms. 

lIEx. 27. Draw an angle on your paper and open your 
dividers to the same angle. 





ANGLES 


9 


UEx, 28. Which is the greater angle in fig, 13? Teat by 
making on tracing paper an angle equal to one of the angles 
and fitting the trace on the other. 






fig. 14 

^Ex. 29. l^ame the angle at O in fig. 14 in as many difierent 
■ways as you can. 

UEx. 30. Take a piece of paper and fold it, you ^vill get 
something like fig. 16, fold 
it again so that the edge OB 
fits on the edge OA; now 
open the papery you have 
four angles made by the 
creases, as in fig. 16; they 
are all equal for when folded 
they fitted on one another. 

Such angles are called ripfbf. 

SJiglea. An angle leas than 
a right angle is called an 
acnte angle. An angle 
greater than a right angle 
is called an obtuse angle. 

^Ex. 31. Make a right ® 

angle BOG as in Ex. 30, cut 
it out and fold so that OB 
ifths on OC. Does the crease 
<OE) bisect BOO? fne. are 

8 BOE, EOC equal?) What 

fraction of a right angle is each of the z. s BO EOC? 
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32. If the u BOE of Ex. 31 -were bisected by folding, 
-what fraction of a right angle would be obtained ? 

If a right angle is divided into 90 equal angles, each of these 
angles is called a degree. ^ 

25* is the abbreviation for “ 25 degrees.*' 



fig. 17. 


Pig. 17 represents a protractor; if each graduation on the 
edge were joined to C, we should get a set of angles at C each 
of which would be an angle of one degree. 

HEx. 33. "What fractions of a right angle are the anglM 
between the hands of a clock at the foUowing times :—{i) 3.0, 
<ii) 1.0, (iii) 10.0, (iv) 6.0, (v) 8.01 State in each case whether 

the angle is acute, right, or obtuse. 

HEx. 34. Eind the number of degrees in each of the angle? 
in Ex, 33. [Use the results of that Ex.] 



ANGLES 


u 



fis. 18. 


HEx. 35. Kg. 18 shows the points of the compass : what are 
tte between (i) N and E, (u) W and S W. (iii) W and 

WNW, (iv) EandEbyS, (v)NEand NNW, (-ri) SWandSE? 

„ . angle, place the protractor so that its centre 

C IS at the vertex of the angle and its base, CX, along one arm 

of the angle ; then note under which graduation the other arm 
passes : thus in fig. 17, the angle = 48*. 

P^bactor such as that in fig. 17, care must be taken to choose 

the ‘ numbers to be used is obviously the one in which 

Cl” T;"r ^ Cxlwards CX " 

apgie is iZ t measurement by noUcing whether the 


ns* 
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When you measure an angle in a figure that yon have drawn 
(or make an angle to a given measure), alwayi» indicate in youz 
figure the number of degrees, as in fig. 19. 

TCr. 36. Cut out of paper a right angle, bisect it 
by folding, and measure the two angles thus formed. 



fig. 19. 


37. Measure the angles of your set square (i) directly, 
(ii) by making a copy on paper and measuring the copy. 

It is diiBcoIt to draw a straight lino right to tho corDer of a set s^^uare ; 
it is better to draw the lines to within half a ceDtimette of the corner and 
afterwards produce them (i,e. prolong them) with the ruler till they meet. 

Ex. 38. Measure the angles of your models — this may bo 
done either directly, or more accurately by copying the angles 
and measuring the copy. 

Ex. 39. Measure AOB, BOO in fig. 20 j add; and check 
your result by measuring l . AOC. (Arrange in tabular form.) 



fig. 20. 


Ex. 4a Measure AOC, COD, AOD in fig. 20. Check 
your results 
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Ex. 43. Draw a circle (radius about 2*5 in.), cut off equal 
parts from its circumference (this can be done 
by stepping off with compasses or dividers). 

Join OA, OB, OF. Measure^ Z- S^ApB,^ AOF. Is 
U AOF = 5times z.AOBf 

To make an. angle to a given measure. 

Suppose that you have a line AB and that at the 22. 

point A you wish to make an angle of 73*. Place the protractor 
so that its centre is at A and its base along AB, mark the 73* 
graduation with your dividers (only a small prick should be 
made), and join this point to A. (Remember to write 73* in 
the angle.) 



Ex. 44. 2^£ake a copy of the smallest angle of your sot 
square and bisect it as follows : — measure the angle with your 
protractor, calculato the number of degrees in half the angle, 
mark off this number (as explained above) and join to the 
vertex. Verify by measuring each half. (This will be referred 
to as the method of bisecting an angle hy mea/na of the pro- 
tractor.) 


Ex. 45. Make angles of 20*, 35*, 64% 130% 157% 176* (lot 
them point in different directions). State whether each one is 
acute, right, or obtuse. 


Ex. 46. I^Iake the follo^ving angles and bisect each by 
means of the protractor, 24“, 78% 152*, 66% 111% (I^et them 
point in different directions.) 

^Ex. 47. Draw an acute angle AOB; produce 
AO to C; what kind of angle is BOCf {^freehcnd) 

HEx. 48. Draw an obtuse arxgle BOG; produce 
CO to A; what kind of angle is AOB? {freehand) 


A O C 

fig. 23. 


HEx. 49. Make z. AOB = 42*; produce AO to C. By liow 
much is z. AOB less than a right angle 1 By how much is 
. z. BOO greater than a right angle? 



ANGLES 
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^lEx. 60. (i) Mako ^AOB = C5*; produce AO to C; measuro 

^BOCj what is the sum o£ z.s AOB, BOO? 

(u) Repeat (i) "with. /.AOB = 77“. 

(iii) Repeat (i) with L AOB = 123®, 

Compare the results of (i), (ii), (iii) ; how many right angles 
are there in. each sum ? 

liEx. 51. If, in fig. 23, z. AOB = 67®, what is l. BOCt Check 
Toy drawing and measuring. 

fEx. 62. (i) If, in fig. 23, BOO= 137®, what is iL AOB? 

(ii) „ „ ^BOC= 93® „ „ /_AOB? 

(iii) „ „ ^AOB= 6® „ „ Z.BOC? 

^Ex. 63. Draw a straight line OB; on opposite sides of OB 

make the two angles AOB = 42% BOC=129®, What is their 
sum? Ih AOC a straight line? 

llEx. 64. Repeat Ex. 63, with 


(i) 

Z. AOB = 42®, 

Z. BOO =138®, 

(“) 

i. AOB = 90®, 

z. BOG =90®. 

<m) 

Z. AOB =73®, 

Z.BOC=113®. 

(iv) 

z. A0B = 113®, 

z. BOO = 76®. 


51 Ex. 65. What connection must there be between the two 
angles in the last Ex. in order that AOC may be straight? 

5iEx. 56, ISIake an ^ AOB = 36®; produce AO 
to C; make ^ COD = 36®; calculate /.BOC; is 

BOD a straight line in your figure? Give a reason. 

5TEx. 57, Prom a point O in a straight line 
AB, draw two lines OC, OD (see fig. 25) ; measure 
the three angles ; what is their sum ? 

^Ex. 58. Repeat Ex. 67, with AOB drawn in 
different direction. 


7 


B 

fig. 24. 


\ 


D O \ 

fig. 26. 
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HEx. 59. Draw fig. 26 making l. BOO — 67* and L. B'o'd' « 29®, 
what ia the sum o£ the four aTiglp.H f 



fig. 26 . 



UEx. 60. Draw fig. 27 making a 800 = 67* and z. 600^29®. 
What is the sum of the four angles at O ? Give a reason. 


ITKx. 6L Erom a point O in a straight line 
AB, draw straight lines OC, OD, OE, OF, OG as in 
fig. 28. Measure the angles AOC, COD, k/a. What 8 
is their sum ) 

draw a set of straight 
lines as in fig. 29, measure the angles so formed. 
What is their siun? How many right angles is 
the sum equal to t 


"Kx. 62. From a point O, 



fig. 28. 



E-r. 63. From a point O, draw a setof straight 
lines as in fig. 29. Guess the size of the angles 
Terify by measurement. Make a table thus : — 


fig. 29. 

so formed; 


Angle 

Guessed 

Measured 

a 

45’ 

47’ 

h 

27’ 

153’ 

c 
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Ex. 64. Draw two straight lines as in fig. 30; 
measure all the angles. 

Ex. 65, Make /.AOBs=47*j produce AO to 
0 and BO to O ; measure all the angles. 

Ex. 66. Repeat Ex. 66 with /. AOB = 166®. 

^Ex. 67, la fig. 30, if AOB = 73®, what are the remaimno- 
angles? Verify by dra^ving. 

111^ 68. (i) In fig. 30, if ^AOO=132®, what are the re* 
maining angles ? 

an^les^?^^ ^ ^ ^ COD = 68®, what are the remaining 

angles?"^ ^ "e the remaming 


Rbouiab Polygons. 


Ex. 69. Describe a circle of radius 5 cm. ; 
™w two lines at right angles to cut the circle " 

I K treasure 

^h of these lines and each of the angles ABC, 
BCD, CDA, DAB. 

A square has ah its sides equal and all 
its angles right angles. 


at its centre O 

A 



C 


E*. 70. Describe a circle of radius 6 cm. 
“^e a set of angles each eijual to GO" ^i.e. 

ibe <="‘ the cille 

it is hexagon (G-gon), anc 

vou r to inscribed in the droll Vhkt dc 
y u notice about its sides and angles? 


fig. 8L 

at its centre 



fig. 82. 
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A figure bounded by equal straight lines, which has all its 
singles equal, is called a regular polygon. 


A figure of 3 sides is called a tri an g l e (A). 


99 

9f 

** 

99 

99 

99 

99 

5 

99 

99 

99 

99 

6 

>1 

99 

V 

99 

7 

99 

99 

>1 

99 

8 

99 

99 


quadrilateral (4-gon). 
pentagon (5-gon). 
hexagon (G-gon). 
heptagon (7 -gon). 
octagon (8-gon). 


The comers of a trianglo or polygon are called its vertices. 


The perimeter of a figure is the sum of its sides. 

Ex. 71. What is the perimeter of a regular 6-gon. each of 
■whose sides is 2 '7 in. long? 

Ex. 72. In a circle of radius 5 cm. make a regular pentagon 
{5-gon) as in Ex. 70 ; the angles you make at the centre must all 
he equal and there will be five of them j what is each angle ? 

Ex. 73. Calculate the angle at the centre for each of the 
foUowing regular polygons; inscribe each in a circle of radius 

3 cm. 

(i) 8-gon, (ii) 9-gon, (iii) triangle, (iv) 10-gon, (v) 16-gon. 
Ex. 74. Mahe a table of the results of Ex. 73. 



BrGUZ.AB POLTOOHS 


Number 
of sides 

Angle at 

1 centre 

Length 
of side 

Perimeter 

3 

120* 



4 

1 

90* 



5 





REGULAR POLYGONS PATTERN I)RA\VING 
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Ex. 75. Explain in your ONvn words a simple construction 
for a regular hexagon depending on the fact you discovered in 
Ex. 70, that each side o£ the hexagon was equal to the radius 
o£ the circle, 

Pattern DiiAAviKa. 


Ex. 78. Copy fig. 33, taking 5 cm, for 
the radius o£ the large circle. The dotted 
lines are at right angles to one another. 

How will you find the centres of the small 
circles ? 

If you describe only part of a circle the 

curve you make is called an arc of the 
circle. 

Ex, 77. Copy fig. 34, taking 6 cm. for 
the radius of the circle. The six points 
on the circle are the vertices of a regular 
hexagon (see Ex, 75); each of these points 
is the centre of one of the arcs. 


Ex. 78, Copy fig. 35, taking 6 cm. for 
the radius of the circle. The centres of 
the arcs are the midpoints of the sides of 
a square inscribed in the circle. 


79- Copy fig. 3G, taking 5 cm. for 
0 radius of the circle. The angles bet^veen 
6 dotted lines are equal ; what size is each 
0 these angles? The centres of the area 
the midpoints of the dotted lines. 





fig. 35. 
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fig. 40. 


Ex. 80. Copy fig. 37, taking 5 cm. for 
the radius of the circle. Where are the 
centres of the arcs ? 

A straight line drawn through the centre 
of a circle to meet the circumference both 
ways is called a disuneter. 

The two parts into which a diameter 
divides a circle are called semicircles. 

Ex. 81. Copy fig. 38, taking AD = 9 cm. 
AD is a diameter of a circle and is divided 
into three equal parts at B and C; semi- 
circles are described on AB, AC, CD, BD aa 
diameters. 

Ex, 82. Draw a figure showing the 
points of the compass. See fig. 18. 

Ex. 83. Copy fig. 39, taking 5 cm. for 
the radius of the large circle. The radius 
of the small circle is half that of the large 
circle j the centres of the arcs are the 
vertices of the regular hexagon. 



Kv, 84. Copy fig. 40. The points of the 
star are the vertices of a regular pentagon. 

A 


Tbiaeoles. 


Ex. 85. Draw a triangle (each side being at least 2*5 in, 
long). Measure all its angles ; find the sum of its angles. 
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Ex. 80. Repeat Ex. 85 three or four times with triangles of 
different shapes. 

When told to constmct a fi^nre to given measnrements, first a 

tough sketch of the figure on a small scale and write the given measuremeuta 
on the sketch. 


Ex. 87. hlahe an. angle ABC = 74‘*j cut off from its anna 
BC = 3*2 in., BA = 2*8in. j join AC. Measure the remaining side 
and angles of the triangle ABC. 

In all cases where triangles or quadrilaterals are to be construcced to 
given measurements, measure the remaining sides (in inches if the given 
Bides are measured in inches, in centimetres if the given sides arc measured 
in centimetres) ; also measnre the angles, and find their snm. 


Ex. 88. 

(i) 

m 

(iii) 

§(iv) 

i^) 

(Vi) 

(vii) 

§(viii) 

(ix) 

i^) 

Ex. 89. 


Construct triangles to the following measurements;— 
iLABC=80*, AB = 2-2in., BC = 2*9in. 

/.B = 28*, AB=c7*3cm.. BC= 12*1 era, 

A A = 42% AB = 3‘7in., CA = 3*7m. 
aB = 126% AB = G*lcm., BC=C*lcm. 

A C = 90% BC = 3*9 in., CA = 2-8 in. 

BC = 6-7cm., aC= 48% CA = 9*0cm. 

AB = 4*7in., BC = 2*9in,, aB = 32*. 

CA = 2*6in., AB = 3-3in., aA = 162*. 

AC =79% CA = 4-7cm., BC = 6*lcin, 

AB = 4*6 cm,, CA = 8*7 cm., a A = 58“. 

Draw a straight line AS 9 cm. long, at A make an 
Mgle BAC_60 , at B make an angle ABO = 40”. produce AC, BC 
to out at O. Measure the remaining sides and angle of the 
nangle ABO. What is the sum of the three angles J 

Ex. 90. Construct triangles to the foUowing measurements •_ 

(i) AB = 8*3 cm., a A = 45”, a B = 72% 

§(u) AB = 3*9in., aA = 39% aB = 39% 

I -riH*, wui be euoitfb exercises of this type unless much practice i. needed 
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(iii) 

A B = 90% 

BC = 7*2 cm., 

A C = 42*. 

§(iv) 

Ac=iie* 

CA=l*8in., 

aA=78*. 


aa = 60% 

A C = 60% AC 

= 6*5 cm. 

(Vi) 

A B = 33% 

aC = 113% BC = 6*9cm, 

(vii) 

A A = 73% 

A B = 24*, AB 

= 3-2 in. 

(viii) 

CA = 9*2cm., A 0 = 31% 

aA = 59*. 

§(«) 

AB=2*8in., aA=50% 

aB = 130‘. 


II 

03 

< 

cm., A A = 27% 

A B = 37*. 

Ex. 91. 

Construct triangles to the follo\ving measurements: — 

(i) 

BC = 10*8 

cm., A A = 90% 

A C = 60% 

(i!) 

CA = 9*0cm,, aC = 48% 

ab = 57% 

E-x. 92. 

Construct 

quadrilaterals ABCD to the following 


measurements : — 

(Here it is especiallj important that, before beginning the ooziatruction, 
a rough sketch shoal j be made showing the given parts. 

Kota that the letters mast be taken in order round the 
qnadrllateral; e.g. the qcadrilateral in fig. 41 ia called 
ABCD and not ABDC.) 



D C 
fig. 41, 


(i) AB=6’3cm,, 
CD = 7*7 cm, 

(ii) AB = 3'4m., 

(iii) ^b=116", 
aD = 92*, 

(iv) ^A = 67% 

AD = 8*6 cm. 


BO = 2*2 in., 
80 = 1*4 in,, 
Z_B=113% 


BO =8*2 cm., z.C = 90% 
AD =2-9 in., lA=GS% 
/.C = 99*, CD = 1*9 in., 

^D = 46*, AB==5*3cm., 


(v) ab = 122*, ac = 130*, aD = 130% BC = CD = l*6in. 

(vi) AD = 3-0in,, iD = 118 % z.DAC = 27“, ^BAC = 35% 
AB = 2*4in. 

(vii) AC = 6*6 cm,, /.BAG = 68% /.DAC = 69% i.BCA = 68. 
A DCA = G9“. 

(viii) AB=l*9in., BD=l*7in., CD=2*0m., aABD = 118‘‘ 
A BOC = 23*. 


? These will be enough exercises of this type unless much practico is noed&i. 
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aA=72% 


(ii) AB=s CD = 6*8 cm., AD = 4*7cm., 

^BD0 = 46“. 

(x) AB = 6'3cxii., CD = 6*4 cm,, i.BAC— G4", i.ACD = 50°, 
^d=76“. 

(xi) AB = 6*2cm, AC = 6-8cm., AD=6'Gcm., i.BAC=106% 
z. BAD s 132®. 

j (xii) z.ABD= /.ADB = 60% z.G = 68“, BC = 2-3iii., 
CDi±3-0 in. 

(xiii) AC — 11*0 cm., AB — 5*9cm., BDsB7‘4cin., 
Z. BAG = 22®, z.ABD = 68®. 

51Ex, 63. Take a point O on your paper and mark a number 
•of points each of which is 2 in. from O. [To do this most easily, 
open your dividers 2 in., place one point at O, and mark points 
with the other.] The pattern, you obtain is a circle; all the 
points 2 in. from O are on this circle. 

liEx, 94. How does a gardener mark out a circular bed 1 

Ibc. 95. Hraw a figure to represent the area commanded 
hy a gun which can fire a distance of 5 miles in any direction. 
^Eepresent 1 mile by 1 cm.) 

Ex. 96. Two forts are situated 7 miles apart; the guns in 
each have a range of 5 miles ; draw a figure showing the area 
in which an enemy is exposed to the fire of both forts. (Repre- 
sent 1 mile by 1 cm.) 

Ex. 97. A circular grass plot 70 feet in radius is watered 
l)y a man standing at a fixed point on the edge with a hose 
which can throw water a distance of 90 feet ; show the ai'ea that 
■can be watered, (Represent 10 feet by 1 cm.) 

"What is the distance between the two points on the ed"o 
of the grass which the water can only just reach ? 

^lEx. 98. Mark two points A, B, 3 in. apart 

(i) On what curve do all the points He which are 2-7 im 
nom At 
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(ii) Oa "what curve do all the points He which are 2*2 in. 
from B? 

(in) Is there a point which ia 2*7 in, from A and also 
2*2 in, from B? 

(iv) Is there more than one such point? 


Ex. 99. A and B are two points 7*4 cm. apart; find, as in 
Ex. 98, a point which is 5*7 cm. from 
A and 3*5 cm. from B. 


Ex. 100. Kepeat Ex. 99, without 
drawing the whole circles. See fig. 42. 






\C> 




7-4 cm /.B 

. / C 


fig, 42. 


Ex. 101. (i) Construct a triangle, 

the lengths of whose sides are 12*1 cm., 

8‘2 cm., 6*1 cm. See Ex. 100. 

(ii) In how many points do your construction circles 
intersect? 


(iii) How many triangles can you construct with their 
sides of the given lengths? Axe these triangles congruent* 
(Le. could they be made to fit on one another exactly) ? 


Ex. 102. Construct triangles to the followingmeasurements : 
(It is best to draw the longest side first.) 


§(i) 

BC — 8*9 cm., 

CA = 8*3 

cm«) 

AB = 6*7 cm. 

(“) 

BO = 6*9 cm., 

CA = 11*4 cm., 

AB ~ 5*8 cm. 

§tiU) 

BC = 5*3 cm.. 

CA = 8*3 

cm., 

AB = 2*5 cm. 

,(iv) 

BC = 3*9 in., 

CA = 2*5 

iiL, 

AB = 2*5 in. 

(7) 

BC = 3*2 in., 

CA = 3*2 

iiL, 

AB = 1*8 in. 

(yi) 

BC = 6*0 cm., 

CA = 6*6 

cnx, 

AB = 9*3 cm. 

(vii) 

BC = 6*9 cm., 

CA = 6*9 

CllX.^ 

AB = 6*9 cm. 

(viu) 

BC = 6*5 cm.. 

CA = 9*6 

cm., 

AB = 7*2 cm. 

§(i^) 

BC = 2*1 in., 

CA = 1*1 

im, 

AB = 3*2 in. 

§W 

BC ss 4*1 in.. 

CA =s 4*1 in., 

AB = 4*1 in. 


S Thpsp will be enoii^rh exercisO'i of this typo unless m'lch practice is needed. 
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A triangle which has two of its sides equal is called an 
ifiOSCeles triangle (uros equal, <rKcXos a leg). 

A triangle which has all its sides equal is called an equi- 
lateral triangle (aequua equal, laiua a side). 

A triangle which has no two of its sides equal is called a 
scalene triangle (cKaXi;vos lame or uneven). 

HEx. 103. Which of the triangles in £x. 102 are isosceles, and 
which are equilateral ? 

^Ex. 104. Make a triangle of strips 
of cardboard, its sides being 4 in., f) in., 

6 in. long. 

To do this, cut out strips about ^ in. 
longer than the given lengths, pierce holes 
at the given distances apart and hinge the strips together by means of string, 
or gut with knots, or by means of “ eyes ” such as a shoemaker uses. 

Can the shape of the triangle be altered without bending or 
straining the sides 1 




105. l\Iake a quadrilateral of strips of cardboard, its 
sides being 3 in., 3*5 in., 4*5 in., 6 in. long. 

Can its shape be altered without bending or straining 1 

Could it be made rigid by a strip joining two opposite 
comers? 

The straight lino joining opposite comers of a quadrilateral 
Is called a diagonal. 


5IEx, 106. Pi.epeat Ex. 105 with a pentagon each of whose aides 
is 3 iu. long. How many additional strips must be put in to 
make the frame-work rigid? 


Ex. 107. Construct quadrilaterals ABCD to the following 
measurements : — 


(i) AB = 2‘3in., BC = 2*lin., ODa=3'3in., DA=l*5in. 
BD = 3-4in. 


(ii) AB=CD = 6*4cm., BC = DA = 3*7 cm., BD = 6*7cin. 

[iii) AB = AD=l*9in., CB = CD = 2*9in., BD==2*5in. 

^ 

Q SRIN^iA CD U 


SRIN ^ i A 
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(iv) AO= BC = CD= DA=5*1 cm., AC = 9*2 cm. 

(v) AD = 3-8iii., BC = l*7in., CD = l‘0m., DA = 4*9in.> 

z.B = 146". 

(vi) AB = 6*3cni., BO =6-3 cm., CD = 6*7 cm., aB=70% 
^C = 48“. 

(vii) AB=2*7cin., BC = 7*6 cm., AD = 8*4 cm., z.O = 98% 
L. DDC =28“. 

(viii) BC=CD = 2*4iii., BD = l*9in., z. ABD = A ADB = 67“. 
(ix) AB ■= 9'3cm., BC= DA = 6*7cm., /.A=lll“, ^B = 28“- 

Ex. 108. Construct pentagons ABODE to the following 
measurements : — 

(i) AB = 2-0in., BC = 2*2in., CD = l-7in., DE = 2*2in.^ 
EA = 2*5in., z. 0 = 111“, z. C = 149 , 

(ii) AB=l*7in., BC=l-0in,, CD = 2*2in., DE=3*4in.,. 

EA = 0*5in., z.A = 126*, z.B=137*. 

(iii) AB = 5cm., BC = 3-7cm., CD = 3’6cm., DE=4*3cm.,. 
EA = 3'8cin., AC = 6*4 cm,, AD = 6*7 cm. 

(iv) AB=BC = CD=DE=EA=6*0cm., AO=BE=8*lcm- 


Pyramids. — The Tetrahedron. 

Pigs. 44, 45 represent a tetraliedron, i.e. a solid bounded 
by four faces (rcrpa- four-, ZSpa a seat, a base). 



fig. 44. 


fig. 45. 
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HEr. 109. Make a tetrahedron of thin cardboard (or thick 
paper) ; fig. 46 represents what you will have to 
cut out (this will be referred to as the net of 
the tetrahedron) ; each of the small triangles is 
equilateral (their sides should be 4 in. long); 
the paper is to be creased (not cut) along the 
dotted lines, and the edges fastened with stamp- 
edging. 



ITEx. 110. 
lIEi. 111. 
liEx. 112. 


How many comers has a tetrahedron ! 
How many edges meet at each corner I 
What is the total number of edges 1 


HEx. 113. Can you explain why the total number of edges 
is not equal to the number of comers multiplied by the number 
of edges at each comer ? 


HEx. 114- What is the greatest number of faces you can see 
At OHO timo ? 


. ^ Make sketches of your model in three or four 

different positions. 

^gs. 47, 48 represent a square pyramid (ie. a pyramid on 
A square base). '' 



6g. 47. 


fig. 48. 
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51Ex. 116, Slake a square pyramid 
(fig, 49 represents its net) ; make each 
side o£ the square 2 in. long and the 
equal sides of each triangle 2*5 in. long. 

HEx. 117. How many comers has a 
square pyramid? 

^Ex. 118. How many edges? 

HEx. 119. What is the greatest number of faces you can see 
at one time ? 

T^y, 120. Make sketches of your model in three or four 
different positions. 

Ex. 121. Draw the net of a regular hexagonal pyramid, and 
make a rough sketch of the solid figure. 



Triangles {corUinued), 

fl -Rv, 122, What is the sum of the angles of a triangle? 

^Ex. 123. Out out a paper triangle; 
mark its angles ; tear off the comers and 
fit them together with their vertices at 
one point, as in fig. 50. 

What relation between the angles of a 
triangle is suggested by this experiment? 

f TF.y 124. Gut out a paper quadrilateral and proceed as m 
Ex. 123. 

51Ex. 125. If two angles of a triangle are 64“, 76% what is the 
third angle ? 

TOx. 126. If two angles of a triangle are 27% 117% what is 
the third angle? 
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^Ex. 127. If two angles of a triangle are 23% 31*, what ia the 
third angle ? 

HEx. 128. If two angles of a triangle are 65% 132% what ia the 
third angle ? 

^Ilx. 129. If tlio angles of a triangle are all ecjual, what is the 
number of degrees in each t 


HKx. 130. If one angle of a triangle ia 3G% and the other two 
angles are equal, find the other two angles. 

^Ex. 131. KepeatEx. 130 with thegiven angle (i) 90% (ii) 132% 

(iii) 108*. 


It Ex. 132. In fig. 51, triangle ABC has z. A 

ad is drawn perpendicular to BC. If a B 
find the angles marked x, y, z. 


90% 

27% 

64% 


B DO 

fig. 61. 


liEx. 133. Repeat Ex. 132 with (i) aB 
(ii) aB = 33% (iii) aB = 45“. 

HEx. 134. A triangle ABC has a A = 76% a B = 36* ; if AD ia 
drawn perpendicular to BC, find each angle in the figure. 

^ possible to have triangles with angles 

(iv) 135 , 22*, 22*, (v) 73% 73% 33“, (vi) 54% 54% 72*? 

HEx. 136. (i) Give two sets of angles which would do for the 

angles of a triangle. 

(u) Give two sets which would not da 

BcS-sS ^B=54», 

Bofre ““I™'* triangla aa tlioagb 

^ be a meana of teating tha acauraoy of your 
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Ex, 138. CJonstinict triangles to the following measureznentaS' 


(i) 

BC = SK) cm.. 

z. A = 77% z. B = 46% 

§(ii) 

AB = 7*3 cm., 

AB= z.C = 57% 

(iii) 

AB = 114% 

z. C = 33% AC = 9*4 cm. 

I §(iv) 

z. C = z. A = 60% AB = 2-7 in. 

I (V) 

AB = 4*3 cm., 

aA = 57% z.C = 33% 

M ^ §(vi) 

BC= 1*1 in., 

z.A=14% z.C = 52% 

UEx. 139. 

Draw a qujidrilateral ABCD ; join AC. 


(i) "What is the sum of the angles of A ABC? 

(ii) „ „ „ „ „ A ADC? 

(iii) „ „ „ „ „ the quadrilateral ? 

HEx. 140. If three of the angles of a quadrilateral are 110% 
60“, 80% what is the fourth angle? 

ITHx. 141. Repeat Ex. 140 with angles of (i) 75% 105% 75% 
<u) 90% 90% 90% (iii) 123% 79% 35% 

HLx. 142. If two angles of a quadrilateral are 117“ and 56“, 
and the other two angles are equal, what are the other two 
angles ? 

UEx. 143, If the four angles of a quadrilateral are all equal, 
wliat is the number of degrees in each ? 

llEx. 144. Draw a pentagon ABODE freehand ; join AC and AD. 

What is the sum of the angles of the pentagon? 

HEx. 145. If the five angles of a pentagon are all equal, what 
is the number of degrees in each ? 

Ex, 146. Construct a triangle ABC having BO = 6 in,, CA = 6 in., 
AB = 4 in. 

Construct a triangle A'B'C^ having B'C'^Gcm., C'A' = 5 cm, 
A'D' - 4 cm. 

^Measure and compare the angles of the two triangles. 

§ Thc^ will bo onough exorcises of thb tyj>o unlc&s much practice is needed* 
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Ex. 147. Ccistrucfeatrianglo ABChavingBO = 4in., iL B = 90% 
AC = 30". 

Construct) a triai^le A'B'C' having B'o' = 2in., 

A O' = 30", 

Measure and compare the sides o£ the two triangles. 

Ex.148. Construct a triangle ABC having Rr.iQ rm ^ a 6=18% 

AC = 35". 

Construct a triangle A'B'<y having B'C' = 6cin., A S' = 18% 
AC' = 35". 

Measure and compare the sides of the two triangles. 

Ex. 149. Draw any triangle. Without using a graduated 
ruler, draw three straight lines respectively double the lengths of 
the sides of the triangle ^ with these three linfta as sides construct- 
a triangle. Compare the angles of the two triangles. 

^Ex. 150. How many triangles of difierent sizes can you znak& 
■which have their angles 30", 60" and 90" 1 

Eigures which are of the same shape (even though of different 
sizes) are called similar figures. 

HEx. 151. Which of the following pairs of figures are of 
ne^ty similar (i) two circles, (ii) two rightangled triangles, 
(m) two isosceles triangles, (iv) two equilateral triangles, (v) two 
squares, (vi) two rectangles, (vii) two rightangled isosceles 
tri^glea, (viu) two reguUr hexagons, (ix) two spheres, (x) two 


15a What is a triangle called which has two of its sides 
©quail What do you know about the angles of such a triangle ? 

^ ^ * triangle caUed which has all its sidea 

equal? What do you know about the angles of such a triangle 1 

Ex. 15^ Sketch a rightangled triangle (i.e. a triangle which, 
of angles a right angle). 

What kind of angles or© the other two 1 Give a reason. 
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51Ex. 165. Try to make a triangle on a base of 1*5 in. having 
the angles at the ends of the base each right angles. 

5IEx. 156. Draw an obtuse-angled triangle freehand (i.e, a 
triangle which has one of its angles obtuse). 

What kind of angles are the other two? Give a reason. 

HEx. 157. Try to make a triangle on a base of 2 in. having 
angles of 120°, 60° at the ends of the base. 

How could you have foretold the result of your experiment ? 

HEx. 158. Sketch a triangle which is neither right-angled nor 
obtuse-angled. What do you note about its angles ? What 
would you call such a triangle? 

HEx. 159. Can you draw a right-angled isosceles triangle? 
What will its other angles be? 

HEx. 160, Can you draw an obtuse-angled isosceles triangle ? 

1 Ex. 16L Can you draw an isosceles triangle ^vitb the equal 
angles obtuse ? 

HEx. 162, Which of the following combinations of angles are 
possible for a triangle ? 

(i) Right, acute, acute. (ii) Right, acute, obtusa 

(iii) Acute, acute, acute, (iv) Obtuse, obtuse, acute. 

(v) Right, right, acute. (vi) Acute, acute, obtuse. 

Ex. 163. Make a table showing in column A whether tho 
triangles in fig. 62, are acute-, right-, or obtuse-angled, and in 
column B whether they are equilateral, isosceles, or scalene 


Trianglo 
numbered ; 

A 


1 



2 


1 

3 
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So far you have only measured to one place of decimals in 
inches or centimetres, but you will often need to measure more 



wcurately. To do this you must imagine each tenth of an inch 
(or centimetre) divided again into 10 equal parts. 

The line AB is more 1*2 iT>, 

and leas than 1 *3 in. ; 'I . ■ 

A g 

if its length is almost exactly half- 
^ay between these measurements you will say it is 1*25 in.; 
if it is a little more than half-way you will say it is 1 *26 in.; 
if it is about a third of the way you will say it is 1 *23 in.; 

if it is about two-thirds of the way you will say it is 1 *27 in. 
find so on. 


aoei^fe “ practice you ought to get this figure nearly 

a ““ “®«sure angles to within less than 


2 
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^ Rv . 164, (i) Whafc fraction o£ an inch doea a figure in the 

second place of decimals represent ? 

(ii) What fraction of an inch is *031 

Ex, 165. Construct triangles to the following measurements : 

(Ail lengths should be measured to 2 decimal places and all angles to 
within one-fifth of a degree*.) 


(i) 

BC= 3*18 in., 

AB = 3*18 in., 

z. B = 33*5“, 

(ii) 

BC = 2*39 in., 

CA = 2*44 in., 

^C = 63*5“. 

(iii) 

AB = 2-82in., 

AC = 2*77 in., 

^A = 137^ 

(iv) 

AB = 3-00 in., 

z.A = 6r, /.B = 59“. 

(V) 

BC= 3*52 in., 

z.B = 25% ^.0 = 23“. 

(vi) 

AC= 10*65 cm., 

, ^A = 54*5% 

z.C = 3G“. 

(vii) 

BC=s6*40cm., 

CA = 9*05 cm., 

AB = 7*C3cin, 

(vui) 

BC = 7*69 cm., 

CA = 9*30 cm., 

PB — 5*30 cm. 

(ix) 

BC = 4’53in,, 

CA = 2*68 in.. 

AB = 2-02in. 

(^) 

AB = 2*71 in., 

/.B = 55*5“, i.C = 67*5“. 

(xi) 

iA = 24% z.C = 47*5". BC = 

' 3*04 cm. 

(xii) 

/.A = 133“, BC = 10*73 cm., 

z. B = 23*6“. 

(xiii) 

z.c=90“, BC 

= 1*00 in., CA 

= 2*00 in. 

(xiv) 

BC = 4*09 cm., 

CA = 3*31 cm., 

AB = 7*54ciil 

(xv) 

^ A = 90*5“, z.B= 78“, BC=3*54iu. 

(xvi) 

AB = 2'99 in., 

z.B = 127*6“, 

z. c = 53*5“. 


(xvii) AB = 2-92in., /.B = 59% AC = 2*39 in. 

(xviii) ^ 6 = 33-5®, BC = 2*61in., CA = l*54in. 

(xix) CB = 2*16in., CA=2-64in., z.B = C4-5®. 

(xx) ^A=24% AB = 7-76cm„ BC- 2*87 cm. 

• This cau be done -(vith a well graduated protractor of 2-mch radius, 
with a smaller protractor it is difficult. 
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Pai{Alli:f.s and Pbiu'i:n’diculaes, 

166. Give instances o£ parallel straight lines (e.g. the 
flooring boards of a room, the edges of your paper). 


liEx. 167. Draw with your ruler two straight lines 
^ nearly parallel as you can judge ; draw a straight 
hne cutting them as in fig. 54 ; measure the an<rles 

marked These are called corresponding an<des. 
Are they equal 1 ^ 


\ 




iig. Bi 


A 

C 

B 


E 

O 


the 

cutting line in different directions. ^ 

lines which are «c< parallel 
»nd proceed an xn Ex. 1 07. Are the angles equal 1 ^ 

HEx. 170. Draw a .straight H),e AB (see fig. 05). 

In AB takea point C; through C draw CD inakinff 

A BCD = 90” (use youi' set square); through A 

draw AE nxakiug a BAE = 90”. Are AE and CD 
parallel ? 

fig. £5. 

rt,:Lr.‘^::ir-" - - heZr;E"a.rcDi 

HEx. 172. Repeat Ex. 170 with A BCD = a BAE = fiO” / 
your set square) ; draw three straight lines at nVht i . 
«xeasure the parU cut off between AE ^d co. ® “^les to CD ; 
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In the course of Ex. 166-173, you should have observed 
the following properties of parallel straight lines : — 

(i) they do not meet however far they are produced in 
either direction. 

(ii) if a straight line cuts them, corresponding angles are 

equal. 

(iii) parallel straight lines are everywhere equidistant. 

To draw a parallel to a given, line QR through a given 
point P by means of a set square and a straight edge. 

It is important that the straight edge shonld not be bevelled (if it ie 
bevelled the set square will slip over it) ; in the figures below a mier with 
an unbevellcd edge is represented, but the base of the protractor or the edge 
of another set square will do equally well. 

Place a set square so that one of its edges lies along the 
given line QR (as at (i)) ; hold 
it in that position and place the 
straight (unbevelled) edge in 
contact ^vith it ; now hold the 
straiglit edge firmly and slide 
the set square along it. The 
edge which originally lay along 
QR will always be parallel to 
QR. Slide the set square till 
this edge passes through P (as fig. 66. 

at (ii)), hold it firmly and rule tho line. 

Tiiis method of drawing parallels suggests au explanation of 
the term correspcytiding angles. 

Ex. 174. Draw a straight lino QR and mark a point P; 
through P draw a parallel to QR. 

Ex. 175. Bepeat Ex. 174 several times using tho different 
edges of the set square, (See fig. 57, and Ex, 1 1 0.) 
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Ex. 176. Near the middle of your paper draw an equilateral 
triangle with its sides 1 in. long ; through each vertex draw a 
line parsdlel to the opposite side. 

If the angle between two straight lines is a right angle the 
straight lines are said to be at right angles to one another or 
perpendicular to one another. 

To draw through a given point P a straight line 
perpendicular to a given straight line qr. 

The difficulty of drawing a line right to the comer of a set 
square can be overcome as follows : 

Place a set square so that one of the edges containing 
the right angle lies along 
the given line QR (as at (i))j 
place the straight edge in 
contact with the side op- 
posite the right angle j now 
hold the straight edge firmly 
and slide the set square 
along itj the edge which 
lay along QR will always be 
parallel to QR and the other edge conUiaing the right angle will 
always be perpendicular to QR, SUde the set square tiU this 
other edge passes through P ; then draw the perpendicular. 

Ex. 177. Through a given point in a straight line draw a 
perpendicular to that lir>A , 



Ex. 178. ^raw an acute-angled triangle; from each vertex 

draw a perpendicular to the opposite side. 

^ “ obtus^gled triangle. 

{Xon wiU find it necessary to produce two of the sides.) 

^ ^ Ex. 180. Describe a circle, take any two points A. B upon it. 

th^t ’ ^ perpendicular to AB; measure 

xne two parts of AB. 


Co 




^ 2f. 
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Ex. 181. Draw an acute-angled triangle j from tlie middle 
point of each side draw a straight line at right angles to that 
fflde. 

Ex. 182, Repeat Ex. 181 with an obtuse-angled triangle. 


Baballeloqram, Rectangle^ Square, Rhomuus. 

Ex. 183. Make an angle ABC = 05“, cut off BA =2*2 in., 
BC = 1*8 in.; through A draw AD parallel to BC, through C draw 
CD parallel to BA. 

A four-sided figure with its opposite sides parallel is called a 

paraUelogram. 

Ex. 184. Make a parallelogram two of whose adjacent sides 
(1.6. sides next to one another) are 6*3 cm. and 5*1 cm., the angle 
between them being 34*. 

Measure the other sides and angles. 

Ex. 185, Repeat Ex. 184 with the following measurements: 
10*4 cm., 2*6 cm., 116% 

Ex. 186. Repeat Ex. 184 with the folIo^ving measurement.'? ; 
10*4 cm., 2*6 cm., 64% 

ilEx. 187. Draw a parallelogram two of whose sides are 3*7 in,, 
and 0*8 in., and one of whose angles is 168% 

Are its opposite sides and angles equal ^ 

It will be proved later on tliat the opposite sides and angles 
of a parallelogram are always equal 

HKx. 188. Construct a quadrilateral ABCD having AB = CD — 
4*7 cm., AD =1 BC = 7 *2 cm., and a A = 85% Is it a parallelogram ? 

^Ex. 189. Alake a parallelogram of strips of cardboard, one 
^air of sides being 5 in. long and the other pair 3 in. 
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HEx. 190. Open ono of the acute angles of the framework yoa 
have just made until it is a right angle ; examine the other angles. 

A parallelogram wliich has ono of its angles a right angle is 
called a rectangle. 


Ex. 191. Draw a rectangle having sides — 7’3cm. and 3*7 cm. 
Measure all its angles. 

Ex, 192. Draw a parallelogram having sides = 9*2 cm. and 
4*3 cm., and one angle = 125*. Draw its diagonals, and measure 
their parts. 

Ex. 193. Eepeat the last Ex. with the following measure' 
ments, 8*6 cm,, 6'8cm., 68"; test any facts you noted in that Ex. 

194. Draw a parallelogram and measure the angles, 
between its diagonals ; are any of them equal t Give, a reason. 

Ex. 195. Draw a rectangle hawTig sides = 3*5 in. and 2*3 in. 
Measure its diagonals. 

Ex, 196. Eepeat the last Ex. with the following measure- 
ments, (i) 8*6 cm,, 11*2 cm., (u) 14*3 cm., 2-8 cm, 

A rectangle which has two adjacent sides equal is called a 

square. 


^ Draw a square having one side « 6*6 cm. Measure 

all its sides and angles. 

^ 19a Draw a square having each side « 3*2 in. Measure 
Its diagonals and the angles between them. 


199. Explain how you would test by foldimr 
a pocket handkerchief is square. 

^Ex. 200. Make a paper square by folding. 


A parallelogram which has two adjacent sides 
& Ynoxnbus, 


oqual is called 
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T?.-r, 201. Draw a rhombus having one sido = 2*2 in. and on© 
angle = 54“. Measure tlie sides, angles, diagonals, and the angles 
between the diagonals. 

V.-r. 202. Repeat Kx. 201 making one side = 6'8 cm. and one 
angle = 105*. 


In the course o£ Ex. 183-202, you should have observed 
the following properties: — 

(i) The opposite sides and angles of a parallelogram 
are equal. 

(ii) The diagonals of a parallelogram bisect one another. 

The above properties, (i) and (ii), must be true for a rectangle, 
square, and rhombus, since these are particular cases of a 
parallelogram (Le. special kinds of parallelogram). 

(iii) All the angles of a rectangle are right angles. 

(iv) The diagonals of a rectangle are equal. 

(iii) and (iv) must be true for a square, since a square is a 
particiilar case of a rectangle. 

(v) The diagonals of a square intersect at i-ight angles. 

(vi) The diagonals of a rhombus intersect at right angles. 

Since a square may be regarded as a particular case of a 
rhombus, (v) might have been deduced from (vi). 


Ex. 203. Copy the table given below; in^cate for which 
figures the given properties are always true y mse g 
words yes or “ no ” in the corresponding spaces. 
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A square inch ia a square whose sides are one inch long. 
Ex. 204. Draw a square inch, and measure its diagonals. 


^ 205. Draw a square ABCD haring its sides 3 in. lone; 

^■nde AB Md BC into inches and through the points of division 

draw paraUela to the sides of the square. Into how many square 
mches is ABCD divided ? / 4 “ve 


_ Ex. 206. Eepeat Ex. 205 with a square 6 in. long. 

Ein 207. Draw a square having its sides 6 cm. lone ; 
It up into square centimetres ; how many are there 1 


divide 


“ rectangle ABCD having AB=5 in., 
im, divide It up into square inches; how many are there? 

into^u!?!' » rectangle 6 cm. by 3 cm.; divide it up 

into square centimetres; ho\r many are there? ^ 
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Cube, Cuboid, and Prism. 

Figs. 58, 59 repi'csent a cube (Lo. a solid bounded hy six 
equal squares). 



HEx. 210, Malco a cube of thin cardboard ; its net is given in 
6g. 60 (see Ex. 109); each edge should 


bo 2 in. long. 




HiEx. 21L How many comers has a 

1 

1 

1 1 

1 


cube? 

^ 1 

p 1 

1 i 

> ; 



HEx. 212. How many edges has a 



1 

cube? 



1 


liEx- 213. How many edges mce-fc at fig. 60. 

each comer? 

llEx. 214. Is the number of edges equal to the number of 
corners multipUed by the number of edges wliich meet at each 

corner ? Give a reason. 

HEx. 215. How many edges has each face? 

TOx. 216. Is the number of edges equal to the num^r of 
multiplied by the number of edges belonging to each face? Give 

& reason. 


CUBE AND CUBOID 
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^Ex. 217. Is the number of angles equal to the number of 
faces multiplied by the number of angles belonging to each face ? 
Give a reason. 

UEx. 218. What is the greatest number of faces, edges, and 
comers you, can see at one time 9 

Ex. 219. Make sketches of a cube from three different points 
of view. 

Eiga, 61, 62 represent a cuboid or rectangular block ^ie. 
a solid like a brick). 



fig. 02. 

^Ex. 220. How does a cuboid differ from a cube ? 



“ 8 - 




u carfboard j ita n 

g* h3. It should measure 3 in. by 1*9 in. by 1*3 in, 

222 . <^ooso one edge of the cuboid ; how n 

®“S®® are eouAl » * 
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figs. 64| 65 represent a regular tliroe-sided prism* 



fig. 64? "Wliat are the sides? 

lIEx. 224. Make a regular three-sided prism ; its net is given 
in fig. 66 ; the short lines should 
each be 2 in. long, and the long 
ones 3*5 in. 

HEx. 225. How many edges has 
a three-sided prism? How many 
faces ? How many comers ? 

226. What is the greatest 
number of faces, edges, and comers 
you can see at one time? 

ITEx. 227, Make sketches of your fig* 6®. 

model from three difierent points of view. 

HEx. 228. Hi-aw the net of a three-sided prism whose ends are 
triangles with sides 3 in,, 3 in,, 1 in, and whose length is 1 5in. 

Such a prism is often called a wedge, 

Hgs, 67, 68 represent a regular hexago na l pnsnu 





fig*67« 


fig. 68. 


PRISMS — DRAWING TO SCALE 


45 


HEx, 229. What sort of figures are the ends of the prism in 
£g. 67 ? What are the sides ? 

^Ex. 230. Draw its net. 


^Ex. 23E What is the number of edges, faces, and corners H 

UEx. 232. What is the greatest number of edges, faces and 
comers you can see at one timof 

sketches of a regular hexagonal prism froin 
three different points of view. 


Drawing to Scale. 

V.\F ^ 1 * ^ a map, or plan, to scale you should always bc"in 

of thl!^ A from a second place B is the point 

of the Compaq towards which a man at B would be facW if he 
were looking in the direction of A. ^ 

direction in 

tumld^fr *“®d due north and then 

turned through an angle of 10“ towards the west. 

the d"^ r S- of 

wnat IS the distance from B to C? What ;<= u • 

■«.« O, „d o< c ”< • 
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Ex. 238. Draw a plan of a room 30 ft. by 22 ft. ; find the 
distances between opposite corners. (Scale 2 ft. to 1 cm.) 

Ex. 239. Exeter is 48 miles AV. of Dorchester, and Barnstaple 
is 35 miles N.AV, of Exeter. What is the distance and bearing 
of Barnstaple from Dorchester? (Scale 10 miles to 1 in.) 

Ex. 240. Rugby is 44 miles N. of Oxford, and Reading is 
24 miles S. 30“ E. of Oxford. Find the distance from Rugby to 
Reading. (Scale 10 miles to 1 in.) 

Ex. 241. Southampton is 72 miles S. 53“ W. of London, 
Gloucester is 75“ AV. of N. from London, and 29“ AV. of N. from 
Southampton. Find the distance between Southampton and 
Gloucester. (Scale 10 miles to 1 cm.) 

In the following exercises, use any sxiitable scale; always state what 
scale you use. 

Ex. 242. Draw a plan of a rectangular field 380 yards by 
270 yards. \Vhat is the distance between the opposite comers? 

Ex. 243. The l^gs of a pair of compasses are 10 cm. long. 
I open them to an angle of 35“, AVhat is the distance between 
the compass points ? 

Ex. 244. Two blockhouses are known to be 1000 yards apart, 
and one of them is due E. of the other. A party of the enemy 
are observed by one blockhouse in a N.A’T. direction, and at the 
same time by the other in a N.E. direction. How far are the 
enemy from each blockliouse? 

Ex. 245. A and B are two buoys 800 yards apart, B due N. 
of A. A vessel passes close to B, and steering due E., observes 
that after 5 minutes the bearing of A is 57“ AV. of S. Find the 
distance the vessel has moved. 

Ex. 246. Stafford is 27 miles from Derby and the same 
distance from Shrewsbury, and the three towns are in a straight 
line. Birmingham is 40 miles from Slirewsbury and 36 irom 
Derby. How far is Stafford from Birmingham? 



DRAWING TO SCALE 


47 


Ex. 247. A buoy is moored hy a cable 55 feefc long ; at low 
tide the distance between the extreme positions the buoy can 
occupy is 100 feet, mat will be the dist-mco between the 
extreme positions when the water is 24 feet higher? 

Ex, 248. TSvo ships sail from a port, ono due N, at 15 niUes 
an hour, the other E.N.E, ; at the end of half an hour they are in 
Ime ^th a lighthouse which is 11 miles duo E. of the port 
At what rate does the second ship sail? 

Ex. 249. A donkey is tethered to a point 20 feet from a 
long straight hedge ; he can reach a distance of 35 feet from the 

SleT ^ tethered. How much of the hedge can ho 

Ex. 250. A is a Hghthouse. B and C are two sliips 3*5 miles 

Tf f of A C due east of B, and C north- 

of A Find the distance of both ships from the Hght- 


on «>e bank of a river seea a tree 

direction 20“ W. of N. He walks 200 yards 
riong the bank and finds that its direction is now N.E. H the 
nver flows east and west, find its breadth. 

a W If tK ^ 30 yards long to 

the rit. ro:: “dt • ?o 

thef^f f' g«^dfather clock is 16 inches wide • 

the pendulum m hung in the middle of the case and its llfhls 

f tS:tinc^'ri=hf Lt, r r f 

which it awin-s. through 


is 4 


Bri xlin.m 


±OLnes IS 7^4 milea S 7^^ ' 

a a, „d w™, 5 tJL 
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Ex. 255. From G go 9 miles W. to H, from H go 12 miles N. 
to A, from A go 17 miles W. to R. "Wliat is the distance from Q 
to R? 

Ex, 256. A is 12 miles N. of H, D is 24 miles S, of H, O is 
due W. of A and OH is 42 ; find OD and OA. 

Ex. 257. XT = 19 miles, MX = 11 miles, MT = 17'5 milesj how 
far is M from the line XT ? 

Heights and Distances*. 

If a man who is looking at a tower through a telescope holds 
the telescope horizontally, and then raises (or elevates”) the end 
of it till he is looking at the top of the tower, the angle he has 
turned the telescope through is called the angle of elevation, of 
the top of the tower. 

If a man standing on the edge of a clilf looks through a 
horizontal telescope and then lowers (or “depresses”) tlie end of 
it till he is looking straight at a boat, the angle he has turned 
the telescope through is called the angle of depression of the 
boat. 

Bcmember thut the angle of elevation and tho angle of depression are 
always angles at the observer’s eye. 

If O is an observer and A and P two points (s«;o lig. 14), the 
angle AOP is said to bo the angle subtended at O }>y AP. 

Ex. 258. In fig. 51, name tho angles subtended (i) by BD at 
A, (ii) by AD at B, (iii) by AC at B. 

Ex. 259. A vertical flagstaff 50 feet liigh stands on a hori- 
zontal plane. Find tlie angles of elevation of tho top and middle 
point of the flagstaff from a point on the horizontal piano 1 5 foot 
from the foot of the flagstaff 

Ex. 260. The angle of elevation of the top of tho spire of 
Salisbury Cathedral at a point 1410 feet from its base was found 
to be 16°. What is the height of tho spire? 

* For farther exercises on heights and distances see p. 59. 


heights and distances 4,9 

Ex. 26L A torpedo boat passes at a distanoo of 100 yards 
a fort the ^ns of which are 100 feet above sea-level; to 

““y p^i^t 

straight at the torpedo boat ? J J 

seeifthf 1 Snowdon the Menai Bridge can be 

TaSGO W ® V The height, of Snowdon 

13 d5t)0 feet How far away is the Menai Bridge? 

^ 263. Prom a point A the top of a church tower is iuafc 

A TtW distance 

the tower, and the angle of elevation of its top as seen fronf A 
Ex. 261 A flagstaff stands on the top of a tower At » 

elevaUon VtheX l^he ^ 0^1 Wd ^Te^f^ ^nf^hl 

ai.». tt. potoa „ iK, .p., ^ 

Ex. 266. Prom the top of a mast 80 feet hifrh i 

srjii-r- •- « “ -V-’S-r 

a sp^ top of 

the angle to he 29". What is W he^uTflV!pS 
the angle of depression^ra^hur^to 

■»«rticaUy for 20 minutes. La i. ° ' After ascending 

-OW 66r. Eind the rate of JelZ in^nZ'^per htr"““ 
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'F.y 270. An observer finds that the line joining two forts A 
and B subtends a right angle at a point C ; from C he walks 100 
yards towards B and finds that AB now subtends an angle of 107 ; 
find the distance of A from the two points of observation. 

Ex. 271. A man on the top of a hill sees a level roa^ in the 
valley running straight away from him. He notices two con- 
secutive mile-stones on the road, and finds their angles of depression 
to be 30" and 13" respectively. Find the height of the hill (i) as 
a decimal of a mile, (ii) in feet. 

How TO COPY A GIVEIT RECTILINEAR FIGURE. 

A rectilinear figure is a figure made up of straight lines. 

An exact copy of a given rectilinear figure may be made in 

various ways. 

Is^ method. Suppose that it is required to copy a pentagon 
ABODE (as in fig. 69). First copy side AB; then a ABC; then 
side BC ; then l. BCD ; etc. You will not find it necessary to 

copy all the sides and angles. 

Ex. 272. Draw a good-BizedquadrUateral; copy it y Method L 

have tracing paper, make the copy on this ; then see if it fits tho onginaL 
Ex. 273. Repeat Ex. 272, with an (irregular) pentagon, 
ind iMlhod. A simpler Tvay is to prick holes through the 
different vertices of the given figure on to a sheet of paper 
below ; then join the holes on the second sheet hy means ot 

straight lines. 

3rcf method. Place a sheet of tracing paper over the given 
figure, and mark on the tracing paper the positions of tie 
arfferent vertices. Then join up with straight Imcs. 

^th methodr—hy intersecting arcs. 

To copy ABCDE by this method (see fig. 69). ^Rlake A B = AB. 
With centre A' and radius equal to AC describe an arc of 
a circle. 

With centre B' and radius equal to BC describe an arc o a 
circle. 

Let these arcs intersect at C'. Then C' is the copy of a 
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Similarly, fix D' hy means of tho distances A'D' and B'D'; fix 
by means of the distances A'E' and B'E'. 




The five vertices A' b'c'D'E' are now fixed, and tho copy may 
be completed by jo ining np. 

la Ex. 274—276 the copies Bhoald be made on tracins paper i£ possible • 

the copies can then be fitted on to the originals, 

^ qnadrilateral. (ii) a pentagon, by the 
hfl arcs. If tracing paper is not used, the copy may 

be cheeked by comparing its angles with those of the o^nal 

Ex. 376. By iateraeoting arcs, copy figs. 46 and 48. 


Symmetry. 


ilKx. 277, Fold a piece of j 
into any pattern you please; 
then open it out (see fig. 70), 

The figure you obtain la 
said to be symmetrical about 
the line of folding. This line 
is called an axis of symmetry. 


once; cut the folded sheet 




fig. 7a 
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51Ex. 278, Make sketches of the symmetrical figures pro- 
duced when the folded sheet is cut into the following shapes. 
(Give names if possible.) 

(i) a rt. li. ^ A with its shortest side along the crease. 

(ii) an isosceles A with its base along the crease. 

(iii) a scalene A with its longest side along the crease. 

(iv) an obtuse z. ^ A with its sliortest side along the crease. 

(v) a semi-circle with its diameter along the crease. 

(vi) a rectangle ■with one side along the crease. 

(■vii) a parallelogram •with one side along the crease. 

HEx. 279. Which of the following figures possess an axis 
of symmetry 1 (You may find that in some cases there is more 
than one axis.) In each case make a sketch showing the axis 
(or axes), if there is symmetry, (i) isosceles A, (ii) equilateral A , 
(iii) square, (iv) rectangle, (v) parallelogram, (vi) rhombus, 

(vii) regular 5-gon, (viii) regular 6-gon, (ix) circle, (x) a semi- 
circle, (xi) a figure consisting of 2 unequal circles, (xii) a figure 
consisting of 2 equal circles. 

HEx. 280. Eold a piece of paper twice (as in Ex. 30), so that 
the two creases are at right Z-s; 
cut the folded sheet into any shape, 
being careful to cut away all of 
the original edge of the paper. On 
opening the paper you will find 
that you have made a figure with 
two axes of symmetry at right 
angles. 71 * 

HEx. 28L Cut out a paper parallelogram (be careful not 
to make it 'v rhombus). Fold it about a diagonal ; do the two 
halves fit? 

You will notice that the parallelogram has no axis of 
symmetry. Yet it certainly has symmetry of some kind. 

The nature of this symmetry will bo mode clear by the follow- 
ing exercise. 
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HEx. 282. Draw a parallelogram. Through O, tho intersection 
of the diagonals, draw a number of straight lines, iDe©tin<^ the 

boundary of the parallelogram. 

Supp^ that one of these lines meets the bound.ny in P and 
f t^a-t PP' is bisected at O. This is the case for each 

o the lines. In fact, every straight line drawn through O to 
meet the boundary in two points is bisected at O. 

is therefore said to be symmetrical 
about tho pomt O. o is called the centre of symmetry 

thT; ’ , ^ P^‘-^”eIog<^nu Drive a piu throu-h 

cut ouftte”^ ^raUelogram into the desk. With a Icnife, 

a ^ ^ y™ <=^" »»-i'>g it into 

I^itiou where it exactly fita the hole from which it was cut • 

angle must it be turned through to fit in this manner? ' 
’lEx. 285. Has figure 71 (2) central symmetry ? 

lets':!®®- of the followu.g capital 

WrioSTb^:i3“"‘'^U The hu’man body is mcro or less 
of thT?^ • . <^^ider the reHexion in a mirror 

'rith their mXrioM £6^ ohjecis in tho room together 
the mirror is ieTuneXmr^ 

ey^t4®'- ^ Pe-essing planes of 

hote^hroueli J °““®- Th-ick a number of 

^yamietricol figure. ^ ^ pm-holes have marked out a 


t:xpj::ii:,:ent:al ceo-metuv 


Joiii correspondiagpoints as in fig. 72. I^ofcio© thab'»vhea 



fig. 72. 

the figure was folded NP^ fitted on to NP. This shows that 
NP' = NP. 

The lino joining any pair of corresponding points, 
in a figure which is symmetrical about an axis, is bisected 
by and perpendicular to the axis of symmetry. 

flEx. 289. If a point P lies on the axis of symmetry, where is 
the corresponding point P' 1 

HEx. 290. Draw freehand any curve (such as APB in fig. 73) ^ 
and rule a straight line XY. Mark a number of points on the 



fig. 73. 
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curve; di*aw perpendiculars to the line (e.g. PN); produce to 
an equal distance below the line (e.g. NP' = PN). Draw a curve, 
freehand, through the points thus obtained. 

llEx. 291. What points would you describe as “corresponding” 
in the case of a figure with a centre, but no axis of symmetry ? 

IfEx. 292, By a method similar to that of Ex. 290 construct 
a curve s^Tnmetrical about a centre. 


Points, Lines, Surfaces, Solids, 

This should he taken viva voce ; the definitions a/re not intended 

to he learnt. 

In Ex. 109, 116, 210, 221, 224 you have made some solida 
The term does not refer to the stuff of which the solids are made, 
but to the space occupied— geometry deals -with size and shape, 
and not with material, colour, hardness, temperature, (tc. 

Any body, such as a brick, a sheet of cardboard or paper, 
a planet^ a drop of water, the water of a lake, the air inside a 
football, the flame of a candle, a smoke-ring, is called a solid in 
the geometrical sense of the word. 

^ ^Ex. 293. Has a brick any length J Has it any breadth ? Has 

it any thickness 1 

A solid is bounded by one or more surfaces, 

UEx. 294. ‘Which of the solids mentioned above is bounded bv 
one surface only $ ^ 

f E^ 295. A bottle is filled partly with water and partly with 

od ; water and oU do not mLx ; the boundaiy between them 

la neither water nor oil, it is not a body but a surface. Has it 
any thickness ! m 

f Conader the boundaiy between the water of a calm 

^6 Md the air. Is it water or is it air ? Has it any thickness 1 
Has It any length J Haa it any breadth J 
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lilix. 297. Suppose tlie end of the lake is formed by a wall 
built up out of the water ; what would you call the boundary 
which separates the wall from the air and water? Has it any 
thickness ? Has it any length ? Has it any breadth ? 

A surface has length and breadth, but no thickness, 

lIEx. 298. Pali: of the surface of the wall is wet and part dry ; 
is the boundary between these two parts wet or dry? Has it 
any thickness? Has it any length? Has it any brcadtii? 

This boundary is really the intersection (or cutting place) of 
the air-water surface and the wall surface. 

The intersection of two surfaces is a line. A line has length 
but no breadth or thickness. 

Wo cannot represent a line on paper except by a mark of some breadth ; 
Lot, in order that a mark may be a good roprescutatiou of a lino, it should 
be made as narrow as possible. 

■'Ex. 299. Take a model of a cube; what aro its edges ? Have 
they any length, breadth, or thickness? 

f Ex. 300. If you painted part of your paper black, would the 
boundary between the black and the white liavo any width? 

^Ex. 301. If part of the wall in Ex. 297 were painted red and 
the rest painted black, would the boundary between the two 
parts be red or black? 

liEx. 302. Suppose that the red and black paint were continued 
below the water as well as above, the line hounding tho red and 
black would bo partly wet and partly diy; hiis tho boundary 
between tho wet and dry parts of this line any length? 

The intersection of two lines is a point. A point has neither 
length, breadth, nor tliickness, but it lias position. 

We cannot represent a point on paper except by a mark oi some eire; 
tho best way to mark a point is to draw two fine lines through tho pomt. 

We have now considered in turn a solid, a surface, a Ime, 
and a point. We can also consider them in tho rovoi-se order. 
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A point has position but no magnitude. 

If a point moves, its path is a line (it is said '.o genorato 
a line). 

^ A pencil point when moved over a sheet of pajKjr leaves a f treak behind, 
Baowing the Hue it has generated (of course it is not really a lino because It 
has some thickness)# 

If a line moves, as a rulo it generates a sui’face. 

A piece of chalk when laid flat on the blackboard and moved sideways 
l^v^ a whitened surface behind it# Consider what would have happened 
if It had moved along its length# 

If a surface moves, as a rule it generates a solid# 

The rising surface of water in a dock generates a (geometrical) solid. 

!IEx. 303. Does a flat pieco of paper moved along a flat desk 
generate a solid t 

A str^ght line cannot be defined satisfactorily in a simple 
■way; the idea of a straight lino however is familiar to everyone. 

yEx, 301 How can you roughly test the straightness of (i) a 
milliard cue, (ii) a railway tunnel, (iii) a metal tube ? 

305. How does a gardener obtain a straight line? 



308. 

straight. 


fig. 71 

Test whether the two thick lines in 6g. 74 aro 
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Make a careful tracing of one line ; move the tracing along and see if it 
can be made to fit on the line everywhere else ; turn the tracing over and 
try again. If it is impossible to find a position in which they do not fit 
on one another, then the line most be straight. 

The above assumes that the paper is plane. 


^Ex, 307. Test the straightness of the lines in fig. 74 by 
means of a stretched thread. 

Ex, 304—7 lead ns to a conclusion which may be stated in. 
va rious ways os follows : — 


(i) Two straight lines cannot enclose a space. 

(ii) Tioo straight lines cannot intersect ui more than one 

point. 

(iii) tivo straight lines ha/oe two pon/ats in common^ they 
must coincide. 


(iv) Otie straight line^ a/nd one wdy, can be drawn throtigh 
t/wo given points. 

(v) Two points determine a st/raight line. 

A surface which is such that the straight line joining every 
pair of points in it lies wholly in the surface is called a plan© 
surface, or, briefly, a plane. 

HEx. 308. Push a straight knitting needle through an apple ; 
does the straight line joining the two points where the needle 
cuts the surface lie wholly in the surface of the apple? 


HEx. 309. Test whether the surface of your desk is plane 

Place a straight edge (o.g. the edge of your rulor or set 
the surface and see if the straight edge touches the eur.aco ull along rB 

length ; if it does so in all positions, the surface is plane. 


IFEx. 310. Is the lid of your instrument box plane? 

Ex. 31L Is the glass of your watch plane? 

II Ex. 312. Are the faces of your cuboid plare? 


SlItAHiilT LINE AND TLANE 



HEx. 313. Could you find two points on tlie surface of agarden 

roller such that the straight line joining them lies wholly in the 
surface? Is the surfaxje plane? 

Parallel straight lines are defined to be straight lines in the 

samepla'm which do not meet however far they are produced in 
either direction. 


ITEx. 314. Can you explain why the words in italics are 
nccessaiy ? 

^Ex. 315. A five-barred gate is half-open ; there is one of the 
gate-posts which the line of the top bar does not meet ; is the 
top bar parallel to this post? 

•TEx. 316. Give instances of pairs of straight lines which are 
not parallel but do not meet however far they are produced. 

llEx. 317. Would a set of telegraph poles along the side of 
a straight road be parallel to one another? Would they be 
parallel if the road were crooked? 

llEx. 318. Are the upright edges of a box parallel? 


Heights and Distances {Contimied from p. 60). 

tree is 30 feet long when the 
^ue altitude is 59^ ; find, by drawing, the height of the 
takmg a scale of 1 inch to 10 feet ^ 

is 2 ^^ standing upright on level ground 

to tL ton f f " -i- attached 

the othcr^ to the ground at 

her 80 that its inclination to the polo is 54 “ 22 \ 

■tmd the length of the wire. 

on elevation of the top of a tower 

the toweK^th" 

of theodolite = 15\ 

^ht of theodolite telescope above ground = 3 ' 6 ^* 
i>>«tanoe of theodolite from foot of tower == 372 yl;is. 
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Ex. 318cf. From a ship at sea the top of Aconcagua has an 
angle of elevation of 18”. The ship moves out to sea a distance 
of 5 nautical miles further away from the mountain. The angle 
of elevation of the top of the mountain is now 13”. Find the 
height of Aconcagua above sea level in feet. (1 nautical 
mile = 6080 ft.) 

Ey. 318 e. Two observations are made to find the height 
of a certain monument. From the first station the angle of 
elevation of the top is found to be 32” and from the second 
station, which is 27 yards from the first and exactly between 
it and the foot of the monument, the angle of elevation is 43 . 
If the telescope of the theodolite with which these observations 
are made is 3 feet above the ground, what is the height of the 
monument in feet ? 


Ex. 318/ Wisliing to find the height of a cliff I fix two 
marks A and B on the same level in line with the foot of the cliil. 
From A the angle of elevation of the top of the cliff is 37 and 
from B the angle of elevation is 23” 30'. If A and B are 120 feet- 
apart, calculate the height of the cliff 


Ex. 318(7. From a point on a battleship 30 ft. above the 
water, a Torpedo Boat Destroyer is observed steaming away 
in a straight line. The angle of depression of ^the bow is 
observed to be 11”, and that of the stern to be 21”. Find the 

length of the T. B. D. 

Ex. 318 A From the top of a mast 70 feet high, two^ buoys 
are observed due N. at angles of depression 57” and 37”; find 
the distance between the buoys to the nearest foot. 

Ex. 318i. The angles of depression of two boats in a Ime 
^yith the foot of a cliff are 25” 16' and 38” 39' as observed by a 
man at the top of the eliff If the man is 250 feet above sea- 
level, find how far apart the boats are. 

Ex. 318 A A torpedo boat is steering N. 14“ E., and from 
the torpedo boat a lighthouse is observed lying due N. If tfio 
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speed of the vessel is 15 knots and it passes the /Iglithouso 
40 minutes after the time of observation, find the clearance 
t^tween the vessel and tlie lighthouse, and its distance from 
th6 lighthous6 tliG first observation. 

Kx. 318?. A landmark bears N. 32" W. from a ship. After 
the ship has sailed 7*2 miles N. 22" K. the landmark is observed 
to bear N. 71" W. How far is it then from the ship ? 

Ex. 318m. The position of an inaccessible point C is required. 

irom A and B, the ends of a base line 200 yards long, the 
following bearings are taken : 

From A of B is N. 70" 30' E. 

I „ „ C is N, 30" 20' E. 

Prom B „ „ C is N. 59"40'W. 

Find the distances of C from A and B. 

Ex. 318n. A ship observes a light bearing N. 62* E. at a 
aisunce of 6 miles. She then steams due S. 6 miles, and again 
0 serv^ t e light. What does she find tlie bearing and distance 
c ght to be at the second observation 1 

l'bp'ir 5 n Admiral signals to his cruiser squadron 

N ^ ® 

diQf \ preseat position. Find bearing and 

distance of the meeting place from the cruisers. 

Ex. 318;). A is 1 mile due W. of B. 

From A, c bears N. 28" W. and D bears N. 33" E. 

Pi^m B. c bears N. 34" W. and D bears N. 9" W. 
the distance and bearing of D from C. 

Bav Pipi* p j required to find the distance between Stokes 

Z and a buoy from the foUowing readings : 

■•mg of Stokes Bay Pier from Ryde Pier, N. 9" E. 

» » Buoy from Ryde Pier N. 36" W. 

A- Stokes Bay Pier S. 79" W. 

istance from Stokes Bay Pier to Ryde Pier, 2-29 m. 

E 3 
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Ex. 318r. A lies 7 miles N. 32* W. of B ; C is 5 miles 
S. 67* E. of A. Find the distance and bearing of C from B. 

Ex. 318s. Two rocks A, B are seven miles apart, one being 
due East of the other. How many miles from each of them 
is a ship from which it is observed that A bears S. 24 W . and 
B bears S. 35“ E. ? 

Ex. 31St. Prom a ship at sea the following observations are 
made : Dover bears N. 16“ E., and Boulogne S. 81“ E. From 
the chart it is found that Dover is 26 miles N. 24“ W. of 
Boulogne. Find the distance of the ship from Dover. 

Ex. 318w. O and P are points on a straight stretch of shore. 
P is 4*5 miles N. 74“ E. of O. From O a slop at sea bears S. 58“ E., 
and from P the ship bears S. 32“ W. Find the distance of the 
ship from P, and also its distance from the nearest point of the 

shore. 


Ex. 318v. A ship steaming due E. at 9-15 knots through the 
Straits of Gibraltar observes that a point on the Rock beai-s 
K. 35" E. ; 40 minutes later the same point bears due N. ; how 
far is she Worn the point at the second observation? 

Ex. 31Sw. A ship is observed to be 3 miles N. 28 E. from 
a coast-guard station, and to be steaming N. 72“ W. After 
15 minutes the ship bears H. 36“ W. At what rate is she 

steaming ? 


Ex. 318x. C and D are inaccessible objects. A and B are 

points 100 yards apart, B due East of A. 

From A the bearing of C is due North. 

A „ DisN.46“K 

B „ „ CisN.63“W. 

R nisK. 10“W, 


Find (i) distance of C from B, 

(ii) distance of D from B, 

(iii) distance of C from D. 



PART II. 


THEORETICAIj &EOMETBY. 


BOOK I. 

We are now going to prove theoretically that certain coo- 
metrical statements are always true, 

statements 

i J *r . '’y n>easiiiing the angles of a largo number of 

^soeles triangles ire were led to orrmae that two angles of sLh a triangle 

Zt h^’l trV more than this, we mast prove 

Theoretical proof has two advantages over verification hr 
^^rteasureiaeni^ ^ 

(i) Hefuauremeut is at best only approximato. 

It is impossible to measure every cose. 

In th^retioal geometry, we must never assume that things 
^ equal beoause they look equal or because our instruments W 
M to suppoM them equal, and we must never make a statement 
^ “ sound reason for it. The masons whl!!? w^ 

alrea!r^ “T.® shaU have 

caaes L^tWe^t’ theoretical work, in some 

axioiT) d^firritions, m others on self.eviderrt truths (called 


O.S. (ii) 


r^' G'RLS Co^ 

SR!N*3A. ^ 
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Things which are eqxtal to the same thing a/re equal to ono 
einother. 

[John is the sanie height- as James, and 'William is the same height 
as James ; therefore John is the same height as Wiiiiam.] 

If equals he added to equals the sums are equal. 

[H two boys each have five shillings and are each presented viith another 
ahilling, the amounts vrhich they then have must be equal.l 


Angles at a point. 

Points, lines, surfaces, etc. The foi-mal definitions are 
given later; for the present, the general ideas fi'om 

the introduction are sufficiently definite. (See pp- 00 — 08 .) 

Def. men two straight lines are drawn from a point 
tliey are said to fo.-m, or contain, an angle. The point is ed 
the vertex of the angle, and the straight lines are caUed the 

nnns of the angle. 

The sSze of an angle does not depend on the lengtits of its an, is. 

(See Ex. 27, 28.) 

Def. When three straight lines are drawn from a poin^ 
if one of them is regarded as lying between the other tw^^ 
angles which this line makes ivith the other two are calle 
adjacent angles (e.g. a" a and fc m fig. U). 

Def. men one straight Uno stands on 
line and makes tl.e adjacent angles equal, each 
is caUed a right angle ; and the two straight Im^ are said 
to be at right angles or perpendicular to one another. 

We shall assume that all right angles are equal 
l Ex. 319. How would you test the accuracy of the right angle of you. 

Def. An angle less than a right angle is said to he acute 
Def. An angle greater than a right angle is said to be 

obtuse. 
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B&vise Ex. 47—50, 57, 68, 

*IEx. 320. A, B, C, D are four towns in order on a straight road; a 
man wallas from A to B and then on from B to D; another man walks 
from A to C and then on from C to D; have they walked the same distance? 

UEx. 821. If in fig. 75 a straight line OP revolves about O from the 
position OB to the position OA, and then on to the position OC; and if 
another straight line OO revolves about O from the position OB to the 
position OD and then on to OGj will OP and OCt have turned throngU 
the same angle? 


Theorem L 

If a straight line etands on another straight line, the 

sum of the two angles so formed is equal to two right 
angles. 

y' 



0 o a 

fig. 75. 

The st, line AO meets the st. line BO at 
prove that l. BOA + z. AOO = 2 rt. z. a 

Construction 'Dr&w OD to represent the line through O per- 
pendicular to BO. ^ 


^roof 


U BOA « A BOD + A DOA, 

A AOO = A DOC - A DOA, 

A BOA + A AOO = A BOD + A DOO 

-2rt Aa 


Constr^ 

q. B. n. 


tT..®""' Btraight Uaes meet at a point, 

angles made by consecutive lines i 
®qual to four right angles. 


3 
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Beviss Ex. 61, 62. 


Ex. 822 . If two straight lines AOB, COD intersect at O and ^AOC is 
a right angle, prove that the other angles at O are right angles. 


323. If A ABC haa^ ABC = z, ACB, prove that 

the exterior angles formed by prodncing the base both 
ways must be equal to one another (Le. prove that 
^ABD = ^ACE). (See fig. 76.1 

When angles or lines are given or made 
equal it is well to indicate the fact in your 
figure by putting the same mark in eacli. 



tEx. 324. In aABC, aA 8C=Z.ACB and A8 
and AC are produced to X and Y, prove that 
aCBXssaBCY. (See fig. 77.) 

Dep. If a straight line or angle is 

O O 

divided into two equal parts it is said to be 

bisected. 


A 



fig. 77. 


Ex. 326. If in fig. 75, aBOA= 110% and OP is drawn bisecting aBOA 
and OO bisecting Z.AOC ; what are A* POA, AOQ? What is their sum? 

tEx. 326. Three straight lines OA, OB, OC are 
drawn &om a point O ; OP is drawnbisecting aBOA, 
and OO bisecting AAOC. Prove that 0 

aPOQ = AaBOC. 

tEx. 827. Xf a straight line stands on another 
straight line, prove that the bisectors of the two 
adjacent so formed axe at right angles to one another. (See 

Ex. 325, 326.) 

Ex. 326. Prove the corollary to Theorem 1. See Ex. 59 — 62. 



Dep. When the sum of two angles is equal to two right 
angles, each is called the supplement of the other, or is said 
to be supplementary to the other. 

5Ex. 329. Name the supplements of aABC and ABCY in fig. 77. 

Name the supplements of Z.AOB, aCOD, and AAOC in fig. 75. 

Es. 330. State Theorem 1, introducing the term “supplementary." 

Ex. 381. In fig. 75, show how to obtain another supplement of aAOB. 

tBx. 332. If two angles are equal, their supplements are equal 
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fierisa Ex. 63—^. 


I’HEOREM 2. 


[Converse of Theorem 1.] 


^ ^ the sum of two adjacent angles is equal to two 

right angles, the exterior arms of the angles are in the 
same straight line. 


A 



J)a£a The Bum of the adjacent ^ s BOA, AOO = 2rt 
To prove ihu BOO is a straight line 

CoiutT^tton Produce BO to D. 


Troof 


Since AO meets the st. line BD at O, 

^BOA + ^AOD=:2rt.z.a 

But L. BOA + L. AOO = 2 rt. 

A BOA + L. AOD = i. BOA + L. AOC, 
A AODs A AOC, 

.*» OC coincides with OD, 

Now BOD is a St. line, 

BOO is a St. liu *\ 


1 , 1 . 

^ata 


Comtr. 
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tEs. 33d. From a point Ain astraightlineAB, BtraightlmeaACandAD 
are dra’^m at right angles to AB on opposite sides of it; prove that OAD ie 
a straight line. 

D 

+ Es. 334. From a point O in a straight line AOC, OB 
and OD arc drawn on opposite sides of AC so that 
Z.AOB = ^COD ; prove that BOD is a straight line. 

tEx. 336. Tliree straight lines OB, OA, OC are drawn 
from a point (see fig. 78), OP bisects Z.BOA, OQl bisects 
z. AOC ; prove that, if z. POO is a right angle, BOO is a straight line. 

■♦Ex. 336. TwostraightlinesXOX'.YOY'intersectatrightangles; OP 
bisects Z.XOY, OQ bisects Z.X'OY'. Is POQ a straight line? fF^'iid the 
sum of z.- POY, YOX', X'OQ.] 



Revise Ex. 64 — 66. 

TEx. 337. If a straight line rotates about its middle point, do the two 
parts of the straight line turn through equal angles? 

If the line rotates about any other point, are the angles equal? 

1,Ex. 338. ABCD are four points in order on a straight 

line; if AC = BO then AB-C:). 

t Ex. 339. If two straight lines AOB, COD intersect at 
O (see fig. 81) what is the sum of z.« AOB, BOC? 

Wliat is the sum of z.* BOC, COD ? 

Def. The opposite angles made by two in- 
tersecting straight lines are called ‘vertically 
opposite angles (vertically opposite because they 
have the same vertex). 

Ex. 340. Kome two pairs of verticaUy opposite angles in fig. 8L 



o 

fig. 8E 
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Theorem 3. 

If two straight lines intersect, the vertically opposite 
angles are equal. 



B 


1 . 1 . 


L L 


Q. E, rv 


Data The two st. lines AOB, COD intersect at O. 

To prove that ^ AOD = vert. opp. _ BOC 

L AOC = vert. opp. L. BOD. 

Proof Since st. line OD stands on st. line AS, 

A AOD + L DOB = 2 rt. A s, 
and since st. line OB stands on st. line CD, 

A DOB + ^ BOC 2 rt. _ s, 

A AOD + A DOB = A DOB + a BOC, 

/. A AOD ss ^ BOC. 

Sim^i^ A AOC = _ BOD. 

Bevisa Ex. 67. 68. 

+Ex. 341. Write oat in full the proof that ^ AOC=; z BOD in i. 3 . 

tha every aide both waye ; number aU 

WW angles m the figure, using the same numbers for angles that are equal, 

+Ex, 843 . In fig. 83, prove that 
0) if A 6= A /, then A c= A/, 

(h) if Acz=A/, then Ad=Ae. 

(iii) if Ad+A/=g2rt.A«, then a6=a/. 

^ff=Ac, then A dssA A. 
if A As A a, than A A <f. 
if A as A e, then A 5 sA^. 


(V) 

(vi) 


(tB) if A Cs A/, then A d+ A/=2rt. AS 
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tBz* 844< If two Btr&ight lines AOC, BOD interBect at O and OX bisects 
Z.AOB, then XO produced bisects ^COD. 

tJilz. 846. Tbe bisectors of a pair of verttcally opposits ans^as ar« 
ia one and tlie same stralgtit line. 



pA&ALLEL Straight Liner 

Def. Parallel straight lines are straight lines in the same 
plane, wluch do not meet however far they are produced in either 
direction. 

Def. In the figure two straight 
lines are cut by a third straight line; 
u * c and / are called alternate angles, 

L. ® h and/corresponding angles (some- 
times z.® b and f are spoken of as “an 
exterior angle and the interior opposite 
angle on the same side of the cutting 
line ”). 

IfEx. 848. Name another pair of alternate angles in fig. 83. 

llEz. 847. Name another pair of corresponding angles. 

ITEx, 840. What are the names of the following pairs; 

(i)c,/, (ii)6,/. (iii)ft,d, (iv)u,d, (v)c,5. (vi) C™) c, a, (viii)c.d? 

tEx. 840. Prove that if a straight line cuts two other straight lines and 
makes a pair of alternate angles equal, then a pair of corresponding angles 

are equaL 

[That is, in fig. 83, prove that if Z.c=Z./, then Z.&= A/.] 

tEx. 360. In fig. 83. prove that, if Ac=/./. then 
State this formaUy as in Ex. 349. (A- d and / are intenor angles on the 

same 5id6 of tho cutting line*) 

Revise Es. 167* 

I^Ex- 361. Draw two parallel straight lines and a line cutting them, 
measure a pair of alternate angles. 

lIEx. 863. Takes Btripof pAperabouttwoinohesvride^thparaBdsi^ 
cut it across as in fig. 84; measure the angles w formed wither p ^ 

noting which are equal, and test whether the two pieces can 
coincide (i.e. fit on one another exactly). 
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A First Treatment of Parallels (for Beginners). 

The strict treatment of parallels given on pages 7'\ 72 
may be found difficult for beginners. The following treat- 
ment, based upon the equality of corresponding angles, is 
recommended as more suitable for a first reading of theo- 
retical geometry; it must not however be regarded as a 
satisfactory proof. 



fig. 83 (a). 



explained the set-square method of drawing 

Rvy wT"” ® ay^'Ttspfmding angles PSV 

eoTal ““^hul theirsq::fre, fnd S 

If tTSah. 1™® cuts two other straight lines 

From this it is easy to deduce 


i-HEOREM A. 

When a straight line outs two other straight Unes, if 

(2) a pair of alternate angles are equal, 

or (3) a of mterior angles on the s’ame side of 
rl^t together equal to two 

(supplementary), 
then the two straight lines are parallel. 
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(2) Data The st, line AB cuts the two st. lines TP, QR forminj; 

the z. s a, 6, c, c?, e ; 

uh — alternate z. c. 

To prove that TP, OR are parallel 

Proof ^ c = vert. opp. i. e. 

But = 

z.6= /.«, 

and these are corresponding angles. 

TP, QR are parallel. 

(3) Data z.6 + Z-c?=2rt. z.s. 

To prove tJait TP, QR are parallel. 

z.6 + z.<i = 2rt. z-s. 

But ^ 6 + z. 2 rt. z. s. 

LC-V Ld = Lh + i-d. 
ue-i-h, 

and these are corresponding angles, 

TP, QR are parallel. Q- e. n. 

After this point the class may return to the ordinary 
treatment at tL middle of page 73; 

converse theorem. But it .s pro^bly a ^ 

any stress, in a first reading, upon the difficulties connected 

with the parallel theorem and its converse. 

The above presentation is easily seen to ^ J ^ 

tion; in fact we have virtually treatment 

no harm is Ukely to result from adopting 
of parallels with beginners, so long as it is clearly 

stooc) to be provisionaL 
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Theorem 4, • 

(1) Wheu a staraight line cuts two other straight liues, 
if a pair of alternate angles are equal, then the two 
straight lines are paralleL 



To prove that 
Proof 


fig. 84. 

(1) PfUa The st. line EF cuts the two st, lines AB, CD at E, F, 
forming the ^ s a, 6, c, j and z. a = alternate /. d, 

AB, CD are parallel 

z.a + z.6 = 2rt. z-s, Ll. 

Z.C + z.<;=2rt. Z.S, L 1. 

z.a + z.6= z.c+aA 

But La = £.d. Lata 

/. A 6 = z. c. 

Take up the part AEFC, call it A'E'F'C'j and, turning it 
round in its own plane, apply it to the part DFEB so that E' 
falls on F and EW along FD. 

V A<i= z.<^ Lata 

E^F' falls along FE, 

and •/ E'F' = FE (being the same line), 

F' falls on E, 
again ^ c = ^ 6, 

F C' falls along EB. 

The proof of this theorem should be omitted at a first reading. 
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Now if EB and FD meet when produced towards B and D, 
F'C' and E'A' must also meet when produced towards C' and A',* 
Le. FC and EA must also meet when produced towards C and A, 
if AB, CD meet when produced in one direction, they 
mil also meet when produced in the other direction ; but 
this is impossible, for two st. lines cannot enclose a space. 

AB, CD cannot meet however far they are produced 
in either direction. 

AB and CD are parallel 

Q. E. P. 

When, a straight line cuts two other straight lines, if 
(2) a pair of corresponding angles are equal, 

or (3) a pair of interior angles on the same side of 
the cutting line are together equal to two 
right angles, 

then the two straight lines are parallel. 



(2) The st. line GH cuts the two etc lines AB, CD forming 

the L 8 o, 6, c, d, e. 

^e^corresp. z.d, 

AB, CD are parallel. 


To prove tiuit 



Proof 
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(3) Daia 
To -prove thai 
Proof 


ue = vert. opp. a a. 

But 

L.a = L.dj 

and these are alternate angles, 
AB, CD are parallel. 

A6 + A£? = 2rt, AS. 

AB, CD are parallel. 

A6+Aa = 2rt. AS, 

But A6 + Arf=2rt. AS. 
a 6 + Aa = A6 + Arf, 

A a = A <3?, 

and these are alternate angles, 
AB, CD are parallel. 


73 

L 3. 
Data 


by (1). 


L 1. 
Data 


by (1). 
Q. B. D. 


« ^ Straight lines is perpendloular to 

a third straight line, the two straight lines are paraUel to 
one another. ^ 

ass. Prove the corollary. 

caaiS'a tri Jg^r “ 

The straight lines which join ODDosite ^<r « 

quadrilateral are called its diagonals. 

a aideapax^el is called 

!bac=! acd 
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Playfair’s Axiom. Through a given point one straight line^ 
and one only, can be drawn parallel to a given straight line. 


Theorem 5. 

[Converse op Theorem 4.] 

If a straight line cuts two parallel straight linesi 

(1) alternate angles are equal, 

(2) corresponding angles are equal, 

(3) the interior angles on the same side of the 
cutting line are together equal to two right angles. 


A 



B 

fig. 86. 


Data. AB cuts the parallel st. lines CD, EF at Q, H. 

To prove that (1) ^ CGH = alt, z. GHF, 

(2) z. AG D = corresp. z. GHF, 

(3) L DGH + L GHF = 2 rtz.a 
(1) Constrv.ction If z. CGH is not equal to z. GHF, 

suppose GP drawn so that z. PGH = Z. GHF. 

Proof •/ Z-PGH = alt.Z.GHF, 

.-.PG is 11 to EF. 4. 

the two straight lines PG, CG which pass through the 

point Q are both y to EF. ^ . 

But this is impossible PlayfaxPe Axiom 
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A aCQH cannot be unequal toAQHF, 

aCGH= ^GHF. 

(2) Since, by (1), z.CGH= z_GHF 

and ACGH = vert. opp. a AGO, 

A AGD:= aGHF. 

(3) Since GH stands on CD, 

/. A DGH + A CGH = 2 rt. as, I. 1. 

and, by (1), aCGH = _GHF, 

/. A DGH + A GHF = 2 rt. A 8. Q. E. D. 

Ex. aee. Copy fig. 86, omitting the line PG. If aAGD= 72'^, find all 
the angles in the figure, giving your reasons ; make a table. 

tEx. 367. Prove ease (2) of Theorem 6 from first principles £Le» without 
assuming case (1)]. 

tEz. 368. Prove case (3) of Theorem 6 from first principles [i.e. without 
assuming cases (1) or (2)]. 

tEz. 869. In fig. 87 there are two pairs 
of parallel lines ; prove that the following 
pairs of angles are equal: — (i) b, I, (ii)/, b, 

Ciii) m , «, (iv) /, /i, (v) r, I, (vi) «, ft, (vii) s, q, 

<viii) «, ft, (ix) a, (x) A 

[State your reasons carefully. 

e.g, WX, YZ are p and ST cuts them, 

= A/ (corresponding angles).] 



Ex. 360 . What do you know about the sums of (i) A* /, 17, fiil A* A 2 . 
<iii) A« m, n, in fig. 87? Give your reasons. ^ ^ ^ ^ 


Ex, 36X. Draw a parallelogram ABCD, join AC, and 
produce BC to E; what pairs of angles in the figure are 
equal? Give your reasons. 


tEx. 362. A triangle ABC has aB = aC, and DE is 
drawn parallel to BC ; prove that aADE» aAED. 

tEx. 363. If a straight line is perpendlcnlax to one 
Of two parallel straight lines, it is also pexpeadicnlax 
to the other. 



fig. $& 
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tEx. 864. ^Che opposite angles of a parallelogram are eonaL TSea 
Ex. 360.] ’’ 


tEx. 365. What is tlio sum of the angles of a parallelogram V 
Hence find the sum of the angles of a triangle. 

tEx. 366. If one angle of a parallelogram is a rl^t angle, prove that all 
its angles must be right angles. 


Note on a Theorem aih) its Converse 

The enunciation of a theorem can generally be divided into 
two parts (1) the data or hypothesis, (2) the conclusion. 

If data and conclusion are interchanged a second theorem 
is obtained which is called the converse of the first theorem. 

For example we proved 

in L 4, that, if Aa = z.d(data), then AB, CO are {| (conclusion) ; 

in 1 . 5, that) if AB, CD are j] (data), then La^Ld (conclusion). 

The data of I. 4 is the conclusion of i. 5, and the conclusion 
of I. 4 is the data of L 5 ; so that i. 6 is the converse of i. 4 
(and L 4 is the converse of i. 5). 

It must not be assumed that the converses of all true theorems 
are true; e.g, “if two angles are vertically opposite, they are 
equal” is a true theorem, but its converse “if two angles are 
equal, they are vertically opposite ** is not a true theorem. 

^ Ex. 367. State the oonverses of the following: are they troef 

(i) If two sides of a triangle are equal, then two angles of the triangle 
are eotiaL 

(ii) If a triangle has one of its angles a right angle, two of its angles 
are acute. 

(iii) London Bridge is a stone bridge. 

^v) A nigger is a man with woolly hair. 
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Theorem 0. 

Straight lines winch, are parallel to the same stiralght 
line are parallel to one another. 



fig. 89. 


AB, CD are each H to XV. 

To prove that AB is |J to CD. 

Conatr^iciioii Draw a st. line cutting AB, CD, XY and forming 
■with them corresponding z. s p, s respectively. 

■PW •/ AB is II to XY, 

Apsrcorresp. AC. X 6. 

Again •.•CD is j] to XY, 

A = corresp. A a, X. 5. 

Ap = Ay. 

Now these are corresponding angles, 

AB is II to CD. A 

^ & XX 


tEx. 068. Prove t. 6 by means of Playfair’s AT<rtm, 

[SuppoM AB and CD to meet.] 

^ ^Ex. 869. Are the theorems true which you obtain (i) by Bubstitnting 

“parallel” in x 6, (ii) by substituting “equal” for 

•• parallel ” in X 6 ? 
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Theorem: 7, + 


If straight lines are drawn from a point parallel to the 
arms of an angle, the angle between those straight linos 
is equal or supplementary to the given angle. 



fig. 90. 

Dcda BAC is an angle. 

Prom O, OX is dra^vn || to AB and in the same sense* as AB, 
and OY is drawn j] to AC and in the same sense as AC ; 
XO, YO are produced to Z, W respectively. 

To prove that XOY= z. ZOW = z. BAC, 

L YOZ = L WOX = supplement of z. BAC. 

* A straight line may be generated by the motion of a point, and the point 
may move in either of two opposite directions or Banses ; thus, in fig. 90, 
the line AB may be generated by a point moving from A to B or from B to 
A, and the line OX by a point moving firom O to X or from X to O. If a 
point moves from A to B and another from O to X we say that they move 
in the same sense, or AB and OX have the tame tense ; but if the one moves 
from A to B and the other from X to O they move in opposite senses, 
or AB and XO have oppotite senset. 
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Prtiof Let WY cut AB at P, 

then L. XOY = corresp. l. BPY, L 5, 

and i. BAG = corresp. ^ BPY, 1 . 5. 

XOY = i. BAG. 

But A ZOW = vert. opp. l. XOY, 

A ZOW = A BAG. 

Agai n A YOZ = a XOW = supplement of a XOY 

= supplement of a BAG. 

Q. E. D. 


tEx. 870. If atraleht lliMS are drawn firom a point perpendlcnlar 
to the arms of er* msla, the angle between those straight lines Is equal 
or supplementary to the glTen 

(Take BAC as the given angle, through A draw straight lines parallel to 
&e given perpendicalara ; first prove that thd angle between lip f B io 
equal or sapplementai^ io ABAC.) 
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Theorem 8. 

The Bom of the angles of a triangle Is equal to two 
right angles. 


A 



fig. 91. 

Data ABC is a triangle. 

To prove Viai ^ A 4- z. B + z. ACB = 2 rt, LS, 

Constriiction Produce BO to D. 

Throush C draw CE H to BA. 

Proof Since AC cuts the ils AB, CE, 

^ A = alt. aACE. 

.And since BC cuts the Us AB, CE, 

/. L B = corTesp. L ECD, 

/. z.A + ^B=Z.ACE+^ECD. 

Add L. ACB to each side, 

A^A+^B+Z. ACB = /. ACB + Z. ACE + Z. ECD 

= 2rt.z.s (for BCD is a st. line), 

Bum of Z. s of A ABC = 2 rtb z. s. 

Q. E. P. 

Cob. L If one side of a triangle is produced, the 
exterior angle bo fonned is equal to the sum of the two 
Interior opposite angles. (Proof as above.) 

CoR. 2. If one side of a triangle is produced, the exterior 
angle so formed is greater than either of the interior opposite 

angle& 
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CoK. 3. Any two angles o£ a triangle are together leas thaa 
two right angles. 

Cor. 4. Every triangle has at least two of its angles acute. 

Cob, 5. If two triangles have two angles of the on© 
equal to two angles of the other, each to each, then the 
third angles are also equal. 

Cor, 6. The sum of the angles of a quadrilateral ia 
equal to four right angles. (Draw a diagonal) 

Bevise Es. 127 — 136. 

+ Ex. 37 1. Write out the full proof of Cor. 1. 

tEx. 372. Prove i. 8 by drawing through A a straight line PAa parallel 
+Ex, 873. In a triangle ABC, AA~z.B; prove that If BC is produced 

to D, aDCA=2aB. 

tEx. 374. Prove Cor, 6. 

tEz. 376. What is the sum of the angles of a pentagon? 

[Join one vertex to the two opposite vertices.] 

Ex, 376, If, in fig, 91 , ^a= 68® and iLACD = 100®, find all the other 
angles. 

a quadrilateral ABCD, aA=77®, AB=88®, lC=99“; 

Ex. 378. InaquadrilateralABCD, z.A= 37®, LB=:lU°,and^.C=5^D' 

■ted ^0 and ^D. 

Ex. 37®. If the exterior angles formed by producing the base of a 
triangle both ways are 105- and 112-, find sU the angles of the triangle. 

i. one of its angles an obtuse angle 

te called eu obtuse-angled triangle. 

i« i ^**^“g*e which has one of its angles a right angle 

f right-angled triangle. s fe » 

The side opposite the right angle is caUed the hypotenusa 
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Def. a triangle wliich has all its angles acute angles is 
called an acute-angled triangle. 

In Ex. 378—9, we have seen that every triangle must have at least 
two of its angles acute. 

Def. a triangle which has two of its sides equal is called 
an isosceles triangle. 

Def. a triangle which has all its sides equal is called an 
equilateral triangle. 

Def. a triangle which has no two of its sides equal is called 

a scalene triangle. 

Def. a triangle which has all its angles equal is said to be 

equiangular. 

Bevise Ex. 159 — 163. 

^x. 382 . If two of the angles of a triangle are 67® and 79®, what is 
the third angle? What are the exterior angles, formed 
by producing the sides in order (see fig. 93)? What is 
their sum? 

I^x. 388 . Produce the sides of a square* in order 
(see fig. 92) ; what is the sum of the exterior angles? 

^Ex. 384. In fig. 93 the sides of a triangle are produced 
in order; what are the following sums: (i) Z.a+^x, fig. 92. 

(ii) Z.6+Ly, (iii) (iv) Z.a + ^6+Z.c? 

Hence find + 

liEx. 886. Which angles are equal to the following sums: 

(i) ^5+Z.c, (ii) ^c+^a, (iii) Z.a+^6? 

Hence find z.x+z.y + z.x. 

^Ex. 386. If a yacht sails from A round the pentagon 
BCDEF back to A, what angles does it turn through at 
B. C, D, E, F7 

When it gets back to A, it has headed towards every 
point of the compass ; what then is the sum of the angles 
through which it has turned? 

HEx. 387 . Draw a figure to show which angles a yacht 
turns through in sailing round a triangular course. 

What is the sum of these angles? 

* In Ex. 383—689, the following properties of a square may be assumed: 
(i) all its sides are equal and (ii) all its angles are right angles. 
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Dee; A plane figure bounded by straight linee is culled 
a polygon. 

Theorem 9. 

If the sides of a convex polygon are produced in order, 
the sum of the angles so formed is equal to four right 
angles. 


T 



fig* 95. 


DaUb ABODE is a convex polygon; its sides are produced in 
order and form the exterior angles, w, v, a, y, z. 

S’o prove that ^w + ^a:+ + ^a: = 4rt. 

Construction Through any point O draw OP, OQ, OR, OS, OT 

II to and in the same sense as EA, AB, BC, CD, DE respectively. 

i*roo/ Since OP, OQ are respectively || to and in. the same sense 
as EA, AB, 

1. 7. 

Sim^^t) = ^QOR, 

Aa: = .(L ROS, 

^y = ^SOT, 
i.« = i.TOP, 

• + + — sum of z. s at O 

= 4 rt z. s. I. 1 Cor. 

n rm. . Q- E. I>. 

OE, The sum of the interior angles of any convex 
po ygon together with four right angles is equal to twice 
oiany right angles as the polygon has sides. 
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Ex. 388. Three of the exterior angles of a qoadrilateral are 79^i 117% 
65°; hnd the other exterior angle and all the interior angles. 

t£s. 389. Prove the corollarj for a pentagon 

(i) by considering the sum of the exterior and interior angles ab each 
comer, and the sum of all the exterior angles ; 

(ii) by joining a point O inside the pentagon to each comer, and 
considering the same of the angles of the triangles so formed and the sum 
of the angles at the point O. 


Dep. a polygon which has all its sides equal and all its 
angles equal is called a reglllar polygon. 

380. What is the size of each exterior angle of a regular octagon 
(8<gon) ? Hence find the size of each interior angle. 

Ex. 391, What are the exterior angles of regular polygons of 12, 10, 
5, 3 sides? 

Hence find the interior angles of these polygons. 

Ex. 392. The exterior angle of a regular polygon is 60°, how many 
sides has tho polygon ? 

Ex. 393. How many sides have the regular polygons whose exterior 
angles are (i) 10°, (U) 1°. (iii) 2^°? 

Ex. 394, Is it possible to have regular polygons whose extenor angles 
are (i) 15°, (ii) 7°, (iii) 11°, (iv) 6°. (v) 5°, (vi) 4°? 

llEx. 396 . Is it possible to have regular polygons whose exterior angles 
are obtuse ? 

Ex. 306 . Is it possible to have regular polygons whose interior angles 
are (i) 108°, (ii) 120°, (iU) 130°, (iv) 144°, (v) 60° ? (Think of the exterior 

angles.) 

In the cases which are possible, find the number of sides. 

Ex. 397. Make a table showing the exterior and interior angles of 
regular polygons of 3, 4, 5.. .10 sides. 

Draw a graph showing horizontally the number of sides and vertically 
the number of degrees in the angles. 

Ex. 393. Construct a regular pentagon having each side 2 in. long. 

(Calculate its angles, draw AB = 2 in., at B make Z.ABC= tho angle of 
tVi fl regular pentagon, out off BC = 2 in., <£c., Ac.) 

Ex, 399. Construct a regular octagon having each side 2 in. long. 

Ex. 400 . Construct a regular 12-gon having each side 1 5 m, long. 
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Congruent Triangles. 


I£ two figures when applied to one another can be made 
to ooincido (ie. fit exactly) they must be equal in all respects. 

This method o£ testing equality is known as the method 
o£ superposition. 

ITEz. 40l« How did you test the equality of two angles? (SeoEz. 23.) 

lIEx. 409. How would you teat whether two orloket bats were of the 
same length? 

Figures which are equal in all respects are said to be 

congruent. 

The sign s is used to denote that figures are congruent^ 

^Ez. 403. Drawatriangle DEFhaving DE=:8in., DFaSin., ^0=26®; 
on tracing paper draw a triangle ABC having AB=3iii., AC=2m., aA=30®! 

A ABO to aDEP 80 that A falls on D; pnt n, pm th T oti g L th efW 

twopointej turn A ABC round nntU A B falls along DE. 

G falls on E. 'Why is this? 

Does AC fall along DF? 

(Keep the A ABC for the next Ex.) 

1 IEx. 404 . Draw atriangle DEF having DEss31n.» DF=2in., ADssSO**. 

Apply A ABC (made in the last Ex.) to a D EF so that A falls on D • put 
a pm through these two points ; turn a ABC round unW AB fallaalong DE. 

B f a ll s on E* Why is this? 

AC falls along D F, Why is this ? 

C falls on F. Why is this ? 

Do the triangles coincide altogether ? 
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Theorem 10 . 

If two triangles have two sides of the one equal to two 
sides of the other, each to each, and also the angles 
contained by those sides equal, the triangles are con- 
gruent. 



Data, ABC, DEF are two triangles which have ABsOE, AO=sDF, 
and included L BAC included l. EOF. 

To prove thcU A ABC H A DEF. 

Proof Apply A ABO to A DEF so that A falls on D, and AB falls 
along DE. 

V AB = DE, 

B falls on E. 

Again •,* z-BACas^EDF, 

AC falls along DF. 

And v^C = OF, 

C falls on F, 

AABC coincides ^vith ADEF. 

AABC = ADEF. 

q. E. D. 

K B. It must be carefuUy noted that the congruence of the triangles 
cannot be inferred unless the equal angles are the angles included (or con- 
tained) by the sides which are given equal. 

Ex. 406. Mate a list of all the eqnal sides and angles in A 
OEF of I. 10. Say which were given equal and which were proved eq 
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tEx. 406. Draw two triangles PQR, XYZ and mark QR=XY, RPss YZ, 
andz.Q=Z.Z. Would this tbeorezn prove the triangles congruent? Give 
two reasons. 


tEz. 407. ABCO is a square, E is the mid>pomt 
of AB; equal lengths AP and BQ are cut off from AD 
and BC. JoinEPandEQ. Provetbat aAEPs a BECL 
Write down all the pairs of lines and angles in these 
triangles which 70 a have proved equal. 



% 97. 


tEx. 408* ABCD is a square, E is the mid'-point of AB ; 
joinCEaudDE. Prove that A AED= a BEC. 

Write down all the pairs of lines and angles in these 
triangles which you have proved equal. 


A E a 



D C 


tEx. 409. PQRS is a quadrilateral in which 
P®— SR, a€1=sAR, and O is the mid-point of QR. 
Prove that OP=sOS. 

t^ou must first join OP and OS, and mark in your 
figure all the parts that are given equal ; you will then 
see that you want to prove that a OQP s a O RS.j 


fig. 98, 


Q O R 



fig. 99. 


+Ex, 410. ABCD is a square; E, F, G are the mid-points of AB, BC, 
OD respectively. Join EF and FG and prove th e"i equaL 

[Which are the two triangles that you must prove equal?} 

411. ABC, DEF are two triangles which are equal in all respects; 
X is the mid-point of BC, Y is the xnid-pointof EF. Prove that AX= DY. 
and AAXBssaDYE. 


[You will of course have to join AX and DY.j 
tEx. 419. The equal sides QP, RP of an isosceles 

triangle PQR are produced to S, Tso that PS=PT; prove 
thatTG^Sa 



4 13^* D is the mid -point of the side BC of a A ABC 
AO is produced to E so that DE=AD, Prove that AB = EC 
and that AB, EC are parallel. 

[Pirst prove a pair of triangles congruent.} 


/ 



fig.lOL 
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4 Show that the distance 
between G and H, the opposite cor- 
ners of a house, can be found as 
follows. At a point P set up a post; 
step off HP and an equal distance 
PN, taking care to keep in a straight 
line with the post and the comer H; 
step off GP and an equal distance 
PM, M being in the same straight 
line as G and P. Measure MN ; tb>> 
must be equal to GH. 

Draw a ground plan and prove 
that MN = GH. 



fig. 102. 


fEz. 416. W is the mid-point of a straight line YZ, 

WX is drawn at right angles to YZ. Prove that 
XY = XZ. 

[A line which is a side of each or two triangles is 
said to be eomxnoix to the two triangles.] 

fEz. 416. The bisector of the angle between the 
equal sides of an isosceles triangle is perpendicular to 
the base. 

[Let XYZ be an isosceles triangle, having XY=XZ ; let XW bisect Z.YXZ 
and let it meet YZ at W; prove AXWY=Z.XWZ. Seefig*103.J 




XY=XZ; prove that Z.Y = iZ. 

[Draw XW the bisector of Z.YXZ.] i q/ ig 

418. OA, OB, OC are threo radii of a circle. If V \/ 

AAOB=sZ.COB, prove that BO biseoto AC. 


l-Ez. 418 . In fig. 105, AB and DO are equal and 
parallel; prove that AD = BC. 

[Join BD. Since AB is parallel to DC 4.? = A? .] 


tElx. 420. The equal sides AB, AC of an isosoelea 
triangle ABC are produced to X and Y rcspectivelj ; 

BXU made equal to CY (see fig. 77). U Z.CBX = Z.BCY. i-rove that 

CX == BY. 

[By the side of your figure make sketches of the triangles BCX, CBY.] 
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+Ex. 491a XY ifl a straight line, XP and YCt are drawn at right angles 
toXY and XP ia made equal to YG. Prove that APYXn aQXY. 

tEx. 433. ABCD is a qnadrilateral in which ABbCD, ADsBO and 
aAsslC; prove that ABCD is a parallelogram. 

CJoin BD.] 

i'Ex. 423 * If the diagonals of a qnadrilateral bisect one another it moat 
be A paraUelogram. 


ITEx. 434 . In two a* ABC, DEF, AAs= 4.D, prove that 

^C«z.F. 

ITEx, 435. Draw a triangle DEF having EFs 8*7 in., a£ss 36®, Z.F=64®* 
on tracing paper draw a triangle ABC having BCs3*7in.. ABai36«’ 
aC= 64®. Apply aABC to a DEF so that B on E, and BO 
along £F« JDo the two tciejigle.9 ooinoidf? 
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Theorem 11. 

If two triangles have two angles of the one equal to 
two angles of the other, each to each, and also one side 
of the one equal to the corresponding side of the other, 
the triangles are congruent. 



fig. lOG. 

Data ABC, DEF are two triangles whicli have BC = EF and two 
angles of the one equal to the two corresponding angles of 
the other. 

To prove that A ABC S A DEF. 

Troof Since two angles of A ABC are respectively equal to two 
angles of A DEF, 

the third angle of AABC = the third angle of ADEF, 

I. 8, Cor, 5. 

z. A = z. D, z. B = /L E, and z. C ^ F. 

Apply AABC to ADEF so that B falb on E, and BC falls 

along EF. 

•/ BC = EF, 

/. C falls on F. 

Now z. B = ^ E, 

BA falls along ED, 

A falls somewhere along ED or ED produced. 

Again /. C = z. F, 

CA falls along FD, 

/. A foils somewhere along FD or FD produced, 

A falls on D, 

/.AABC coincides with ADEF, 

A ACC = ADEF. 


q. K. IX 
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Ex. 4a9i Mftirq a list of all the equal eidcs and angles In A* ABC, 
DEF of 1 . 11, 

tEx. 427. Draw two A“ GHK, XYZ, and mark GH = XY, aH = aY, 
and aK= aX; are the triangles congment? 

tEx. 428. ABCD is a square, E is the xnid*point of AB; at E moke 
aAEP= 60^ and ABEQ^60«; let EP. EO cut AD, BC at P and Q to. 
spectively. Prove that AP=BG. (See fig. 97.) 

tEx. 429 . In a aXYZ, AY=aZ; XW is drawn so that AX is 
bisected; prove thatXY = XZ. (See fig. 103.) 

tEx. 430 . ZI the bisector of an angle of a triangle cuts the opposite side 
at right angles, the triangle most be isosceles. 

fLet XYZ be a triangle; and let XW, the bisector of AX, cut YZ at right 
angles at W; prove that XY— XZ. See fig. 103.] 

tEx. 431 . ABC, DEF are two triangles which are equal in all respects ; 
AP, DQ are drawn perpendicnlar to BC, EF respectively. Prove that 
AP=Da 

tEx, 432 . A ABCs A OEF. AG, DH are the bisectors of aA» aD and 
meet the opposite sides in G, H, Prove that AG =? DH, 

433. The following method 
may be used to find the breadth 
of a river. Choose a place where 
the river is straight, note some con- 
spicuoufl object T {e.g, a tree) on 
the edge of the other hank; from 
a point O opposite T measnre a 
distance OS along the bank ; put 
a stick in the ground at S ; walk ou 
to a point P such that SP = OS; 
from P walk at right angles to the 

river till you ate in the same straight line as S and T. PQ. ia equal to the 
breadth of the river. Prove tbig. 

434 . The perpendiculars drawn to the arms of 
on angle from any point ou the bisector of the angle are 
oqual to one another. 

1'£a 485. ABCDisa parallelogram, pxovethatABsCD. 

[Join AC and use i. 6.] 



T 



fig. 107. 



fig. 108. 
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+Ex. 436, If the diagonal PR of a quadrilateral PQRS bisects the angles 
at P and R, prove that the qnadrilateral ha.^ two pairs of 
equal Bides. 

tEx. 437. A triangle XYZ has AYssAZ; prove that 
the perpendiculars from the mid-point of YZ to XY and 
XZ are equal to one another. 

fig. 109. 

t£x. 438, A triangle ABC htyg prove thai: 

the perpendiculars from B and C on the opposite aides 
are equal to one another. 

'*'Ez. 439. A triangle ABC hag ABsAC; prove that 
the perpendiculars from B and C on the opposite sides 
are equal to one another. fig. 110. 

tEx. 440. The diagonal AC of a quadrilateral ABCD bisects tbe angle 
A and ^ABCs/.ADC; does BC = CD? 




II £x 441. Draw two or three isosceles tnanglea; measure their angles. 
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Theorem 12. 

If two sides of a triangle are equal, the angles opposite 
to these sides are equal. 

A 



/ 


Data 


To prove that 
Consiruction 


fig. lU, 

ABC is a triangle which has AS = AC, 


A C = B. 

Draw AD to represent the bisector of A BAG. 

Let it cut BC at D. 

VrooJ In the As A8D, ACD 

A ^ 7 Data 

AD IS common, 

A BAD = i, CAD (included a b), Constr 

.\AABD= AACD, I. lo. 

A B « A C. 

src’r.?: nr “£t?“ r r 

Ex. 442 , State the oonyerse of this theorem. 

tEx. E„h angle of an isosoelee trianglo moat be aoute. 

baae ^n^" U 

bai'ln^.^-ie ««>. of the 
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'^Ex. 447. Frov« that a triangle which is equilateral is also eqoi^ 
angular. (See definition, p. 82.) 

[If PQR is an equilateral triangle, vQP = QR.-. 

tEs. 448. In a triangle ABC, ABs=9-2cm., ^Css82®, AC=9‘2cm.; 
AB, AC are produced to D, E respectively. Find all the angles in the figure. 

tEs. 449. ABC is an isosceles triangle; the equal sides AB, AC are 
produced to X, Y respectively. Prove that Z.XBC = ^YCB. 

State the converse of this theorem. 


tEx. 450. EDA, FDA are two isosceles triangles on opposite sides of 
the same base DA ; prove that ^EDF=^EAF. Seefig.123. 


tEz. 451. EDA, FDA are two isosceles triangles on the same side of 
the same base DA; prove that z.EDF=Z.EAF. 


tEx. 452. Through the vertex P of an isosceles triangle PQR a straight 
line XPY is drawn parallel to QR; prove that ^QPX = ^RPY. 


tEx. 453. From the mid-point O of a straight line AB 
a straight line OC is drawn; if 00 = 0A, ^ACB is a 
right angle. 


C 



A O 0 

fig. 112. 


tEx. 464. In fig. 113, aABC is isosceles and BP = CQ; 
prove that AAPQ=:AAQP. 

[First prove AP=AQ.] 

tEx. 465. The perpendicular from the vertex of an isos- 
celes triangle to the base bisects the base. 

tEx. 466. The perpendiculars to the equal sides o! an isosceles triangle 
from the mid-point of the base are equal. (See fig. 109.) 

tEx. 457. The perpendiculars from the ends of the base of on isosceles 
triangle to the opposite sides are equoL (See fig. 110.) 


A 



fig. 113. 


tEx. 468. The straight lines joining the mid-point 
of the base of an isosceles triangle to the mid-points 

of the sides are equaL 



fig. IM. 


tEx. 469. If A, B are the mid-points of the equal 
sides XY, XZ of an isosceles triangle, prove that 

A2 = BY. 


X 



fig. 115. 
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tEx, «60. The bisectors of tiie base augles of hd 
isosceles triangle are equal. 



tEx. 461. At the ends of the base BC of an isosceles 
triangle ABC, perpendiculars are drawn to the base to 
meet^ the equal sides produced ; prove that these per- 
pendiculars are equal. ^ 


XYZ is an isosceles triangle (XY = XZ1 

ae Wectors of iX anfl iZ meet .t Oj prove that 
OY bisects ^Y. 


tEx. 463. The angle between a diagonal and 
of a square is 45®. 


a Bide 


fig. 116. 



fig. U7. 


X 



V z 


fig. 118. 


tEx. 464 . 
produced to P 


OA, OB ate radii of a circle. AO is 
; prove that ABOP=2 z.BAP. 



fig. 119. 

bil^tsAB.*’ ^ ^ perpendicular from O to AB 


+Ex. 466. If a four-sided figure has 
angles are equal 


its sides equal. Its opposite 


praw a diagonal.] 


0 as to form a^g^ ABc! \!a^re A^d la 

Eepeat Ea. «,7 two or tW umoe with other lirma aod aoelee. 



96 


BOOK I 


Theorem 13. 


[CONTERSE OF THEOREM 12 .] 

If two angles of a triangle are equal, the sides oppo^te 
to these angles are equal. 




Data ABC is a triangle which has /. B ~ C. 

To jyrove that AC = AB. 

Construction Draw AD to represent the bisector of L BAG. 

I/et it cut BC at D. 


Proof la the As ABD, ACD, 

r /. B = ^ C, 

• L BAD = L CAD, 
AD is common, 

. 

/. AABD = AACD, 
AB=AC. 


Data 

Const/r. 


L 11. 


Q. E. D. 


tEx. 469. Prove tliat If a 
also bo equllateraL 

[Z.Qs=aR, .*.8116?= side?,] 


triangle PQR !• eqalangular, it must 


tEi. 470. The sides AB, AC of a triangle are prodaced, 
that, if ^XBC=^YCB, a ABC is isosceles. (See lig. 

+Ex 471. A straight line drawn parallel, to the base of 
an isosceles triangle to out the equal sides forms another 
isosceles triangle. 


to XY; prove 



tig. 121* 
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.vS, s;. 

«?{E ..■'-“rss Kj," Tzrz sz 

angle, the tnangle thns formed is isosceles. 

^ “ quadrilateral in which AB = AD, 
and^Bs^D; prove that CB* CD, 

{Draw a diagonal.] 

tEx. 477, lu the base BC of a trianrlA Aar- ^ 

such that z.BAP=z.CAQ- if AP-AG « ® P. Q are talien 

It AP = AQ, prove a ABC is isosceles. 

tEz. 478. in a quadrilateral A BCD y«A o , 

AB is parallel to CD ; prove that AD=BC. ’ ohtu^e, and 

[Produce DA, CB tiU they meet.] 

a£if Chi-tecter‘:;r -"G?™H^‘"^!tv?tharFV=^^^^^^^ 

oppptcMc fo™er°Lrte\h1 a\‘t“ p^o'uf^tVr? 

In order to answer this question, take the following instances. 

1 Consider a triangle whose angles are 45° 45°. 90 °, 

* triangle whose angles are 30°, 60°, 90°. 

() A ABC in which ABs8'2cm8.. 80 = 41 ems CA ft 

Measure the angles. Is C double A ? ^ 

(4) Draw aABC in which A = 82° B= 4 io BC-.*^" \t 

remaining sides. Is BC double cli ' 

(5) Prove that in a ABC whose angles are 30° 60° 90 ® f;, ; 

AB is double the shortJt BC ’ * \ ^ 

[Make /CAD = 30° 

and produce BC to meet AD in D, 

How many degrees in / D ? 

What kind of a triangle is ABD ?] 
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Theorem 14. 

If two triangles have the three sides of the one equal 
to the three sides of the other, each to each, the triangles 
are congruent. 

Dolfj. ABC, DEF are two triangles which have BC = U.F. CAs= FD, 
and AB = DE. 

To prove tlvat AABC H ADEF. 

Troof Apply A ABC to ADEF so that B falls on E and BC falls 
alono- EF but so that A and D are on opposite sides of EF; 
let A' be the point on which A falls. Join DA. 

Since BC = EF, C will fall on F. 

Cask l. Wl>.en DA' cvU EF. 





fig. 123. 

In A EDA', ED= EA' (i.e. BA). 

z.EA'D=i.EDA'. 

In A FDA', FD = FA' (i.e. CA). 

.*. ^FA'D=^FDA', 

EA'O -r L. FA'D = L. EDA' + Z. FDA', 
le. i.EA'F = Z-EDF, 
i.e. ^BAC = Z-EDF, 

,% in As ABC, DEF, 

AB^DE, 

AC = DF, 

u BAG = L. EOF (included L s). 
A ABC = ADEF. 


I. 12. 
L 12. 

Daia 

Data 

Proved 

I. 10 



CONGRUEN'T TRIAN-GLES 


09 


Ca^sr il JFAen DA' parses through oiis e>id of EF, say F, 


A D 



la A EDA', ED=EA' (Lo. BA), 
i. EA'D = z. EDA', 

Le, Z. BAG = Z. EOF, 
aa in Case i, A ABC hAOEF. 


Cass m . 


DA' does not cut EF. 



ng. 1*26 



Aa ia Case i. ^ EA'O =» ^ EDA', 
ana z. FA'D = z. FDA', 

.% A EA'D - ^ FA'D = z. EDA' - z. FDA', 
i-e. z. EA'F = z. EDF, 
i-e. z. BAG = z. EDF, 
as in CjLse i. A ABO = AOEF. 


2 . 12 . 


Q - B. 
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Es. 480. State the convexKe of this theorem. Is it true? 

+Ex. 481. If, in a quadrilateral ABCD, AB=AD, CB=CD. prove that 
AC bisects ^A and Z.C. 


tEx. 482. PQ and RS are two equal chords of a 
circle whose centre is O. Prove that Z.POQ=^ROS. 

(A chord of a circle is a straight lino joining any 
two points on the circle.) 

tEs. 483. AB is a chord of a circle whose centre is O; 
C is the mid-point of the chord AB. Show that OC is 
perpendicular to AB. 



tEx. 484 . K the opposite sides of a quadrilateral aie equal, it is a parallel- 


rgrcm. 

[Draw a diagonal, and use i. 4.] 

1 Ex. 485. Equal lengths AB, AC are cut off from the 
arms of an angle BAC ; on BC a triangle BCD is drawn 
having BD = CD. Showthat AD bisects ABAC. 

tEx. 486. The bisectors of tlie etiurJ angles Y, Z of 
uu isosceles triangle XYZ meet at O. Prove that XO 

bisects aX. 



+Ex. 487 EDA, FDA are two isosceles trianglea on opposite sides of the 
tame base DA; prove that EF bisects DA at right angles. 

[First prove aDEF= aAEF ; see fig. 123.j 


t-Pr ARB EDA FDAaictwoisoscclestriauglesoutiiesumebuseDAand 

„n tt U?pro“e EF prodoeed bisects DA .U.^bt angle. 


tEs. 488. Inaquadrilate.alABCD.AD = BCaadtbediagonals AC. BD 
are equal; prove that A ADC=aBCD. 

Also prove that, if AC. BD intersect at O. a OCD la isosceles. 


* ..* Y V . nrove that XY is bisected at 
+Ex. 490. TWO circlcc intersect at X, ^ , P 

right angles by the straight lino joining the centres of th 
[Join the centres of the circles to X and Y.} 
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Theorem 16. 

If two right-angled triangles have their hypotenuses 
equal, and one side of the one equal to one side of the 
other, the triangles are congruent. 



fig. 128. 


Data ABC, DEF are two triangles which have z.s C, F right 

AB = DE, and AC = DF. 

prove iluU A ABC = A DEF. 

^ ^ A and DF along 

AC but so that E and B are on opposite sides of AC : let E' 
be the point on which E falls. 


Since DF =. AC, F will fall on C. 
Since Z.S ACB, ACE' (i.e. DFE) are two rt. 

BCE' is a St. line. 

ABE' is a A. 

In this A, AB =AE' (i.e. DE) 

A E' = A B. 

Now in the As ABC, AE'C, 

B = z. E', 

aacb = z.ace', 

, AB = AE', 

/. AABC = AAE'C, 

• ♦ AABC= A DEF. 


Data 
I. 2. 

Data 

1 . 12 . 

Droved 

Data 

Data 

I. 11. 
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tEx. 401 . In fig. 97, given that E is the mid-point of AB Rtid EP = EG, 
prove that A AEPs A BEQ, 

tEi. 403. In a triangle XYZ, XY = XZ, and XW jsdrawn atright angles 
to YZ : prove that A XYW= A XZW. (TJeei-15.) 


f Ex. 403. Perpendicnlara are drawn from a point P to two etrmght lines 
XA, XB which intersect at a point X ; prove that, if the perpendicnlars are 
eqnal, PX bisects aAXB. (See fig. 108.) 

tEx. 404 . AB is a chord of a circle whose centre is O. Show that the 
perpendicular from O on AB bisects AB. 


+Ex. 406. The perpendiculars from the cencre of a circle on two ^nal 
chords of ibe circle are equal to one another. (See fig. 126 ; nse Ex. 494.} 


+Ex. 406 . In fig. 129, PM. QN are drawn perpen- 
dicular to the diameter AOB, O being the centre of the 
circle; show that, if PM = QN, then zPOM=/QON. 

tEx. 407. If the perpendiculars from the mid-point 
of the base 6f a triangle to the other two sides are equal, 129. 

the triangle is isosceles. (See fig. 109.) 

tEx. 498. If the peipendienlere from two corners of .^8'® 
opposite sides are equal, the triangle is isosceles. (See fig. 11 .) 



tEx. 489. From the vertices A. X of two triangles ABC XYZ^^ 
AD, XW are drawn perpendionlar t» BC. YZ J 

pLded’tLy are both iente-angled, or both obtnse-angled. 

tEx 60a Withthe same notation asinEx.499, prove that, UAD=XW. 

so_vv gat.fl BC=YZ. the triangles are congruent. 



OONSTRUCnONB 


loa 


CONSTKCJCTIOKa. 


Hitherto wo have constructed our figures with the help of 
gi^uated instruments. We shall now make certain construc- 
tions with the aid of nothing but a straight edge (not graduated) 
a»nd Cl pair of compasses. 

sliall use the straight edge 

(i) for drawing the straight line passing through any two 
given points, *' 


(u) for producing any straight line already drawn. 

*W© shall use the compasses 

any given point as centre 
and radius equal to any given straight Hne, 

(u) for the transference of distances; i.e. for cutting off 

one straight line a part equal to another straight line, 
[(u) IS really included in (i).] 

1, theorems which we have already proved, wa 

Bhall show that our constructions are accurate. 

Itt the ^ercisea, when you are asked to construct a figure 
you should always expl^ your construction in worda You need 
not give a proof unless you are directed to do so. 


1*1 the earlier oonstrnotioas the figures are shown with 
given lines— thick, 

Oonatruction lines— fin^ 

required lines— of medium thiokness, 

lines needed only for the proof— brokoru 


BeviseBx. 93 102 . 
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To construct a triangle having its sides equal to three 
given straight lines. 



Let X, Y, Z be the three given straight lines. 

Construction Draw a straight line PCL 

IVom PQ cut off a part PR = X. 

With centre P and radius = Y describe a circle. 
With centre R and radius = Z describe a circle. 
JjQi the circles intersect at S. 


Join PS, RS. 

Then PRS is the requii-ed triangle. 

Note. It is best to draw the longest line first. 

It should be observed that the construction is impossible if 
one of the given straight lines is greater than the sum of the 
other two. (Why?) 

Draw a large* triangle and construct a congruent triangle. 
Construct a trian^e having its sides equal to the lines 6, d, h 


601. 

Es. 6oa. 

of fig. 8. 

Ez. 603. 


Draw a straight line (about 8 in, long) ; on it describe an 
equilateral triangle. Measure its angles. 

Ez, 604. Construct an isosceles triangle of bases cm. and sides 10 cm. 

Measure the vertical angle. 

tEs. 606. Draw an angle ABC; complete the parallelop^ of which AB, 

BC are adjacent sides. [On AC construct aACD= aCAB.] Give pro . 
Ez, 606. Make an angle of 60® (without protractor or set square). 

Ez. 607. Malm an angle of 120® (without protractor or set square). 


Revise Ex. 274 — 276. 

* Constructions should always be made on a large scale; 
•6 mm. is less important in a large figure than xa a smaU one. 
let the shortest side be at least 3 in, long. 


an error of 
Xn this case 
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Through a point o in a straight line ox to drt>.w 
a straight line OY so that ^XOY may be equal to a 
given angle BAG. 



fig. 131. 


Construction With centre A and any radius describe a circle 
cutting AS, AC at D, E respectively. 

With centre O and the same radius describe a circle PY 
catting OX at P. 

With centre p and radius ssOE describe a circle cuttin"' 
the circle PY at Y. ** 

Join OY. 

Then ^ XOY = l. BAG, 

Join DE and PY. 

lathe A»OPY, ADE, 


JOP = AO, 

OonaPr^ 

joY-AE, 

9> 

(PY^DE, 

n 

APOYhAADE, 

L 14 . 

/. z.poy-^dae; 


le, i. XOY * z. bag. 
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[The ’protractor must not he used in Ex. 608—618.1 

Ex. 608. Draw an acnf« angle and constrnct an equal angle*c 

Ex. 509. Draw an obtuse angle and malte a copy of it. 

Ex. 510. Drawan acnteangle ABC; at C makeanangle BCD = ^ABC. 

Let BA, CD intersect at O. Measore OB, OC. 

Ex. 511. Draw a triangle ABC j at a point O znoke a copy of its angles 
in the manner of fig. 50. 

Ex. 512. Bepeat Ex. 511 for a qoadrilateral. 

Ex. 513 * Draw two straight lines and an angle. Construct a triangle 
having two sides and the included angle equal respectively to these lines 
and angle. 

Ex. 514. Construct a triangle ABC having given BC, Z.B and 4.0. 

Ex. 615. Construct a triangle ABC having given BC, Z.A and ^B. 

Ex. 6 16. Draw a straight line EF and mark a point G (about 2 in. from 
the line) *, through G draw a line pajuUel to EF. 

[Draw any line through G cutting EF at H; make /.HGO=iGHF: 

see fig. 86.] 

Ex. 617. Bepeat Ex. 616, Tieing oorreaponding instead of allemato 
angles. 

Ex. 618 . Draw a large polygon and make a copy of it, using thtj lirtn 
znethod described on p. 50. 

Bevise “Symmetry” pp. 61—66. 

Ex. 619. Cut out an angjo of papur, biaeot it by folding aa in Ex. M. 

• It ia oonvaniant to draw the angle on traemg paper so ae to c mpare 
it with the angle made equal to iU 
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Vo bisect a given angle. 


A 



let BAC be the given angle. 

CoTistruciion From AB, AC cut olf e<]ual lengths AD, AE. 

^Vith centres D and E and any convenient radiui* de- 
bcrioe e^ual circles intersecting at F. 

Join AF. 

Then AF bisects a BAC. 

IProof Join DF and EF. 

In the A* ADF, AEF, 

(ADssAE, CviiMr. 

DF-EF, 

Iaf is common. 

AADF = AAEF, j. 34, 

AF bisects l. BAC. 

_ .'‘Any coTw^Unt radium” If it is found that the equal 
^les do not intersect, the radius chosen is not convenient, for 
toe construction breais down; it is necessa.7 to taie a hiiser 
®B«ius SO that the circles may intersect. 
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*irEx. 630* If fig, 132 were folded about AF, what points would coincide? 
What lines ? 

liEx. 621. Make two equal angles and bisect them ; in one case join the 
vertex to the nearer point at which the equal circles intersect, in the other 
to the further point. 

Which gives the better result? 

IFEx. 622. Is there any case in which one point of intersection would 
coincide with the vertex of the angle? 

Ex. 623. Draw an acute angle and bisect it. Check by measurement. 

Ex. 624. Draw an obtuse angle and bisect it. Check by measurement 

Ex. 626. Quadrisect a given angle (i.e. divide it into four equal parts). 

Ex. 626. Draw an angle of 87° and bisect it (1) by means of the pro* 
tractor, (2) as explained above. 

Do the results agree? (This will test the accuracy of your protractor.) 

Bx. 627. Construct angles of 15% 30*^ and 150° (without protractor). 

Ex. 628. Draw a large triangle and bisect each of its angles. 

Ex. 620 . Construct an isosceles triangle, bisect its vertical angle and 
measure the parts into which the base is divided. 

Ex. 630. Draw a triangle whose sides are 5 cm., 10 cm., 12 cm. Bisect 

the greatest angle and measure the parts into which the opposite side is 
divided. 


HEx. 631. Draw a straight line AB on tracing paper j fold it so that A 
falls on B; measure the parts into which AB is divided by the crease and the 
ftngles the crease makes with AB. 

Revise Ex. 283—290. 
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To draw the perpendicular bisector of a given straight 
line. 

To bisect a given straight line. 


A 


fig. 133. 

Xiet AB be the given straight Una 

Ccnst/rucA^t With centres A and B and any convenient radius 
describe equal circles intersecting at C and D. 

Join CD and let it cut AB at E. 

Then CD is the perpendicular bisector of AB, and E is the 
mid-point of AB. 

^roof Join AC, AD, BC, BD. 

In the A* ACD, BCD, 

AC = BC, iJ</n3tr, 

AD=BD, „ 

CO is common, 

A ACD = A BCD, I, 14. 

/. /,ACD=z_BCD. 

In the A* ACE, BCE, 

AC = BC, Constr. 

CE is common, 

z. ACE ^ L. BCE, Proved 

AACE = ABCE, L 10. 

.*. AE=BE, 

and z. ■ CEA, CEB are equal and are therefore rt. z. ®, Def, 

CD bisects AB at right angles. 
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*lEx. 632. Describe the symmetry of fig. 18'J, 

Ex. 633. Draw a straight line and bisect it. 

Ex. 634. Quadrisect a given straight line. 

liEx. 635. Draw a straight line AB and its perpendicular bisector CD. 
Take any point P in CD and measure PA and PB. Take three other points 
on CD and measure their distances from A and B. 

Ex. 536. Draw a large acute-angled triangle; draw the perpendicular 
bisectors of its three sides. 

Ex. 637. Bepeat Ex. 536 for (i) a right-angled triangle, (ii) an obtuse- 
angled triangle. 

Ex. 638. Draw any chord of a circle and its perpendicular bisector. 

Dep. The straight line joining a vertex of a triangle to the 
mid-point of the opposite side is called a median. 

Ex. 639. Draw a large triangle; and draw its three medians. Are the 
angles bisected? 

^Ex. 640. Call one of the short edges of your paper AB; construct its 
perpendicnlar bisector by folding. Fold the paper again so that the new 
crease may pass through A, and B may fall on the old crease ; mark the 
point C on which B ialls and join CA, CB. ^Vhat kind of triangle is ABC? 


Ex. 641. Draw a large obtuse an^e (very neiuly and bisect it. 
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To draw a straight line perpendicular to a given 
straight line AB Ironx a given point P in A3. 



fig. 134. 


Construction J5Voin PA, PB cut off equal lengths PC, PD. 

With centres C and D and any convenient radius de- 
scribe equal circles intersecting at E. 

Join PE. 

Then PE is x to AB. 

^Toof Join CE, DE. 

In the A“ CPE, DPE, 


PC=PD, 

Oons&r. 

CE=s DE (radii of equal ©•), 


PE is common. 


/. ACRE = A DPE, 

I. 14. 

X EPC = X EPD, 


PE is X to AB. 

Def. 


protractor and set square mmt not be used in Ex. 542—555.3 

£x. 542 . Draw a straight line, and a straight line at right angles to it. 

*®st with Bet square. 


Draw an isosceles triangle; at the ends of the base erect 
P«^n^culars and produce the sides to meet them (see fig. 117). Measure 

aU the lines in the figure. 

Conatmct angles of 45® and 76®. 

trt a chord AB of a circle, at A and B erect perpendionlara 

t the circle at P and Q respectively. Measure AP, Bd. 

lengths XM, 

ioin*Dv ^ draw MP, NP at right angles to XA, XB reqieotively; 

• Prove th&t PX bisocts ^AXB. C&eck by m apk 

(See fig. 108.] 
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To di‘a\v a straight line perpendicular to a given 
straight line AB from a given point P outside AB. 



ConstTVA^tion With centre P and any convenient radius describe 
a circle cutting AB at X and Y. 

With centres X and Y and any convenient radius de^ 
scribe equal circles intersecting at Q. 

Join PQ cutting AB at 2. 

Then PZ is x to AB, 

jProo/ Join XP, XQ, YP, Ya 
In the A“ PQX, PQY, 

PX = PY (radii of a O), 

« QX = QY (radii of equal 

I.PQ is common. 

A PQX = A PQY, L 1“^ 

xXPQ^xYPQ. 

W© can now prove that 

APXZhAPYZ, (give the three reasons) 

/. xPZX = xP2Y, 

PZ is X to AB. 

Ei, 647. Draw a large acuttwingled triangle ; horn each vertex draw a 
perpendicular to the opposite side. 

Ex. 548. Eepeat Ex. 547 with a right-angled triangle. 

Ex. 640 . Repeat Ex. 547 with an obtuse-angled triangle. [Toa will 
havo to producG two of tiio eidas-J 


CONSTRUCTIONS 


Tia 

Ex. 660 . Draw an acute angle and bisect it; from any point ou the 
bisector drop perpendioulare on the arms of the angle ; meoeuro the perpen- 
dionlaxe. 


Ex. 6Sl« Eopeat Ex. 650 for an obtuse angle. 

Ex. 662 . From the centre of a circle drop a perpendicular on a chord 
of the circle. 


Ex. 668. Cut out of paper an acute*angled triangle ; by folding con- 
Btxnct the perpendiculars from each vertex to the opposite side. 

Ex. 664. Cut out a paper triangle ABC B and C being acute); by 

fol^g construct AD perpendicular to BC. Again fold so that A. B and C 
all fall on D. 


E^666. Cub out of paper an equilateral triangle ABC (see Ex. 640). 
^Mtmct two of the perpendicolars from the vertices to the opposite sides- 
let them wter^ at O. Fold so that A falls on O, and then so that B and 
C faU on O. -What is the resulting figure ? 


CONSTBUCTION OI" TbIANGLES FBOU QIVEH 1>ATA. 


Wo have seen how to construct triangles having given 
<i) the three sides (Ex. 99-102, and p. 104) ; 

(u) two sides and the included angle (Ex. 87, 88, 61S) ; 
(iii) one side and two angles (Ex. 89, 90, 514, 515). 


I. 14, 10, 11 prove that if a set of triangles were constructed 

the same data, such as those given above, they would aU be 
congruent. 


^ given the angles, it ia possible 

to construct an unlimited number of differenttri^les. 

B two angles of a triangle are given, the third angle ia known- n-'-. the 
thMS angles do not constitute more than two data. “own, hence the 

consider the case in which two sides ate 
given and an angle not included by these sides. 
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556. Construct a triangle ABC Having given BC — 2*4 in., 
CA = 1 *8 in., and ^ B = 32". 

First make BC = 2*4 in. and l . CBD = 32". 

A must lie somewhere on BD, and must be 1*8 in. from C. 

Where do all the points lie which are 1*8 in. from C? 

How many points are there which are on BD and also 1*8 in 
from C5 

We see that it is possible to construct two unequal triangles 
which satisfy the given conditions. This case is therefoi*e called 
the ambiguous case. 

Ex. 667. Construct triangles to the following data; — 

f(i) BC=8-7 cm., CA=s5*3 cm., ^B = 29°; 

(ii) BC=7*3cm., CA = 90cm., i.A=53®; 

(iii) AB = 3<)in., AC=2*6in., z.C=68®j 

(iv) AB = 2-2in., BC=3*7in., ^A=90®; 

(v) AC = 5*3 cm., BC = 10 cm. , ^ B =32®; 

(vi) AC = l-6in., BC = 4*7in., Z.B=26° 

tEx, 65 B. prove (theoretically) that the two triangles obtained in 
Ex. 557 (iv) are congruent. 

We may summarise the cases of congruence of triangles as 
follows : — 


i Data 

1 

i 

1 

' Conclusion 

1 \ 
' 1 

Theorem 

1 — 

> 8 sides 

1 

1 

1 

All the triangles are oongrueiit 

I. 14 

2 sl<le9 and included i 
angle 

( 

All the triangles are congruent 

1. 10 

\ ■ 

i 

1 2 sides and an angle 
not included 

Two triangles are generally 
possible (ambiguous case) 

1 

Ex. 807 

( 

1 side and 2 angles 

1 

All the triangles are corgruent 

1.11 

1 

8 angles 

All the triangles have the same 
shape, but not necessarily the 
same size 

— 


EXERCISES ON 1. 1 — 1-5 


116 


MISCELLANEOUS EXERCISES. 


Constructions. 


Ex. 6S9. Construct angles of (i) 135®; (ii) 10-5®; (iii) 22i® (without pro. 
tractor or set square). 

Ex. 560. Show how to describe an isosceles triangle on a given dtraiglit 
line, having each of its equal sides double the base. 

Are the base angles doable the vertical angle? 

Ex. 661 , Describe a circle and on it take three points A, B, C; Join 

BC, CA, AB. Bisect angle BAG and draw the perpendicular bisector of BC. 
Produce the two bisectors to meet. 


Ex. 662 . Having given two angles of a triangle, construct the third 
angle (without protractor). 

Ex.^ 663.' Draw an isosceles triangle ABC; on the side AB describe an 
isosceles triangle having iU angles equal to the angles of the triancle ABC 
(without protractor). 


Ex. 664. Show how to describe a right-angled triangle Lavinc Riven its 

hypotenuse and one acute angle. 

Es S65. Construct a triangle ABC having AB=3 in.. BC=5 in. and 
the median to BC=2-5 in. Measure CA. 

Ex. 566. Construct a triangle ABC having given AB = 10 cm., AC =8 cm.. 

Measure BC. Is there any 

[First draw the line of the base, and the perpendicular.] 

BC-i'-*®’* ^ triangle ABC having given AB = H*.5 cm., 

4 o cm., and the perpendicular from A to BC=8'5 cm. Measure AC 
Is there any ambiguity? measure ac. 

and^one" Us a““'' ‘ <i>^»drilataral having given ita side. 

'q“i“°sular hexagon 

romaMLg’sMer hexagon and measure the 

CWhat are the angles of an eqniangular hexagon ?] 

loee a!jx. 455.1 
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tEx. S71. A, E are two points on opposite sides of a straight lina CDj 
in CD find a point P such that ^APC = z.BPD. Give aproot 

+Es. 672. A, B are two points on the same side of a straight line CD; 
in CD find a point P such that ^APC = ^BPD. Give a proof, 

[From A draw AN perpendicular to CD and produce it to A' so that 
NA = NA ; if P is any point in CD, z.” APN and A'PN can be proved equal; 
in fact, A and A' are symmetrical points with regard to CD.] 

Ex. 573. Show how to construct an isosceles triangle on a given base, 
having given the sum of tho vertical angle and one of the base angles. 

Ex. 674, Construct a triangle, having one angle four times each of the 
other two. Find the ratio of the longest side to the shortest. 

[First calculate the angles.] 

+Ex. 676. Show how to construct an isosceles triangle on a given base, 
having its vertical angle equal to a given angle. Give a proofl 

+Ex. 676. Show how to construct an equilateral triangle with a given 
line as median. Give a proof. 

fEx. 677, Through one vertex of a given triangle draw a straight line 
cutting the opposite side, so that the perpendiculars upon the line firom the 
other two vertices may be equal. Give a proof. 

[See Ex. 670.] 

+Ex. 678. From a given point, outside a given straight line, draw a line 
making with the given line an angle equal to a given angle. (Without 
protractor.) Give a proof. 

[Use parallels.] 

fEx. 679. Through a given point P draw a straight line to cut off equal 
parts from the arms of a given angle XOY. Give a proof. 

[Use parallels.] 

Ex. 680. Draw a triangle ABC in which is less than ^C. Show 
how to find a point P in AB such that PBssPC. 

+Ex. 681. In the equal sides AB, AC of an isosceles triangle ABC show 
bow to find points X, Y such that BX= XYs YC. Give a proof. 

Theorems. 

Ex. 682. How many diagonals can bo drawn through one vertex ol 
(i) a quadrilateral, (ii) a hexagon, (iii) a n-gon ? 

Ex. 583. How many different diagonals can be drawn in (i) a quadn* 
^tcral, (ii) a hexagon, (iii) a n-gon? 


EXERCISES ON I. 1 — 15 
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tEx. 664. Tbe bisectors of tbe four angles formed by two inter- 
secting straight lines are two straight lines at right angles to one 
another. 

tEx. 666. If the bisector of an exterior angle of a trianglo is parallel to 
one side, the triangle is isosceles. 

tEx. 666. The internal bisectors of ttpo angles of a trianglo can never bo 
at right angles to one another. 

tEx. 687. AB, CD are two paraUel straight lines drawn in the samo sense, 
and P is any point between them. Prove that Z.BPD = ^ABP+^CDP. 

tEx- 666. ABC is an isosceles triangle (AB=AC). A straight Hno is 
drawn at right angles to tlie base and cuts the sides or sides produced in D 
and E* Prove that a ADE is isoscelos« 

tEx. 669. From tlie extremities of the base of an isosceles trian-Io 

straight lines are drawn peipendicular to the opposite sides ; show that Tho 

angles which they make with the base are each equal to h»lf the vertical 
angle. 

tEx, 690. -Ihe medians of an equilateral triangle are eqnah 

of tho angle A of a trianglo ABC meets BC in D. 
and BC IS produced to E. Prove that ^ABC + Z.ACE=2^ADC. 

^ O in a straight lino XY, equal straight lines 
OP, OQ are drawn on opposite sides of XY so that Z.YOP= ^ YOQ Pi-»va 

that aPXYs aQXY. jrro>o 

< Ex. 693 . The sides AB, AC of a triangle ore bisected in D, E: and BE, 

= ^ove that FaS 

^ straight Hnes bisecting the angles at the base of an 
isosceles triangle he produced to meet, show that tLy contain an anpJo 

equal to an exterior nnglo at the base of the triangle. 

tEx. 696. The bisectors of the angles B, C of a triando ABC 

afcl; prove that Z.BIC=i90® 4 - JZ.A. 6^® ABC interseot 

““ isosceles right-angled triangle (XY^XZl- YR 
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tEx. 698. If two of the bisectors of the angles of a triangle meet at ft 
point I the perpendiculars from I to the sides are all equal. 

tEx. 699. The perpendicular bisectors of two sides of a triangle meet 
at a point which is equidistant from the vertices of the triangle. 

tEx. 600. In the equal sides PQ, PR of an isosceles triangle PQR points 
X, Y are taken equidistant from P; QY, RX intersect at Z. Prove that 
A* ZQR, ZXY are isosceles. 

tEx, 601 . ABC is a triangle right-angled at A; AD is drawn perpen- 
dicular to BC, Prove ^at the angles of the triangles ABC, DBA are respec- 
tively equal. 

t£x. 602. From a point O in a straight line XOX' two equal straight 
lines OP, OQ are drawn so that /. POO. is a right angle. PM and QN are 
drawn perpendicular to XX'. Prove that PM = ON, 

tEx. 60 a. K points P, Q, R are taken in the sides AB, BC, CA of an 
equilateral triangle such that APssBQsCR, prove that PQR is cqni* 
lateral. 

tEx. 60 1. ABC is an equilateral triangle; DBG is an isosceles triangle 
on the same base BC and on the same side of it, and / BDC:=:^Z BAG. 
Prove that AD = BC. 

Ex. 606. How many sides has the pc^ygon, the sum of whose interior 
angles is three times the sum of its exterior angles ? 

[What ie the sum of all tho exterior and interior angles? What is the 
sum of an exterior angle and the corresponding interior angle ?] 

tEx. 606. If two isosceles triangles have equal vertical angles and if the 
perpendiculars from the vertices to the bases are equal, the triangles are 
congruent. 

tEx. 607. If, in two quadrilaterals ABCD, PQRS, 

AB=PQ, BC=QR, CD=RS, and /C=:/R, 

the quadrilaterals are congruent. 

Prove this (i) by superposition (see x. 10 and 11); 

(ii) by joining BD and QS and proving triangles congruent, 

tEx. 608. If two quadrilaterals have the sides of the one equal 
spectively to the sides of the other in order, and have also one angle of 
the one equal to the corresponding angle of the other, the quadrilaterals are 
congruent 

[Draw a diagonal of each quadrilateral, and prove triangles congruent] 

tEx. GOO. If points X, Y, Z are taken in the sides BC, CA, AB of an 
^oilateral triangle, such that Z BAX= z CBY= Z ACZ, prove that, unless 
AX, BY, CZ pass through one point they form another equilateral triangla. 
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+Ex. 610. If points X, Y, Z are taken in the sides BC, CA, AB of any 
triangle, sneh. that I BAX= L CBY=ACZ, i)rovo that, unless AX, BY, CZ 
pass through one point, they form a triangle 'whose angles are equal to tbo 
angles of the triangle ABC. 

tEx. 611. If AA', BB', CC' are diameters of a circle, prave 

aABCsh aA'B'C'. 

tEx. 6ia. On the sides AB, BC of a triangle ABC, squares ABFG, 
BCED are described (on the opposite sides to the triangle); prove that 

aABD= aFBC. 

tEx. 616 . On the sides of any triangle ABC, equilateral triangles BCD, 
CAE, ABF aredescribed (all pointing outwards); prove that AO, BE, CF are 
all equal. 

tBx. 614. The side BC of a triangle ABC is produced to D; z ACB is 
bisected by the straight line CE which cuts AB at E. K straight line 
is drawn through E parallel to BC, cutting AC at F and the bisector of 
Z ACD at G. Prove that EF=FG. 

tEx. 61 $. ABC, DBC are two congruent triangles ou opposite sides of 
the same base BC ; prove that either AD is bisected at right angles by BC, 
or AD and BC bisect one another. 

tEx. 616 . In a triangle ABC, the bisector of the angle A and the perpen- 
dicular bisector of BC intersect at a point D ; from D, DX, DY are drawn 
perpendicular to the sides AB, AC produced if necessary* Provo that 

AXsaAY and BX=CY. 

{Join BD, CD.] 


TjTEQUALnTEa.* 


^Ex, 617 . Draw a scalene triangle, measure its sides and arrange them 
in order of magnitude. Under each side in your table write the opposite 
angle and its measure, thus: — 


Sides 

AC=o’8 in. 

BC==4*3in. 

AB = 3*2m. 

Angles 

ab= 

Z.A= 



Are the angles now in order of magnitude ? 

JjlEx. 618. In fig. 136. AD=AC ; if Z.A=88», find Z.ADC and Z.ACO. 
rfhAi 19 the sum ot LB and L DCB ? 


* Thia section, pp. 119 — 132, may be omitted at a first reading. 
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The sign > means “is greater than.** 

The sign < means “ is less than.” 

These signs are easily distingaished if it is borne in znind that the greater 
quantity is placed at the greater end of the sign. 


Theorem 16. 

If two sides of a triangle are unequal, the greater side 
has the greater angle opposite to it. 


7 



fig. 136. 


DatOi ABC is a triangle in which AB > AC. 

To ‘prove that ^ ACB > z. B. 

Gonstructum From AB, the greater side, cub otf AD = Aa 

Join CD. 


Proof 


But since 


In AACD, AD=AC, 

L. ACD = L. ADC. ^ 

the side BD of the A DBG is produced to A, 

ext. L ADC > int. opp. Z. B, I- 2 


L ACD > Z. B. 

But Z. ACB > its part z. ACD, 

Z.ACB>Z.B. 


q. K. Oi. 
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TEx. 610 . In a A ABO, BC=7 cm., CA==6*7 cm., AB=7‘5 cm. ; which 10 
the greatest angle of the triangle? 'Which ia tbo least angle? Verify by 
drawing. 


‘iEx. 600. If one side of a triangle is known to be the greatest side, the 
angle opposite that side must be the greatest angle. (Notice that i. 16 only 
compares two angles ; here we are comparing three.) 

t£z. 601 . The angles at the ends of tbo greatest side of a b'langle are 
aente. 

't£x* 62^. In a parallelogram ABCD, AB > AD ; proTfi that 

AADB > abdc. 

[What angle is equal to aBDC?] 


tEx. 623. In a quadrilateral ABCD, AB is the 
shortest side and CD is the longest side ; prove that 
._B > aD, and aA > AC. 

[Draw a diagonal.] 



Ex. 624. Assuming that the diagonals of a parallelogram ABCD bisect 
one another, prove that, if BD > AC, then ADAB is obtuse. 


[Let the diagonals intersect at O, then OB >• OA and O D > OA ; what 
follows ?] 


tEx. 625. Prove Theorem 16 by means of the 
following construction: — from AB out off ADs=AC, 
bisect ABAC by AE. join DE. 



fig. 138. 
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Theorem 17. 

[CONYKBSE OF ThBOREAC 16.] 

t 

If two angles of a triangle are unequal, the greater 
angle has the greater side opposite to it. 



fig. 139. 


J)ata ABO is a triangle in which ^ O > ^ B. 


To yriroe thal A B > AC. 

Proof Either (i) AB>AC, 

or (ii) AB = AC, 
or(iu) AB-cAC. 
If, as in (iii), AB < AC, 
then z. C < z. B, 
which is impossible. 
If, as in (ii), AB = AC, 
then z, C = z. B, 
which is impossible. 
AB must be > AC. 


I. 16. 

Dafa 

L 12. 
Data 


Q. £. n. 


Not& The method of pi-oof adopted in the above theorem 
is called reductio ad absurdum- 

• E%. 626. In a aABC, aA=G 8<> and aB=28“. Which ia the greatest 
Bido of the triangle? "Which is the shortest side? 


IlfEQUALITIES 
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Ex. ea7. Repeat Ex. 626 -with ^ B = 34^ ^ C = 73®. 

Ex. 028. Draw accurately a triangle whose sides measure 5 oia.« 7 cm. . 
9 cm. ; guess the number of degrees in each angle, and yerlCy your guesses by 
mcasorcmcDt. 

tEx. 629. Zn a rirbt>angled trian^Ief tba liypotennae im ttie loxvsest 
idde. 


T Ex. 830. The side epposlts tlie obtuse of an obtnse-angded 

triangle is the greatest side. 

tEz. oai. If one angle of a triangle is known to be the greatest angle, 
the side opposite to it must be the greatest side. 

+Ex. 632. If ON is dra%7n perpendicular to a straight line AB, and O is 
joined to a point P in AB, prove that ON cOP. 

Ex* 633. The side BA of a triangle ABC is produced to E so that 
AE«AC; if Z BAG =86® and ZACB=62®, find aU the angles in the 
figure. 


Ex. 634. In the last Ex. prove that BE> BC. 

+Ex. 635. AD is drawn perpendicular to BC the oppdeito side of a 
triangle ABC; prove that AB>BD and AC>CD. 

Hence show that AB + AC> BC. 

[There will be two cases.] 

+Ex. 636. The bisectors of the angles B, O of a triangLe ABO intersaot 
at O. Prove that, if AB>AC, OB>OC. 

+Ex. 637. If the perpendioulars from B, C to the opposite aides of the 
trianede ABC intersect at a point X inside the triangle, and if AB>AC 
prove that XB > XC. 

tEx. 636. The sides AB, AC of a triangle are produced, and the bisectors 
of the external angles at B, C intersect at E. Provo that, if AB>AC, 
EB-<EC. * 

tEx. 689. A straight line outs the equal sides AB, AC of an isosceles 

mangle ABC in X, Y and outs the base BC produced towards C Prove 
that AY>AX. 

tEt 640. Prove that the straight line joining the vertex of an isosceles 
ttwngle to any point in the base produced is greater than either of tlw equal 


straight line joining the vertex of au isoaoelea 
Wgle to any point m the base is less than either of the equal sides of the 
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Theorem 18. + 

Any two sides of a triangle are together greater then 
the third side. 


o 



Dala 


ABC is a triaDgle. 


To prove that (1) BA + AC>BC, 

(2) CB + BA > CA, 

(3) AC + CB>AB. 

{!) Co7istncction Produce BA to D. 

Prom AD cut off AE = AC. 
Join CE. 


Proof In the AAEC, AE = AC) 

ACE = A AEG, 

But L. BCE > its part z. ACE, 
/_BCE> /.AEC, 

/. in the AEBC, z. BCE>z_ BEC, 

BE> BC 

i.e. BA + AE>BC, 

BA + AC > BC, 

(2) Sim'y CB+BA>CA, 

(3) and AC + CB>Aa 


Ccnstr. 

L 12. 


I. 17. 


Conatr, 


Q. a a 


INEQUALITIES 
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tSx. 642. Prove this theorem by drawing AD the bisector of iLA, and 
applying I. 17 to the two triangles thus formed. 

t£z. 643. The difference between any two sides of a triangle is less than 
the third side. 

Prove this (i) by means of the some construction as in fig. 136. 

(ii) by means of the result of i. Id. 

ITEx. 644. Why would it be impossible to form a triangle with three rods 
whoso lengths are 7 in., 4 in., and 2 in. ? 

TiEx. 646. If you had four rods of lengths 2 in., 3 in., 4 in., and 6 in. 
with which sets of three of these would it be possible to form triangles ? 

lEx. 646. S is a point inside a triangle PQR such that PS=PGj the 
bisector of Z.QPS cuts QR at T. Prove that QT=TS. 

Hence from aSTR prove that RGI > RS. 

tEs. 647, Any three sides of a quadrilateral are together greater than 
the fourth side. 

[Draw a diagonaL] 

tEx. 648. If D is any point in the side AO of a triangle ABC, prove that 
BA+AC>BD + DC. 

tEx. 640. If O is any point inside a triangle ABC, prove that 

ba+ac>bo+oc. 

[Produce BO to cut AC.j 


I of a circle which docs not pass through the centre 

IS less tlian & diameter* 

[Join the ends of the chord to the centre.] ^ 

tEx, 661 . In fig. 141, O is the centre of the circle { r\ 
and POA is a straight line ; prove that PA > PB. V / 

[Join OB.] ’ \P y 


tEx. 662 . In fig. 141, prove that PC < PB. 


fig. 14L 


Tie a piece of elastio to the ends of the arms of your dividers so as to 
form a trmngls ; notice that the more the dividers are opene^tho mL thi 

loam 01 the triangle tlie greater the base. 
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Theorem 19.* + 


If two triangles have two sides of the one equal to two 
cddes of the other, each to each, and the included angles 
unequal, the triangle which has the greater included 
angle has the greater third side. 

A 




DE, njid 


E 

fig. 142. 

Data ABC, DEF are two triangles which have AB = 

AC = DF but L BAC > L EOF. 

To prove iJuxt BC EF, 

Proof Apply AABC to A DEF so that A falls on D and AB falls 
along DE^ then B falls on E (for AB = DE). 

Since L BAC > i- EDF, 

.*. AC falls outside iLEDF. 
let C^ be the point on which C falls. 

If EFC* is a st. line, EC' > EF, 
i.e. BC EF. 

If EFC' is not a st. line. 


Cass l 


Case ii. — 

C<m8tructi<m Draw DG to represent the bisector of 

let DQ cut EC' at G. 


A FDO'j 


Proof 


In As DGF, DGC^, 

DF - DC' (i-e. AC), 

DG is common, 

t_ fdg = L. c'DG (included l. s), 
the triangles are congruent, 
GF = GC'. 

Now, in AEFG, EG + QFj^'EF. 
But GF=GC', 

EG + GC' > EF, 
be. EC'>EF, 
ie. BC > EF. 


Data 

Constr. 

I. 10. 

L 18 . 

Proved 


q. E. D. 


TbiF proposition may be omitted. 
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663. Draw a figure for i. 19 in which AC, DF are greater than 
AB, DE. Does the proof hold for thL? figure? 

points on a circle whose centre is O, each 
that AAOB > 4.COD ; prove that chord AB > chord CD, 

Also state the converse. Is it true ? 

tEx. ess. If, in fig. 155, a point P' is taken not in the straight line PN 
prove that P^A, P'S must be ueequaL * 

[Join P'NO 

a quadrilateral ABCD, AD=BC and Z.ADC > iBCD- 
prove that AC > BD. 


tEx. 667. 
triangle XYZ 


Equal lengths YS, 2T are cct o£f from the sides YX, 2X of a 
; prove that, if XY > XZ, YT > ZS. 


* 2' triangle XYZ 
that YS« ZT i prove IhQt, if XY > X2, 2S > YT. 


a*e produced to S, T bo 




5 
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Theokem 20.* t 

[COixTERSK OF ThEOKF-M 19.] 


If two triangles have two sides of the one equal to two 
sides of the other, each to each, and the third sides 
unequal, the triangle which has the greater third side 
has the greater included angle. 




0 


y 


A D 



F 

■flg. 143. 


Data ABO, DEF are two triangles which have AB = DE and 
AC = DF but BC > EF. 


To prove ih<U 
Proof 


Z.BAC>/.EDF. 

Either (i) /_BAC>^EDF, 
or (ii) ^ BAG = ^ EOF, 
or (iii) z_ BAG EOF. 

If, as in (iii), i BAG EOF, 
then BC < EF, 
which is impossible. 

If, as in (ii), BAG = Z. EOF, 
then BC = EF, 
which is impossible, 
z. BAG must be > Z. EOF. 


t 19. 

Data 

I. 10. 
Data 


Q. B. n 


* This propoBition may be omitted. 
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ret-Ac. 65ir ^ 

a « vVlVs™ xt x^z"”” 


tEi. eea. State and prove the converse of Ex. 658. 


aI^O ®rBca “ ''“ = BC. but AC^BD, prove that 

ABAC rj’^CB. AO= BO, but AB^CD, prove that 

p™fe"ti:r:ABcll’^‘*'^ ^ADC.^BCD; 


.I!!;. ‘ perpeadioolarto AB 

aU th£e seven etraigbt lines to meet AB. Measure 


BOOK I 


Theorem 21, 

Of all the straight lines that can he drawn, to a given 
straight line from a given point outside it, the per* 
pendictilar is the shortest. 



fig. 144. 


DcUa AB is a straight line and O a point outside it ; ONia drawn 
j. to AB meeting it at N. 

fTo prove that ON < any other st. line that can be drawn from 
O to AB. 

C<mstruction Draw any other at line from O to meet AB at P. 

Froof In the AONP, 

z.N + AP-<2rt/.s, l8, Cot. 3. 

and z. N — 1 rt ^ , 

Z-P^l rtz., 

Z. P < ^ N, 

ON-=OP, *• 

Sim’' ON may be proved less than any other st line 

drawn from O to meet AB. 

.*, ON is the shortest of all such linea 

Q. E. D. 

Note. Since the perpendieular ie the shortest line t^t ^ 
iDe dra%vn from a given point to a given line, it is called the 

distance of the point from the line. 


inequalities 
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+Ex. ©68. In fig. 144, prove that OB>OP. 

^ pofiflible, in fig. 144, to draw firom O to AB a straight line 

eqnal to OP? 

of o eiven rtraight Imo are eqaidietaet froo. 
anj straight line drawn throagh its middlo point. 

the bisectors of two angles of a triangle are produced to 
S© mtersection is eqmOly distant from the tinoe sides of 


Miscellaneous Exercises. 

S irf f can be formed, two of whoso sides are 

• and 4 m. long and third side an exact number of inches? 

sale w’ AC quadrilateral on the 

4 • 1 ^ ^ being inside the tnanglo; prove that the perimotep 

of the triangle is greater than that of the qnadxilatc^. perimotor 

[Prodnee AP, PQ to meet BC and use i. 18.] 

0d":-BO Z r A “ “ > - B AC. 

iu ;ttertin L^uZel^TS^Xr tw‘^Tdt'^^ 

[Use the constnictioa and figure of Ex. 413.] 

tEi, 677, Oia a point inside a quadrilateral ABCD; prove that 

OA+OB+OC+OD 
cannot be less thaw AC+ BD. 

A^ZaBC t5rSrrpe°ri“irof tlfe 

A-OBC."oZ‘‘oAB°'in^t^aZadd;Ze:LL^^^^^^ 

.^^zjuZSrZa:'.?- Ss'z: rpeZoZi^Zt^r ^ " 

ripply Ex. 649 three times.] triangle. 

■Wonld this be true for a point outside the triangle? 
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880 . Thd 8TUX1 of the diagonals of a ^□adiilatoral is greater fbail 
half its perimeter. 

tEx. 681 . The Bom of tlie diagonals of a quadrilateral is less than its 
perimeter. 

tEx. 682 . The aom of the medians of a triangle is less than its peri- 
meter. 

[Use Ex. 676.] 

t Ex. 683. The sum of the distances of any point from the points 

of a polygon is greater than half its perimeter. 

tEx. 684. In a triangle ABC, D is the mid-point of BC; if AD-<BD, 
A ABC most be obtose^angle^ 

tEx. 686, Find the position of P Tritbin a qoadrilateral ABCD, for 
which PA-hPB-f PC + PD is least. Give a proof. 

[See Ex. 677.] 

t£x. 686. ABC, DBC are two triangles on the same base BC, and AD 
is parallel to BC. If the triangle ABC is isosceles its perimeter is less than 
that of the triangle DBC. 

[Prodaco BA to E so that AEsAB. Join DE.j 

+Ex. 887. P is any point in the median AD of a triangle ABC ; prove 
that, if AB>AC, PB>PC. 

tEx. 686. In a qnadrUafceral ABCD. ^BCA>zDAC; prove tliat 
/ ADB> I DBC. 

+Ex. 689 . O is a point within on equilateral triangle ABC; if 
ZOAB>/OAC, zOCB>zOBC. 


Paballelooraus. 

Def. a qimdriliiteral with its opposite sides parallel ia 
called a parallelogranL 

BdViBO 183 — ^203. 


PARALLELOOliAHS 
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Theorem 22. 

(1) The Opposite ajigles of a parallelogram axe ec^aL 



B c 

fig. 145. 


Dala ABCD is a parallelogram. 

To prove that aA = z.C, ^B = ^D. 

Proof Since AD and BC are ||, and AB ro^ts them. 

A A + z. B = 2 rt. z. s. I, 6. 

Sim*y i.B + z.C = 2rfc. z-8. l5. 

AA + i.B = z.B + z.C, 

A A = z. C. 

Sim*»AB*=AD. 


Q. E. IX 

(2) The opposite sides of a parallelogram are eqnaL 

(3) Each diagonal bisects the paraUelogram. 



ABCD is a parallelogram, and BD one of its diagonals. 

To irrom tIuU AB = CD. AD = CB, and that BD bisecta the paral- 
lelograzzL ^ 

^roqf Since AD is || to BC and BD meets them, 

A ADB = alt aCBD. L 5. 

Since AB is || to CD and BD meets them, 

A ABD = alt. A CDB. 


134i 


BOOK I 


A in As ABD, CDB, 

^ADB = Z.CBD, 

• ^ABD = /.CDB, 

BD is common, 

A AABD = ACDB, 1.11. 

AAB = CD, AD = CB. 

And since AABD = ACDB, 

BD bisects the parallelogram. 

Sim*^ AC bisects the parallelogram. Q. K n. 

(4) Th.6 diagonals of a parallelogram bisect one 
another. 



fig. 147. 


Data ABCD is a parallelogram; its diagonals AC, BD intersec 
at O. 

To prove tluit OA = OC and OD = OB. 

Proof Since AD is || to BC and BD cuts them, 

z. ADO-Z.CBO, 
in AsOAD, OCB 
Z.ADO = ^CBO, 

. L AOD = vert opp. L COB, 

AD = CB, L 22 (2) 

the As are congruent, L 11. 

^ ^ V T% 


• r»A = OC and OD = OB, 


Cor. 1. If two straight Unes are parallel, all points 
on either line are equidistant from the other. 

Cor. 2. If a parallelogram has one of its angles a 
right angle, all its angles must be right angles. 

Cor. 3. If one pair of adjacent sides of a parallelo- 
gram are equal, all its sides are equal. 



PARALLELOanAMS 
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tEx. 690. Prove Cor. 1. (See note to t, 21.) 
tEx. 691. Prove Cor. 2. 
tEx. 692. Prove Cor. 8. 

Bef. a parallelogram which has one of its angles a right 
angle is called a rectangle. ^ 

Cor, 2 proves that all the angles ol a rectangle are right angles. 

Def. a rectangle which has two adjacent sides equal is 
called a square. 

Cor. 3 proves that all the aides of a equare ai-e equal to one anoUur. 
Again, since a square ia a rectangle, all its angles are right angles, 

Bep. a parallelogram which has two adjacent sides equal is 
called a rhombus. 

Ccr. 3 proves that aU the aides of a rhombus are equal to one another, 
itevise p. 40 and Ex. 203. 

Bep. a quadrilateral which has only one pair of sides 
parallel is called a trapezium- 

I>EP. A trapezium in which the sides which are not parallel 
are equal to one another is called an isosceles trapezium. 

baef cntHn!;>, ABC and a line paraUel to the 

b^cot^ the sides m D, E; prove that DECS is an isosceles trapezium. 

reason. ^ ^ ^ a 

tEi. 696. In fig. 199, what are the lengths of SV, VT, ST, ZY RV? 

len-t^, ^ parallelogram ABCD; from AB, AD cut off equal 

fign'^re ' through X, Y draw paroUels to the sides. Indicate in your 

wha t lines and angles are equah (FreeTui «d) ^ 

prove^tllt A BPA^ ^ parallelogram and PBCQis a rectangle ; 

are at 

pjS^***‘ I'lMctois of two oppoMto Boglea of a paraUelogram are 

t/tt^a’^of tliroogU O. in fig. 147, and terminated 

V/ uie siaea of the parallelogram is bisected at O. 

Ex. 701 . ABCD is an isosceles trapezium (AD=BC)i prove that 

_ ZC=szD, 

p^ugh B draw a parallel to AD.j 
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Theorem 1 23.+ 

[00WVBR3E3 or THEOREM 22.] 

(1) A quadrilateral is a parallelograoi if both pairs of 
opposite angles are equal. 



fi«. 148. 


Bala, ABCO is a quadrilateral in wMch 

/.A = L.O- LX (say) and ^B = i.D= Ly (say). 

To prove that ABCD is a parallelogram. 

Broof The sum of the angles of a quadrilateral is equal to 
4rt.z.B, 1.9, Cor. 

2Lx+2Ly-ATi. LP 
z. a; + ^ y = 2 rt. ^ s, 
z.A + /_B=2rtz.3, 

AD is II to BC. I* 4. 

Also iA + z.D = 2rt. Z.S, 

AB is II to DC, I- 


ABCD is a [J®^. Q. B- !>• 

(2) A quadrilateral is a parallelogram if one pair of 
opposite sides are equal and parallel. 

(Draw a diagonal and prove the two triangles congruent) 

(3) A quadrilateral is a parallelogram if both pairs 
of opposite sides are equal. 

(Draw a diagonal and prove the two triangles congruent) 

^ (4) A quadrilateral is a parallelogram if its diagonals 

bisect one another. 

(Prove two opposite triangles congruent) 

Cor. If equal perpendiculars are erected on the s^e 

side of a straight Une, the straight line joining their 

extremities is parallel to the given line. 



T> A n A T.T.r.T. nO R AM.C^ 
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■tEx. 703, Prove I. 23 (2). 

+ Ex. 704. Prove i. 23 (3). 

+ Ex. 706, Prove i. 23 (4). 

+Ex. 706. Prove the Corollary, 

t Ex. 707, The straight line joining the mid-points of two opposite aides 
of a parallelogram ia parallel to the other two sides. 

tEx. 708. ABCD is a parallelogram; AB, CD are hiaected at X| Y ro 
spectively ; prove that BXDY ia a parallelogram, 

tEx. 700. If the diagonals of a qnadrilateral are equal and bisect one 
another at right angles, the quadrilateral must be a square. 

tEx. 710, Two straight lines bisect one another at right angles; prove 
that they are the diagonals of a rhombus. 

tEx, 711. If the diagonals of a parallelogram are equal, it most be a 
rectangle. 

tEx. 7ia. An equilateral four-sided figure with one of its angles a right 
angle must be a square. 

^ a quadrilateral ABCD, Z.A=:Z.B and i-C=^D; prove 

that ABCD ia an isosceles trapezium. In what case would it be a parallelo- 
gram? 

Bevise Ex. 616, 617. 
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Through a given point to draw a straight line parallel 
to a given straight line. 

rU a 



BP IQ C 

fig, 149. 


I/ot A be the given point and BC the given straight line. 
Construction In BC take any point P and cut off any length PQ. 
With centre A and radius PQ describe a circle. 

W ith centre P ano radius AQ describe a circle. 

Let the circles intersect at R. 

Join AR. 

Then AR is |1 to BG, 

Proof Join AQ and PR. 

In the quadrilateral ARPG 

JAR = QP, 

|aq= RP, 

ARPQ is a h 23 (3). 

AR IS II to BC. 

Tiio set square method of drawing parallels is the most practical (see 
p. 36). , 

Ex. 714. Showhowtoconstruct.withoutusmgsetsqoare.aparaUelogram 

having given two adjacent sides and the angle between them. 

Ex. 715. Show how to construct a square on a given straight line. 

Ex. 716. Show how to construct a rectangle on a given straight Uno, 
having each of its shorter sides equal to half the given line. 

+Ex 717. Show how to construct a rhombus on a given straight line. 

having one of its angles^GO'’ (without protractor or set square). Give a proof. 

Ex 718. Construct a parallelogram having two sides and a diagonal 
equal to 6 cm. , 12 cm., 13 cm. respectively. Measure the other diagona . 
Ex. 7 19. Construct a rectangle having one side of 2-5 m. and a diagon 

of 4 in. Measure the sides. , j c •« 

Ex. 720. Construct a parallelogram with diagonals of 3 m. and 6 m. 
intersecting at an angle of 53^ Measure the shortest aide. 
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Ez. 721 . CoQstrnct a rectangle ^vith a diagonal of 7 cm.» tho angle 
between the diagonals being 120^. Measure tho shortest side. 

Ez. 722 . Construct a rhombus with diagonals of 4 in. and 2 in. 
Measure the side. 

Ex. 723 . Construct a scioaro whose diagonal is 3 In. long. Measure its 
side. 

Ez. 724 . Construct an isosceles trapeziom whose 
sides are 4 in., 3 in., 1*5 in., 1*5 in. Measure its acute 
angles. 

fig. 150. 

To draw a straight line parallel to a given straight 
Une and at a given distance from it. 





B 


fig. 151. 


l^t AB be the given straight line and -bin, the given distance. 

Vonstruciion In AB take any two points C, D, as far apart as 
possible. 

With C| D as centres and radius of *5 in. describe 
two circles. 

With a ruler draw a common tangent PQ tothetwocircles. 
Then PQ is parallel to AB. 

Proo/ This must be postponed, as it depends on a theorem in 
Book m. 

Ex. 726. On a base 3 in. long construct a parallelogram of height 1*2 in. 
nih, AH ADglo of 66®* MoAsurd th6 othor aido* 

Ex. 726. Construct a rhombus whose side is 7*3 cm., the distance 
between a pair of opposite sides being 6*6 cm. Measure its acute angle. 

ofi from it two equal parts AC 

W ^ P^raXlel straight lines and draw a lino 

Jutting them at B, D, F ; measure BD, DF. (See fig. 162.) 

aoimark off equal parte PR, RQ ; join 

BP ba ^OR “i. P®) *0 <>"t 

Jir, UQ, OR at p, q, r 5 is prsor? 
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Theorem 24. 

If there are three or more parallel straight lines, and 
the intercepts made by them on any one straight line that 
cuts them are equal, then the corresponding intercepts 
on any other straight line that cuts them are also equal. 


7 - 

! 

fig. 162 . 

Dala The parallels AB, CD, EF are cut by the straight lines 
ACE, BDF, and the intercepts AC, CE are equal 
To •prove that the corresponding intercepts BD, DF are equal 
Conatncction Through B draw BH || to ACE to meet CD at H. 

Through D draw DK || to ACE to meet EF at K. 

Proof [As BHD, DKF must be proved congruent]. 


AH is a AC= BH, 1. 22. 

CKisall®*™”, .-.CE^DK. 

But AC = CE, 

.*. BH = DK. 

Now CD is II to EF, 

L BDH = corresp. L DFK. I* 5. 

A gain BH, DK are || (each || to ACE)^ 

L DBH = corresp. L. FDK, I* 


in As BHD, DKF 

) L BDH = A DFK, 

^ DBH FDK, 

BH = DK, 

A the As are congruent^ 

BD = DF. I 



a a. n. 
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fEz. 739. In fig. 152, if AB, CD are parallel and AC=CE andBD=OF, 
prove that EF is parallel to CD. 

[Use rcdwtio ad a&furdum.] 


Theorem 24(a). 

The straight line drawn through the middle point of 
one side of a triangle parallel to another side bisects the 
third side. 

Data ABC is a triangle. 

Through D, the mid-pt. o£ 

AB, OE is drawn || to BC to cub 
AC at E. 

To prove that AE = EC. 

Construction Through E draw EF || 
to AB to cut BC at F, 

Proof EF = DB (DEFB is a ||ogram 

by coQstr.) 

— AD. Data 

In the As ADE, EFC, 

AO = EF, 

■ AAED = cor.z.ECF (DE II to BC), 1 . 6 , 

^ EAD = cor. ^CEF (EF 1! to AB), L 6 . 

the As are congruent, i. H. 

AE=EC, 

Q. B. n. 

Theorem 24 (6). 

The straight line joining the middle points of two 
sides of a triangle is parallel to the third side and equal 
to half of it. 


A 



fig. 152 a. 


D(Ua ABC is a triangle. D, E 
aro the mid-pts. of AB, 
AC respectively. 

To prove that DE is || to BC, 
and DE = JBC. 

Construction Through C, 
draw CF || to BA to cut 
DE produced at F. 


A \ 



fig. 1525. 
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Proof In the As ADE, CFE, 

( AE=EC, 

L AED = vert opp. CEF, 

Z. ADE = alt. L. CFE (CF || to BA), 
AADE= ACFE, 

AD =CF. 


r 


l>alo> 

I. 5. 

I. 11. 


But AD = DB {data) CF = BD, 

Now CF is=:and || to DB DBCF is a Hogram, I. 23(2). 

DE is II to BC. 

Also DE = EF (from the congruent As), 

DE = ^DF = JBC (DF, BC are opp. sides of Hogram DBCF). 

Q. E. D. 

+ Ex.'730.; X, Y, Z are tho mid-points of the sides BC, CA, AB of a 
A ABC. Prove that AZXY is a parallelogram. 

fEx. 731. Prove that the median of a triangle bisects the line joining 
the mid-points of the other two sides of the triangle. 

tEx/'7^^> Throngh D the mid-point of the base BC of a triangle ABC, 
lines are drawn parallel to the sides of the triangle to cut the sides at E and F. 
Prove that EF=iBC. 

+Ex. 733. The straight lines joining the mid-points of the sides of a 
triangle divide it into four congruent triangles. 

fEx. 734. Given the three mid-points of the sides of a triangle, construct 
the triangle. Give a proot 

fEx. 735. If AD = JAB and AE=iAC, prove that DE is parallel to BC 
and equal to a quarter of BC. 

•fEx. 736. If the mid-points of the adjacent sides of a quadrilateral are 
joined, the figure thus formed is a parallelogram. 

[Draw a diagonal of the quadrilateral.] 

•I-Ex. 737. The straight lines joining the mid-points of opposite sides of 
a quadrilateral bisect one another^ 

Ex, 738 . Draw a straight line 4 in. long; divide it into seven equal 
parts bj calculating the length of one part and stepping off with dividers. 

To divide a given straight line into five equal parts. 



fig. 153. 


SUBDIVISION or A STRAIGHT LINF 
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Proof 


Collar, 
Co?<.s7r, 
I. 24. 


Let AB be the given straiglit lirn*. 

ConstrtLction Through A draw AC making any angle with AB. 
From AC cut off an)* part AD 

From DC cut off parts DE, EF, FG, GH, equal to AD, so 
that AH is five times AD. 

Join BH. 

Througii D, E, F, G draw st lines || to BH. 

Then AB is divided, into 5 equal parts. 

AD = DE=..., 

and dJ, Ec, ..., HB are all parallel. 

At/ = c/c= ..., 

AB is divided into 5 equal parts. 

The gradvnted ruler must not be used in the constructions 

of Ex. 739—747. 

Ex. 73d. Divide a criven etraiglit lino AB into five eqnal parts by 
means of Uie following construction. : — 

As in fig. 153, draw AC and cut off equal 
parts AD, DE, EF, FG, GH ; through B draw 
BK parallel to HA and cut off from it BP, PQ, 

^R, RS, ST each equal to AD. Join GP, 

.... These lines divide AB into five 
«qual parts. ^ . 

Give a proof, 

eonSruction’ ^ straight lino by eye ; check by making the 

a straight line of 10 cm. into six equal parts; measure 
the ports. Give a proof. 

■WhSe 1 ^ 0 ^' ^ otralgbt Une cut off a part equal to f of the 

Ex. 743, Divide a straight line decimally (i.e. into ten equal parts). 

Ex. 744 . Construct a line equal to (i) U, (ii) 1-2 of a given line. 

Ex. 746. Divide a straight line of 1 3*a cm. in the ratio of 3 : 4 . 

(AB) into seven (i.e. 3 + 4) eqnal parts: if Dia the 
third pomt of dmsion from A, AD contains three parts and DB contains foor 

Ex, 74a. Divide a straight line in the ratio of 6 ; 8. 

I»rte mly be * straight Une 10 cm. long so that the ratio of the two 

Q. 8. 



fig. 154 


10 
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Loci. 

Mark two points A and B, 2 inches apart. Mark a point 
3 inches from A and also 3 inches from B : then a point 4 inches 
fix>m A and B. 

In a similar way mark about 10 points equidistant from A 
and B; some above and some below AB. 

Notice what pattern this set of points seems to form. Draw 

a line passing through all of them. 

Find a point on AB equidistant from A and B; this belongs to 

the set of points. 

The pattern formed by all possible points equidistant from 
two fixed points A and B is called the locus of points equidistant 

from A and B. 

UEx. 748 , What is the locus of points at a distance of 1 inch from a 
fixed point O? 

tEx. 749. Draw a straight hue right acro^ your paper. Constmct the 

jk>cus of points distant 1 inch from this line« 

(Do this either by marking a number of such pointe; or « 7°” 
witLut actually marking the pomts. Kemember that the distance is 

reckoned perpendicular to the line.) ^ 

irEx.760. A bicyclist is riding straight along a level road. What is 

the locus of the hub of the back wheel? 

HEx. 761. What is the locus of the tip of the hand of a clock? 

ITEx. 763. What is the locos of a man's hand as he works the handle 
of a common pump? , 

,rS ouSs^ 

after one second? . ^ a. 

ITEx 754 . Sound travels about 1100 feet in a A is fireU. 

what isVe locus of aU the people who hear the sound 1 -cond a e^? 

^Ex. 756 . A round ruler rolls down a sloping plank; what is the locus 

of the centre of one of the ends of the ruler? xt, . t,. alwavs 

ITEx 756 A man walks along a straight road, m that he is al 7 
e,ursmu?from1he two sides of the road. What m 

„„eY-^aTrrm^htSneT^7e“ 

One\"fTh”1s h^ar :nT« 
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fixed com. Wliat is the locus of the centre of the moving coin? Would the 
locus be the same if there were slipping at the point of contact? 

ITEx. 769. What is the locus of a door-handle as the door opens? 

HEx. 760. What is the locus of a clock-weight as the clock runs down? 

IF Ex. 761. Slide your set-square round on your paper, so that the right 
angle always remains at a fixed point. What are the loci of the other two 
vertices? 


The above exercises suggest the following definition of a locus. 


Dep. If a point moves so as to satisfy certain conditions the 
path traced out by the point is chilled its locus. 

Ex. 762. ^ A man stands on the middle rung of a ladder against a wall. 
The ladder slips down; find the locus of the man’s feet. 

(^0 this by drawing two straight Hues at right angles to represent the 
wall and the ground ; take a length of, say, 4 inches to represent tlic ladder; 
draw a considerable number of different positions of the ladder as it slips 
down ; and mark the middle points. This is called plotting a locus. 

The exercise is done more easily by drawing the ladder (the line of 
4 inches) on transparent teaclng-paper ; then bring the cuds of the ladder 
on to the two lines of the pa^r below ; and prick tlirough the middle point.) 

IFEx. 763. Draw two unlimited lines, intersecting near the middle of 
your paper at an angle of 60®. By eye, mark a point equidistant from the 
two imes. Mark a number of such points, say 20, in various positions. The 
pattern formed should be two straight lines. How are these lines related to 
tne original lines? How are they related to one another? 

{On squared paper.) Draw a pair of lines at right angles 
V ’ a series of points each of which is twice as far from OX as 

om OY. What is the locus? (Keep your figure for the next Ex.) 

fa figure of Ex. 764, plot the locus of points 3 times as 

f?om OY points i as for from OX as 


flA squared paper.) Plot the locus of a point which moves 

of its distances from two lines at right angles is always 


•tKaMV.* 7^* squared paper.) Plot the locos of a point which moves so 
taai me difference of its distances from two 1 ines at right angles is always 1 inch. 

lin^*!-’? D* a line* and mark a point O 2 inches distant from the 

Joftna Jttl ^ ® moving along the lina Experimentally, plot the 

joousoi the mid-point of OP. ^ 


^ point O is 8 cm. from the centre of a oirele of radL__ 


cireqen- 



% 


1 1 



10—2 
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Theoresi 25. 

The locus of a point which is equidistant from two 
hxed points is the perpendicular bisector of the straight 
line joining the two fixed points. 



fig. 155. 


Data P is any one position of a point which is always equi- 
distant from two fixed points A and B. 

To prove that P lies on the perpendicular bisector of AB. 

CoTistruction Join AB; let N be the middle point of Aa 

Join NP. 

Proof In the As ANP, BNP, 

AP = BP, 

AN = BN, 

PN is common, 
the triangles are congruent, 

/. z.ANP = /.BNP, 

PN is X to AB, 

P lies on the perpendicular bisector of AB. 

Sim^ it may be shown tliat any other point equidistant 

from A and B lies on the perpendicular bisector of AB. 

Q. E. n. 

Note. It will be noticed that N is a point on the locus, 

+Ex. 770. Prove that any point on the perpenJicular bisector of a line 
AB is equidistant from A, B. 


Data 

Constr. 

L 14. 
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Theorem 26. 

The locus of a point which is equidistant from two 
intersecting straight lines consists of the pair of straight 
lines which bisect the angles between the two given lines* 



JDalOj AOA', bob' are two intei’sccting straight lines; P is any 
one position (in l. AOB, say) of a point which is always 
equidistant from AOA', BOB'. 

To prove that p lies on one of the bisectors of the angles formed 

by AOA', BOB'. 


Construction 

Draw PM, PN j. to AA', BB' respectively. 




Join OP. 


Proof 

In the rt. /.d As POM, PON, 




z. s M and N are rt. z. s, 

Constr. 


• 

J OP is common. 




^ PM=PN, 

Data 


• 

« « 

the triangles are congruent. 

I. 15. 



A z.POM= z_PON, 



P lies on the bisector of i. AOB (or z. A'OB'). 

Sim>y, if P be taken in jl AOB' or l. A'OB, it may be shown, 
that the point lies on the bisector of ^ AOB' (or i. A'OB). 


Q. z. n 
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t'Ez, 77 1 . Provo that any point on the bisector of an angle Is equidistant 
from the arms of that angle. 

tEx. 772 . Prove formally that the locus of points at a distance of 1 inch 
from a given line, on one side of it, is a parallel line. (Take two such 
points, and show that the line joining them is parallel to the given line.) 

tEx. 773 . O is a fixed point. P moves along a fixed linej Q is in OP 
produced, and PQ=OP. Prove that the locus of Q is a parallel line. 


Intersection op Loci. 


Draw two unUmited straight lines AOA', BOB', intersecting 
at an angle of 45“. It is required to find a point (or points) 
distant 1 inch from each line. 

First draw the locus of points distant 1 inch from AOA' ; this 
consists of a pair of lines parallel to AOA' and distant 1 inch 
from it. The points we are in search of must certainly He some- 
where upon this locus. 

Next draw the locus of points distant 1 inch from BOB', The 
required points must He upon this loc’is alsa 

The two loci will be found to intersect in four points. These 
sxe the points required. 

Measure the distance from O of these points. 

Ex 774 Draw two unUmited etraight lines intersectiug at an angle of 
80°. Find a point (or points) distant 2 cm. from the one lino and 4 cm. from 

the other. 


Ex. 776 . Draw an unlimitea straight Hne and mark a 2 

from the line. Find a point (or poinU) 3 inches from O and 3 inches from 
the line (What is the locus of points 3 inches from O ? What is t e ocus 
of potis ircbcB from the Unof Drorr these loci.) Meeeure the drstence 

between the two points found. 

Ex. 776 . In Ex. 775 find two points distant 4 inches from O and from 
the line. Measure the distance between them. 

Ex. 777. In Ex. 776 find as many points as you can distant 1 vorh from 
both point and Hne. 

Ex. 770. Given two pointe A, B 3 inehee apart, find a point (or pon.t.) 
distant 4 inches from A and 6 inches from B. 
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Ex. 778> Maka an angle of 45^; on one of the arms mark a point A 
8 mches trom the vertex of tiic angle. Find a point (or points) equidistant 
from the arms of the angle, and 2 indhes from A. hfeasure distanco 
between the two points foond. 

Ex. 780. Draw a circle of radios 6 cm. and mark a point A 7 cm. from 
centre of circle. Find two points on the circle 3 cm. from A, and moosuro 
the distance between them. 


Ex. 781. Gonstmct a qnadrilateral ABCD, haying ABaGom.^ 
BC=13cm., CDsslOcm., /ABC=70% Z BCD =60®. 

On diagonal BD (produced if necessary), End a point 

(1) equidistant from A and C, 

(2) equidistant from AB and AD, 

(3) equidistant from AB and DC. 

In each case measure the equal distances. 

788. Find two points on the base of an equilateral triangle (sido 
8 inches) distant 2*7 in c h es from the yertex. Measure distance between 
them. 


783, Find a point on the base of an equilateral triangle (side 10 om.) 
which is 4 cm. from one side. Measure the two parts Into wliich it divides 
the base. 


784. On the side AB of an isosceles triangle ABC (base BC=:2 ins., 
/ AsSB®), find a point P equidistant from the base and the other AC* 
Measure AP, and the equal 

+Ex. 786. In Ex. 784provs that APssCP=CB. 


Ex. 786. Find a point on the base of a scalene triangle equidistant from 
the two sides. Is this the middle point of the base? 

EjL 787. Draw a circle of radius 2 ins,; a diameter; and a parallel line 
at a distMce of 8 ins. Find a point (or points) in the circle equidistant from 
the two lines. Measure distance between these points. 

Ex. 788. Draw a circle, a diameter AB, and a chord AC through A. 
j equidistant from AB and AC. Measure PB 


Ex. 780. 
OAproduced. 


In Ex. 788, find a point on tho circle equidistant frwm AB and 
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Ex. 790 . Draw aABC havin" AD = 2-8ins., AC = 4-0mf:., BO=4-6in8. 
Find a point (or points) equidistant from AB and AC, and 1 inch from BC, 
Measure distance between points. 

Ex. 791. Using the triangle of Ex. 790, find a point (or points) equi- 
distant from AB and AC, and also equidistant from B and C. Test the 
equidistance by measurement. 

Ex. 792. In triangle of Ex. 790, find a point (or points) 2 inches from 

A, and equidistant from B, C. Measure the distance between them. 

Ex. 793. Draw a triangle ABC j find apoint O which is equidistant from 

B, C ; and also equidistant from C, A. Test by drawing circle with centre O 
to pass through A, B, C. 

Ex. 794. Two lines XOX', YOY' intersect at O, making an angle of 25°. 
A lies on OX, and OA = 7 cm. Through A is drawn AB parallel to YOY^ 
Find a point (or points) equidistant from XOX' and YOY'; and also 
equidistant from AB and YOY'. Draw the equal distances and measure 
them. 

Ex. 795. Draw a triangle ABC. Inside the triangle find a point P which 
is equidistant from AB and BC; and also equidistant from BC and CA. 
From P draw perpendiculars to the three sides; with P as centre and ono of 
the perpendiculars as radius draw a circle. 

Ex. 796. A. river with straight banka is crossed, slantwise, by a straight 
weir. Draw a figure representing the position of a boat which finds itself at 
the same distance from the weir and the two banks. 

t Ex. 797. P is a moving point on a fixed line AB ; O is a fixed point out- 
side the line. P is joined to O, and PO is produced to C so that OQ= PO. 
Prove that the locus of Q is a Ime parallel to AB. (See Ex. 772.) 

Ex. 798. Use the locus of Ex. 797 to solve the following problem. O ia 
a point in tho angle formed by two lines AB, AC. 

Through O draw a line, terminated by AB, AC, 
and bisected at O. 

Ex. 799. Draw a figure like fig. 157, m aking 
radius of circle 2 ins., COs=3 ins., CN=5 ins. 

Through O draw a lino (or lines), terminated by 
AB and the circle, and bisected at O. (See 
Ex. 797.) 

Ex. 800 . A town X is 2 miles from a straight railway; but the two 
stations nearest to X are each 3 miles from X. Find the distance between 
tbe two stations. 
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Construction of Triangles, etc. by means of Loci. 

In Exs. 801 — 811 accurate figures need not be drawn unless 

technical skill is required. 

Ex. 801 , Construct aABC, given 

(i) base 8C = 14 cm,, heigbt = 9 cm., aB = G.5®. Measure AB, 

(ii) AB = 59 mm.. AC=08 mm., height AD = 49 mm. {Draw height 
first.) Measure base BC. 

(iii) BC = 4 in., aB=s 80'', median CN = 4 in. Mcaeuro BA. 

(iv) base BC = 12cm., height AD = 4 cm., median AL=5cm. Measure 

AB, AC. 

Ex, 808 . Construct a right-angled triangle, given 

(i) longest side = 10 cm., another side = 5 cm. Mca.suro the smallest 

angle. 

(ii) Bide opposite right angle = 4 in., another side = 3 inches. Measure 
the third side. 


Ex. 803. Construct a right-angled triangle ABC, given ZA=90’ 
AB«7 cm., distance of A from BC =2*5 cm. Measure the smallest angle. 

. Construct an isosceles triangle having each of the equal sidoa 

twioo the heigh t» Me^ieare the vertical angle* 

Ex; 806 . Construct a triangle, given height = 2in., angles at the ex- 
tremities of the ba8e=40» and 60®. Find length of base. 


Ex, aoe. Construct an isosceles triangle, given the height and the ancle 
the vertex (without protractor). 


Ex. 807. Construct a parallelogram ABCD, given 

AB=12cm., ADsslOcm., distance between AB, DC=8oin. 

Measure the acute angle. 

^ a rhombus, given that the distance between the 

parallel sides is half the length of a side. Measure the acute angle. 

Ex. 809. Constmot a quadrilateral ABCD, given diagonal AC=9 cm,,. 

distances of B, D from AC 6 cm. and 4 cm. ro- 
Bpechvely, side A B = 7 cm. Measure C D. 


Construct a trapezium ABCD, given base AB = 10 cm.. 

cm., AD — 4*5 cm., BC=4*2 cm. Measure angles A and B. 
(ihsro are 4 cases.) 

a trapezium ABCD, given base AB=3-5 in.^ 
««agM-i.7in„ diagonals AC, BD=2-5, 8*6 ins. respectively. Measure CD* 
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Co-ordinates. 

Take a piece of squared paper j near the middle draw two 
straight lines intersecting at right angles (XOX, YOY in fig. 158j. 
These will be called axes; the point O where they intersect 
be called the ori gin. 
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fig. 158. 


in order to arrive at the point A, sterting from the origin O, 
one may travel 3 divisions along towards X+, to the rights and 
then 4 divisions ujnvards. Accordingly the point A is fixed 
by the two numbers (3, 4). These two numbers are called the 
co-ordinates of the point A. 

Ex. 812 . Mark on a sheet of squared paper 

(i) the points (3, 6), (3, 10), (8, 10), (8, 5). 

(ii) the points (1, 2), (2, 4), (3, C), (4, 8), (5, 10). 

(iii) the points (i, 3), (4, 2), (4, 1), (4, 0). (4, -1). (4. -2), 

^v) the points (6, 6), (4, C), (2, 6), (0, C), (-2, 6). 
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To reach B (fig. 158) from O, one may travel 3 divisions along 
towards X— to tlie left, and then 4 divisions upwards. Accordingly 
the point B is fixed by the coordinates (- 3, 4). 

To reach C from O, go 3 divisions along to the right, then 
4 divisions dovmwards. C is therefore (3, —4). 

H.B. To the right is reckoned + ; to the left, - . 

Upwards is reckoned + ; downwards — , 

To get from O to E, it is not necessary to travel along at all; 
the journey is simply 4 divisions upwa/rda. Accordingly, E is 
the point ^0, 4). 

Ex. 813 . Write down the coordinates of the following points in fig. 156 : 
D, F, G, H. O, P, G. R, S, 

Ex. 814 . Plot (i.e. mark on scjaared paper) the following points: (5,0), 
(4,3), (3.4), (0,5), (-3,4), (-4,3), (-6.0), (-4.-3), (-3,-4), (0.-5), 
(3. -4). (4. -3), (5, 0). 

Ex, 815. Plot the points: (8, 1C), (6, 9), (4, 4), (2. 1), (0. 0), (-2, 1), 
(-4. 4). (-6, 9), (-8. 16). 

Ex, 816. Plot the points: (0, 0), (2. 0), (-2, 0), (0. 13), (1. -10), (8, 6), 
(-8, -C), (-3, -5). (The constellation of Orion.) 

Ex. 817. Plot the points: (-12, -2), (-8. 0), (-4,0), (0, 0), (3, -2), 
(7, 0), (5, 4). (The Great Bear.) 

Ex. 818. (Inch paper.) Find the co*ordinatcs of two points each of which 
is 3 inches from (0, 0) and (2, 2). 

Ex. 819 . (Inch paper.) Find the co-ordinates of all the points which 
are 2 inches from the origin and 1 inch from the x-axis (XOX). 

Ex. 820 . (Inch paper.) Find the co-ordinates of all the points which are 
equidistant from the two axes and 3 inches from the origin. 

Ex. 821 . (Inch paper.) Find the co-ordinates of a point which is 
eqmdistant from 

0) (2, -1), (1,3), (-2,0). 

(ii) (2,3), (2. -1), (-2, -1). 

Cfii) (2.8), (2, -1). (-2. -2), 

Ex. 822 . (Inch paper.) Find the co-ordinates of a point inside the 
•«sng e given in Ex. 821 (i), and equidistant from its three sides. 

Ex- 028. Repeat Ex. 822 for the triangles given in Ex. 821 (ii) and (iii). 
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MISCELLANEOUS EXERCISEa 

Constructions. 


Ex. 824. A ship is sailing due N. at 8 miles an hour. At 8 o'clock 8 
lighthouse is observed to be N.E. and after 90 minutes it is observed to bear 
S. of E. How far is the ship from the lighthouse at the second obser- 
vation, and at what time (to the nearest minute) was the ship nearest to the 

lighthouse? 

Ex. 826 . Is it possible to make a pavement consisting of equal equi- 
lateral triangles? « 

Is it possible to do so with equal regular figures of (i) 4, (u) 6, (m) o, 

(iv) 7 sides? 

Ex. 826. A triangle ABC hasi.B=60^ BC:=8om.; what is the 
possible size for the side CA? What is the greatest possible size for AC/ 

+Ex. 837 . Draw a triangle ABC and show how to find points P, Q in 
AB, AC such that PQ is parallel to the base BC and = JBC. Give a proo . 
[Trisect the base and draw a parallel to one of the sides.] 

tEx. 838. In OX. OY show how to find points A, B such that 

i:. 0 AB = 3^0BA. Give a proof. 

[Make au angle equal to the sura of these angles.] 

tEx. 829. A and B are trro fixed pointa in two unlimited 
linea ; ahow how to find pointa P and a in theae Imea such that APBB .a a 

rbombns* Give a» proof* 

hEx. 830. Prove the following conatmetion for ‘''On D t 

BAG :-With centre A deacribe two circlea, one cnttmg AB A^C n D E 
and the other cutting them in F, G reapechvely ; jom DG, EF. mtersectmg 

in H ; join AH. 

+Et 831 A B are two points on opposite sides of a straight hne CD; 
ahofho 'toflnd a pTnt P in CD ao that .APC = .BPC. Give a proof. 

+Px 832 Show how to construct a rhombua PQRS having its d.agonal 
PrI a given straight line and its aides PQ, QR. RS paaamg through three 

^vcn points L, M, N respectively. Give a proof. 
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+Ex. 834. A and B are two points on the same side of a straight line 
CD ; show how to find the point P in CD for which AP+ PB is least. Give 
a proof. 

fEx. 836 . Show how to describe a rhombus having two of its sides along 
tibe sides AB, AC of a given triangle ABC and one vertex in the base of the 
triangle. Give a proof. 

tEx. 836. Show how to draw a straight line equal and parallel to n given 
straight line and having its ends on two given straight lines. Give a proof. 

HEx. 837. To trisect a given angle. 

Much time was devoted to this famous problem by tho Greeks and 
the geometers of the Middle Ages ; it has now been shown that it 
is impossible with only the aid of a pair of compasses and a straight 
edge (xmgradnated). 

Infig. 160, D£=the radius of the circle; prove that 4. BO£s= ABO. 



fig. 159. 


* 



Pig. 169 shows a simple form of trisector; the instrument is opened until 
the angle between the rods corresponding to BA and BC can he made to 
coincide with the given angle ; then the angle between tho long rods (corre- 
sponding to D) is one-third of tho given angle. 

With a roler, marked on its edge in two places, and a pair of compasses, 
it is possible to trisect an angle as follows 

Let ABC be the angle. With B as centre and radius = the distance between 
the two marks describe a eircle cutting BC at C; place the mler so that its 
®dge passes through C and has one mark on AB produced, the other on the 
^cle (this must be done by trial, a pin stuck through the paper at O wiH 
help); rule the line DEC, then i.D=iz ABC. 
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Theorems. 

Ez. 838. The gable end of a house is in the form of a pentagon, of 
which the three angles at the ridge and eaves are equal to each other: show 
that each of these angles is equal to twice the angle of an equilateral 
triangle. 

+Ex. 839. If on the sides of an equilateral triangle three other equi- 
lateral triangles are described, show that the complete figure thus formed 
will be (i) a triangle, (ii) equilateral. 

tEx. 840, Two isosceles triangles are on the some base: prove that the 
straight line joining their vertices bisects the base at right angles. 

tEx. 841. Two triangles ABC, DCB stand on the same base BC and 
on the same side of it; prove that AD is parallel to BC if AB=DC and 
AC=DB. 

TEx. 842. In the diagonal AC of a paraUelogram ABCD points P, ft 
are taken such that AP=Ca; prove that BPDQ is a paraUelogram. 

TEx. 843. ABCD, ABXY are two paraliLlograma on the same base and 
on the same side of it Prove that CDYX is a parallelogram. 

tEx. 844. The diagonal AC of a paraUelogram ABCD is produced to E, 
BO that CE=CA; through E, EF is drawn parallel to CB to meet DC pro- 
duced in F. Prove that ABFC is a parallelogram. 

tFx 845 E F G, H are points in tlie sides AB, BC, CD, DA ro- 
epectively of a paraUelogram ABCD. such that AH=CF and AE=Ca: 
show that EFGH is a parallelogram. 

+Ea. 846 c is the mid-point of AB ; from A, B. C per^ndlou^ 
AX BY CZ are drawn to a given straight Une. Prove that, if A and 
^o’b'th on the same side of the line. AX.hBY=2CZ. 

What relation is there between AX. BY. CZ when A and B are on 
Opposite sides of the line? 

tE. 34,. If the biseotors of the h..e ^gira ~ ^^^f 

ABC meet tlie opposite sides in E and F, El- parau 

the triangle. 

tEx. 848. In a quadrilateral ABCD. AB = CD and / B- ^ C , prove 
that AD is parallel to BC. 

tEx. 848. Prove that the diagonals of an isosceles topexium are equaU 
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tEx. 060 . ADCD is a quadrilateral^ such that L A= c B and z C.s.z D; 
prove that AD = BC. 

tEr. S61. The figoro formed bj joining the mid-points of the sides of a 
rectangle is a rhombus. 


tEx. 862 . The medians BE, CF of a triangle ABC intersect at G; 
QB, GC are bisected at H, K respectively. Prove that HKEF is a parallelo- 
gram. Hence prove that G is a point of trisection of BE and CF. 

tEx. 063. The diagonal AC of a parallelogram ABCD is produced to E, 
BO that CE:=CA; through E and B, EF, BF are drawn parallel to CB, AC 
respectively. Prove that ABFC is a parallelogram. 

tEx. 854 . T, V are the mid-points of the opposite sides PQ, RS of a 
parallelogram PQRS. Prove that ST, QV trisect PR. 

tEx. 066 . Any straight line drawn from the vertex to the base of a 
triangle is bisected by the line joining the mid-points of the sides. 

tEx. 856. The Bides AB, AC of a triangle ABC are produced to X Y 
respectively, 60 that BX = CY=BC; BY, CX intersect at Z. Provo that 
Z.BZX + iz.BAC = 90®. 

tEx. 857. ABCD is a parallelogram and AD=2ABj AB is produced 

Iw^ways to E, F so that EA=AB=BF. Prove that CE, DF intersect at 
right angles. 


tEx. 868, la a triangle whose angles are 90% 60% SO"* the longest aide is 
double the snorteste 

[Complete an equilateral triangle.] 

tEx, B59. In a right-angled triangle, the distance of the vertex from the 
mid-pomt of the hypotenuse is equal to half the hypotenuse. 

Bidea]^ mid-point of the hypotenuse to the mid-poiat of one of the 

„ ^ position the right angle of a right-angled trianale 

of the hypotenuse, find the locus of the mid-^iat of 
hypotenuse. (See Ex. 859.) ^ ® 

points ofic rn A lines are drawn to the mid- 

^ ^ mid-points of DA. AB. 

Prove tlmt these Unes enclose a rhombus. ^ ^ 
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tEx. 862. ABC is an equilateral triangle and D is any point in AB; 
the side of AD remote from C an equilateral triangle ADE is described; 
provo that BE = CD. 

tEi. 863. In a triangle ABC, BE and CF are dravm to cut the oppo^ 
sides in E and F ; prove that BE and CF cannot bisect one another. 

tEs. 864 . If P be any point in the external bisector of the aDgl 9 _A 
of a triangle ABC, AB + AC ■< PB + PC. 


i'Ex. 865. ABC is an acute-angled triangle, whose least side is BC. 
"With B as ceatie, and BC as radius, a circle is drawn catting AB, AC at 
E respectively. Show that, if AD=DE, Z.ABC=2^BAC. 


tEx. 886. ABC is an isosceles triangle (AB=AC); a straight line ^ 
drawn cutting AB, BC, and AC produced in D, E, F respectively. Prove 

that, if DE=EF, BD = CF. 


tEx. 867. If t™ triangles have two aides of tire one equal to two e dM 

of the other, each to each, and the angles opposite to two equal 

the angles opposite the other equal sides are either equal or supplementary, 

and in the former case the triangles are congruent, 
right angles. 

+ Ex. 867 b. If two circles cut at P, Q, use x. 25 to prove that the line 
ioining their centres bisects PQ. at right angles. 
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fig. 16L 


AtqQi of Z'cct&il^lo. Count tho squares in tho r©ctan"Ie 
ABDC (fig. 161). They are 48 in number. "Wo say, then, that the 
area of ABDC is 48 squares of the paper. 

^ ^ Ex. B68. la each of the following exercises plot the points mentioned, 

jom them up in the order given, and find the number of squares in the 
area. 

(i) (1. 16), (9, 16). (9, 1), (1, 1). 

(“) (-6. 2). (2, 2), (2, -13). (-6, -13). 

(iii) (0, 0), (8. 0), (8, -IS), (0. -15). 

(iv) (10, 20). (-10, 20), (-10. -20). (10. -20). 

^ far, we have taken the unit of length to bo one division 
of the paper, and the unit Of area to be one square of the paper 
G. s. (in) 

6 


B 
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If we wish to use the inch for unit of length, we shall need 
paper ruled in squares 1 inch each way. On inch paper there are 
generally liner lines at distances of inch. The paper will 
sliow larger squares and smaller squares j the larger squares 
1 inch each way, and therefore of area 1 sq. inch j the smaller 
squares referred 

to as inch paper. 

Ex. 869. On inch paper, draw a square inch. (Use the lines of the 
paper to guide your drawing.) 

Ex. B70. On inch paper draw rectangles whose areas, in square inches, 
arc 6, 9, 16, 4, 2, 2.J, 1. 

Ex. 871. Draw two rectangles of different shape SO that the area of each 

shaU be 12 sq. inches. See whether the two rectangles have the same 
perimeter (the perimeter is the sum of the sides). 

Ex. 872. Count the number of smaU squares in one B^re mch. 

fraction of a square inch is each of these small squares ? What decimal 

Ex. 873. Mark out a square containing 25 of these small squares. What 

decimal of a square inch is this square ? What fraction ? 

Ex. 874. Mark out a square containing 64 small squares. What deoimjl 


of a square inch is this ? 

E%. 875 . On inch paper, draw the rectangle whose comers 
n 151 a 2), (2, 2). (Take the side of a smaU square for nmt of lengt^) 
g’ow ny hidredths of a square inch are contained in 

How many square inches? (Always express your answer m decnnals.) 

Ex. 876. Kepeat Ex. 875, taking, instead of the points there menboned. 


the following : — • 

(i) (-1, 10), (14. 10), (14, -10), (-1, - 10). 

(u) (0, 0), (0, 12), (11, 12), (11, 0). 

(iii) (-3, 7), (14, 7), (14, -3), (-3, -3). 

You will probably have noticed that fte most 
-way of counting the number of squares in a rectang 
follows count how many squares there are m one row, 
multiply by the number of rows. Or, we may ^y: count tbe 

number of divisions in the length, and midt.ply by ° 
of divisions in the breadth. Use this plan m the foUowmg 


exercises: 
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Sx. 877. How many equates are contained in a rectangid drawn on 
equated paper, the length being 30 divisions and the breadth 20? 

Ex. 878. On inch paper draw a rectanglo 55 tenths in length and 
S3 tenths in breadth. How many hundredths of a square inch are there 
in the area? How many square inches? 

Ex. 878. Repeat Bx. 878 with the following numbers for length and 
breadth respectively: 

(i) 40, 25, (ii) 125, 80. (iii) 23, 17, (iv) 125, 8. 

Hitherto wo have dealt only with rectangles whoso dimensions 
are expressed by whole numbers. We will now see whether the 
same rule will hold for rectangles whose dimensions are not 
expressed by whole numbers. 

On inch paper draw a rectanglo 5-3 inches long and 4*7 inches 
broad. Coiint the number of tenths of an inch in the length 
and breadth. Hence find the number of hundredths of a square 
inch in the area. Heduco this to square inches; the result 
should be 24*91 sq. inches. Now multiply together the numbers 

of inches in the length and breadth; 5*3 x 4*7. The result 
is again 24*91. 

Why are these two results the same? The reason is as 
follows 

63 X 47 53 47 , ,, 

100 10 "" 

TVe may now state the rule for the area of any rectanglo ■ 

To find the number of square units in the area of 
a rectangle, multiply together the numbers of units in 
the length and breadth of the rectangle. 

Ex. 880. What is the corresponding rule for calculating the area of 
A square? 

Ex* 881 * Find the area of a rectangle^ 


(i) 

r«) 

(iii) 

(iv) 

(T) 

(ti) 


16*7 ins. by 14*3 inQ_ 

10 mm. by 10 mm., in square mm. and also in eq. cm. 

21*6 cm. by 14-6 cm. , in sq. om. and also in sq. mm. 

71dlometree 423 metres by 1 km. 276 m., in sq, km. and also 
in sq. m. 

A inches by b 
^r.em^by 2s pyp, 
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Ex, B82. Find the area of a square •whose side is (i) 70 yards, (U) 69 yds. 
Bay in each case "whether the square is greater or less than an acre. 

Ex. 883. Find the areas of squares of side (i) 2 inches, (ii) 1 foot (in sq. 
ins.), (iii) 1 yd. (in sq. ins.), (iv) a cm., (v) 2x ins. 

liEx. 884. Draw a figure to show that if the side of one square is 3 times 
the side of another square, the area of the one square is 9 times the area 
of the other. {Freehand) 

Ex. 886. Find (i) in sq. ins., (ii) in sq. cm., the area of the rectangle 
which encloses the print on this page. Hence find the number of sq. cm. m 
A 8q. inch (to 1 place of deci mal s). 
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fig. 162. 

Ex. see. Make freehand sketohee of the given fignree (fig. 162). In 
Mob oftSQ find tbd 

Ex. 887. Find the other dimension of a rectangle, given 
fi) area=140 sq.ft, one dimension =35 ft. 

Cii) area=l sq. £^ one aimen3ion=6 ins. 

(iii) area=30i sq. yds., one dimension=5i yds. 

(iv) arca=l acre ( =4840 sq. yds.), one dimension=22 yds. 

(V) area=2a^>Eq.ins., one dimeiision=x ins. 

Ex. 888. How many bricks 9 in. by 4 in. are required to cover a floor 
84 ft. long by 17 ft. wide ? 
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Area, of right-angled triangle. By drawing a diagonal of 
a rectangle we divide the rectangle into two equal right-angled 
triangles. Hence the area of a right-angled triangle may be 
found by regarding it as half a certain rectangle. 

Ex. B88. Find the number of squares contained by a triangle whose 
comers are 

(i) (0, 0), (0, 2), (C, 0). (Complete the rectangla) 

(u) (2, 5), (17, 5), (17, 10). 

(iii) (5, -5). (-5, -5), (-6, 5). 

(iv) (5. -5), (-3, -5). (5. 6). 

Ex. 890. Find tho areas of right-angled triangles in which the sides con- 
taining the right angle are (i) 2", 3", (ii) 6-5 cm., 4-4 cm., (iii) 4-32", 8-71'', 
(iv) 112 mm., 45 mm. (in aq. mm. and also in sq. cm.). 

Area of any rectilinear figure (on squared paper). 
"With the aid of rectangles and riglibangled triangles wo can 
find the area of any figure contained by straight lines (i.o. any 
rectfiinear figure). This way is especially convenient when 
on© side of the figure runs along a line of the squared paper. 



Fig 163 Eho^TC how a 4-sided figure may bo diyided up into 
rectangles and right-angled triangles; the number inside each 
rectangle and triangle indicates the number of squares it containa • 
and the complete area is 199J or 199-5 squares. * 
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Ex. 891 . Measure the size of the small squares in fig. 163 ; hence find 
the area of the 4>sided figure in sq. inches. 


Ex. 892. Find the area (in squares of your paper) ofeach of the following 
figures by dividing up the figures into rectangles and right-angled triangles* 


(i) (2, 1), (11. 1), (8, 6), (2, 6). 

(ii) (1. 2). (1. 10), (G, 13). (6, 2). 

(iU) (5,0). (3, 4), (-5. 4), (-0,0). 

(iv) (0, 6), (-3, 2), (-3, -2), (0. -8). 

(V) (0, 0). (1, 4), (6. 0). 

(Vi) (1. 4). (6, 3), (1, -3). 

(vii) (-4. -3), (-3, 3). (5, 6), (10, -3). 

(viii) (3, 6), (-3, 2), (-5, -3), (3, -7). 

(ii) (3, 0), (0. 6), (-3. 0), (0, -6). 

(x) (2, 6), (5, 2), (5, -2). (2, -5), (-2, -6), (-6, -2), (-5, 2), (-2, 6). 

Are all the sides of this figure cqu^? 

(xi) (3, 4), (4, 3), (4. -3), (3, -4), (-3, -4), (-4, -3), (-4. 8). (-3, 4). 

(xii) (5, 0), (4, 3), (3, 4), (0, 6), (-3, 4), (-4, 8), (-6. 0), (-4, -3), 

(-8, -4), (0, -6), (3, -4), (4, -3). 


Ex. 803. Draw the three foUowing figures on the same axes; find the 
and perimeter of each. 

(i) (1, 1), (1, 6), (6. 6), (6. 1). 

fxi) (1. 1), (4, 5). (9. o). (6, 1). 

(iii) (1, 1), (5, 4), (10, 4), (6, 1). 

(This exercise shows that two figures may have the same perimeter and 
different areas.) 


Ex. 804 . Draw the two following figures on the same axes; find the area 

and p6rim6t6r of eacli* 

(i) (0, 0), (7. 0), (9, 6), (2, 5). 

Cu) (0. 0). (7. 0), (3, 6), (-4, 6). 

(This exercise shows that two figures may have the same area and 
difierent perimeters.) 


Ex. 803 . Find the area of 

Cl) (1, 0), (1. 8), (4, 14), (2, 14), (0, 10), (-2, 14), (-4. 14). (-1, 8), 



AHEA — SQUARED PAPER 


lOo 

If there is no side of the figure ■which coincides •with a lino 
of the paper (ABCD in fig. 164), it is generally convenient to draw 
lines outside the figure, parallel to the axes, thus making up a 
rectangle (PQRS) \ the area required can tlien be found by sub- 
tracting a certain number of right-angled triangles from the 
rectangle. 
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fig. lei 


Thus in fig. 164 

ABCD => PQRS — AQB — BRC ~ CSD ~ DPA 

= 221-25-20-18-35 
= 123. 

Xzt 80e* £ind the areas 6f the following fignceflt*-- 

0) (1, 1). (16. 6), (9, 14). 

fu) (6, S), (12. 9), (3, 11). 

Ciii) (10. -20). (20, -24), (12. 4). 

Cw) (0.0), (9,-1), (7. 6). (2, 6). 

(t) (1. 0), (6. 1), (5, 6), (0. 6). 

(Ti) (3,0). (7, 3), (4.7), (0,4). 

(vii) (4. 0). (10, 4). (6, 10). (0, 

(^) (6, 0), (0, 6), (-5, 0). (0, -C). 
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Area of a curvilinear figure. This cannot be found exactly 
by the method of counting squares: the approximate value 
however is easily calculated as follows. 



fig. 16C. 

To find the area of the fig. ACBA, notice that the curved 
boundary ACB cwia through various squares ; in counting squares 
we have to decide what is to be done with these broken squares. 
The following rule gives a useful approach to the true value : — 
Jf the broken square is more than half a complete sgTiare, coimt 1/ 

^ less them half a square^ count 0. 

Counting up the squares in ACBA on this system, we find 
that the area is 72 squares. As each of the above squares is 
sq. inch, the area is *72 sq. inches. 

Ex 897 On inch paper draw a circle of radius 1 inch; find its area 
as above, and reduce to square inches. (The counting ^ be shortened 
in various ways ; e.g. by dividing the circle into 4 quarters by radu.) 

Ex. 808. Find the area of circles of radii 2, and 3 inches. Calcukte, 
to 2 places, how many times each of these circles contains the 1-mch 

circle of Ex. 897. 

Ex. aoo. Plot the graph y=6-^. and find the area contaiacd betroea 
the oorve and the ;r*axia 
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I^EF. Any side of a parallelogram may bo taken os the 
base. The perpendicular distance between 
the base and the opposite (parallel) side 
is called the height^ or altitude. 

Tbos in fig. 166 if BC be taken as base, MN 
(which may be drawn from any point of tho 
base) is the height (or altitude). If A B be taken 
as base, GH is the height. 

IFEx. 900. In fig. 166 what is the height if CD be taken as base? if AD 
be taken? 



fig. 166. 


Ex. 901- Prove that tho altitudes of a rhombus are equaL 



Q O 


Area of parallelogram. Take a sheet of paper (a rectangle) 
and call the comers P, B, C, Qj BC being 
one of the longer sides (fig. 167). Mark 
a point A on the side PC. Join BA, and 
cut (or tear) off the right-angled triangle 
You now have two pieces of paper; 
you will find that you can fit them 
together to make a parallelogram (ABCD 
m fig. 167). 


fig. 167. 



Notice (i) that the rectangle you had at first and the paral- 
lelogram you have now made, are composed of the same paper, 
and there/bre hewe the same area, 

(ii) that the rectangle and the parallelogr am are on the 

same base BC, and both lie between the same pair of parallel 

anM BC and PAQD. Or, we may say that they have the aa^ne 
height. 


Ma. Make a paper parallelogram with sides of 6 and 4 ins. and an. 
of 60®. Cut the paraUdogram into two pieces which you ean fit 

together to make up a rectangle. Find its area. 

E*-®oa. Repeat Ex. 902 with Bides of 12 and 6 om. and angle of 60 ®. 
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Ex. 904* l>rawaparallelogram ABCD,ba7ingAB=:l{icin.»bCslCciD., 
angle B = 70^ ; on the same base draw a rectangle of equal area ; find the area. 
Measure the two altitudes of the parallelogram and calculate the products 
BC. MN and AB.GH (see fig. 166). 

Ex. 905. On base 2 inches draw a parallelogram of angle 50*^ and height 
4 inches. On the same base constmct a rectangle of the same area; and 
find the area. Also calculate the products BC.MN and AB.GH as in 
Ex. 904. 

Ex. 906. Bepeat Ex. 905 with the same base and heighti but with 
angle of 75®. 

Def. Figures which are equal in area are said to be 

eqmvaleiit. 

Notice that congruent figures aroneoesflarilyeqniyalentj but that equiva- 
lent figures are not necessarily congruent. 

HEx. 907, Give the eidesof a pair of equivalent rectangles, whicharenot 
congruent. 
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Theorem 1. 

Parallelograms on the same base and between the 
same parallels (or» of the same altitude) are equivalent. 


A 



Data, ABCD, PBCQ are on the same base BO, and between 


the same parallels BC, PD. 

To prove that ABCD and PBCO are equivalent. 

Proof In the As PBA, QCD, 

z. BAP = corresp. z. CDO ( •/ BA, CD are ||), 1. 6. 

u BPA = corresp. u COD (•/ BP, CO are ||), l. 5. 

BA = CD (opp. aides of ABCD), i. 22, 

the triangles are congruent. l. 1 1. 


Now if A PBA is subtracted from figure PBCD, BDia 

left; and if AOCD is subtracted from figure PBCD, B€t 

is left. 

Hence the are equivalent. 

Q. E. n. 

Coa 1, Parallelograms on equal bases and of the samo 
altitude are equivalent. 

(For they can be so placed as to be on the same base and. 
between the same parallels.) 

Coe, 2. The area of a parallelogram is measured by 
the product of the base and the altitude. 

(For the is equivalent to a rectangle on the same base 
and of the same altitude, whose area = base x altitude.l 
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Ex. 008. Find the area of a parallelogram of eidee 2 ins. and 8 ins. and 
of angle 30°. 


Ex. OO 9. Draw a rectangle on base 12 cm. and of altitude 10 om. ; on the 
same base construct an eqoiyalent parallelogram of angle 60°; and measure 
its longer diagonal. 


Ex. 910. Show bow to construct a parallelogram equivalent to a given 
rectangle, on the same base and having one of its angles equal to a given 
angle (without using protractor). 

Ex. 911. Draw a rectangle of base 4 ins., and height 8 ins. : on the 
eame base make an equivalent parallelogram with a pair of sides of 6 ins. 
measure the angle between the base and the shorter diagonal. 

Ex. 912. Show bow to construct on the same base as a given rectangle 
an equivalent parallelogram having its other side equal to a given straight 
line (withont using scale). Is this always possible? 

Ex. 913 . Draw a rectangle whose base is double its height; on the same 
base construct an equivalent rhombus and measure its acute angle. 


Ex. 914. Transform a rectangle of base 4-53 cm. and height 2*97 
into an equivalent paraUelogram having a diagonal of 6-45 cm. Measure tho 
angle between the base and that diagonaL 

Ex. 916. Transform a parallelogram of sides 2 and 1 ms. and angle 80 
into an equivalent paraUelogram of sides 2 and 2*5 ins. Measure acute angle 

of the latter. 

Ex. 016. Transform a parallelogram of sides 8*3 and 12’4 cm. and a^a 
12° into an equivalent rhombus of sides 8*3 cm. Measure angle of rhombos. 


Ex. 017. Bepeat Ex. 916. making side of rhombus 12*4 om. 

Ex. 010. Transform a paraUelogram of base 
and angle 67° into an equivalent parallelogram on the same base with aiiolo 

60°. Measure the other side of the latter. 

Ex. 019. Transfonn a given paraUelogram into an eguiv^t p^olo- 
giam with one of its angles = a given angle (without using protractor). 

Ex. 020. Make parallelogram ABCD, with 
angle A = 60° Transform this into an equivalent paraUelogram with 

of 2 ins., and 4 ins.; measure acute angle of the latter. 

hav£rASt.%:r X" Sttef ^Civalent 

parallelogram with sides 2 and 4 ins.) 
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Ex. 931. Show how to mako a paraUelogram equivalent to a Riven 
rectangle, having its sides “^qual to two given lines, la this always possible? 

Ex. 922. Construct a paraliclogram of sides 9 and 8 cm. and angle 20® ; 
xnake an equivalent rhombus of side 6 cm. and measure its angle. 

Ex. 923. Repeat Ex. 922, with anglo 30® instead of angle 20®. 

Ex. 924. "What is tho locus of the intersection of tho diagonals of a 
parallelogram whose base is fixed and area constant? 

In calculating the area of a parallelogi*am by means of 
IL 1 (area = base x height), you ^vill notice 
that the product may be formed in two 
different ways; e.g. in fig. 1G9 wo may 
take either BC.MN or AB.GH; these 
two products should be equal, being both 
equal to tho area. In practice it will 
be found that the two results do not 
generally agree exactly ; (what is the 
reason for thisi). The difference however should not be greater 
than 1 or 2 per cent. In order to get the best possible result 
for the area, calculate both products and take tho average. 

Ex. 826 . Find the area of each of the following parallelograms, taking 
the average of two results as explained above. 

(i) Sides 3*5 and 4*6 ins., anglo of 70®. 

(ii) Sides 12*7 and 14*5 cm., angle of 120®, 

(iii) Sides 10 and 6 cm., anglo of 30® (in this case one of the altitudes 
will fall partly outside the parallelogram ; produce a side). 

(iv) Sides 6*53 and 1*61 ins., anglo of 100°, 

(t) Diagonals 3*7 and 2*2 ins., angle between diagonals 65®. 

(vi) Equal diagonals of 8 *2 ins. , angle between diagonals 150®, 

(vii) Sides 6*6 and 8*8 cm., a diagonal of 11 cm. 

Ex 833 . Find the area of a rhombus of side 2 inches and angle 80®. 

Bx. 937 . Find (correct to j ^ inch) the height of a rectangle whoso area 
is 10 sq. Ins. and whoso base =s3*16 ins. 

Bx. 938 , Draw a parallelogram of area 24 sq. cm., baso 0 cm. and anele 
76®. Measure the other sides. 
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Ex. ©29, Draw a parallelogram of area 12 sq, ina., Bides o! 4 and 3-6 ins. 
Measure its acute angle. 

Ex. 930. Draw a rhombus of area 24 sq, cm. and side 5 Measure 
its acute angle. 

Ex. 931. Draw a parallelogram of area 15 sq. ins., base 5. ins. and 
diagonal 4 ins. Measure the acute angle. 

Area of Triangle. 

Dep. Any side of a triangle may be taken as base. The 
line drawn perpendicular to the base from the opposite vertex is 
called the hei^t, or altitude. 

There will be three different altitudes according to the sila which is 
taken as base. 

IFEx. 932. Draw an aoute-angled triangle and draw the three altitudea* 
{Freehand.) 

HEx 933. Repeat Ex. 932 for a right-angled triangle. [Freehand.) 

^£x. 934. Repeat Ex. 932 for an obtuse-angled triangle. [Freehand.) 

^Ex. 935. In what case are two of the altitudes of a triangle equal ? 

HEx. 936. In what case are all three altitudes equal ? 

llEx. 937. In what case do some of the altitudes fall outside the triangle? 

TIEx. 938. By making lough sketches, try whether you can find a trianglo 
(1) in which one (and only one) altitude falls outside, (2) in which all throe 
altitudes fall out8ide> 
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Theorem 2. 

Triangles on the same base and between the same 
parallels (or, of the same altitude) are equivalent. 



fig. 170. 

Data ABC, PBC are As on the same base BC, and between the 
same parallels BC, PA. 

To prove that ABC, PBC are equivalent. 

Construction Complete the ABCD, PBCQ by drawing 

CD, CC II to BA, BP respectively, to meet PA (produced if 
necessary) in D, Q. 

Then A ABC = J ABCD, I. 22 (3). 

and A PBC = I PBCa L 22 (3). 

But ABCD, PBCQ are equivalent, being on the 

same base and between the same parallels. II. 1. 

A ABC = A PBC. 

q. E. D. 

Cor. 1. Triangles on equal bases and of the same altitude 
are equivalent. 

(For they can be so placed as to be on the same base and 
between the same parallels.) 

Cor. 2. The area of a triangle is measured by- half the 
product of the base and the altitude. 

t Fz. 030. Prove Cor. 3. 

tEx. 840. Prove that, in general, the area of a triangle is less than half 
the product of two of its sides, 

t£x. 841. Prove that the area of a right-angled triangle is bsH the pro* 
dost of the sides whioh contain the right angle. 
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Since any one ot' the three sides may be taken for base, there' 
are three different ways of forming the product of a base and the 
corresponding altitude. Thus the area may be calculated in 
three different ways; and of course, theoretically, the result 
is the s^me in each case. Practically, none of the measurements 
will be quite exact, and the results will generally differ slightly. 
To get the best possible value for the area take the average of 
the three results. 

Ex. 042. Find, to three significant fignres, the areas of the following 
triangles, taking the average of three results in each cases 


(i) 

sides 3, 4, 

4*6 ins. 

(ii) 

sides 6, 8, 

9 om. 

(Hi) 

sides 3, 4, 

6 ina. 

Ov) 

sides 6, 8, 

10 cm. 

(V) 

sides 2, 3, 

4*6 ina. 

(Vi) 

sides 4, 7, 

10 coi. 

(vu) 

sides 3, 4 

ins., inoluded L 120°. 

(vHi) 

BC=7*2cm., ^B=20“, ^C=40® 


Bx. ® 43 . Make a copy of your aet-square and find its area (i) in sq. 
inches, (ii) in sq. cm. 


Ex. 044 (On inch paper.) The vertices of a triangle are the ^mts 
(2, 0). ( - 1, 2), { - 2, - 2). ^Find the area fi) by measuring sides and alUtudes. 

(ii) 03 on p# 165* 


(On inch paper.) Bepeat Ex. 944 with the foUowing yertioe. t 

(i) (-1.2), (0,-1). (2, -2). 

00 (-2, -2), (1,1), (3,0). 
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Ex. 946. Find the area of an equilateral triangle of side (i) 1 inch, 
(ii) 2 inches. Find the ratio of the greater area to the emaller. 

Ex. 947. Find the surface (i.e. the sum of the areas of all the faces) : 

(i) of the tetrahedron in Ex. 109. ^ 

(ii) of the square pyramid in Ex. 116. 
fiii) of the cube in Ex. 210. 

^v) of the cuboid in Ex. 221. 

(v) of the 3-sided prisdi in Ex. 224. 


Ex. 940. Find the combined area of the walls and roof of the house in 
fig. 102; take width of house— 8 yds., depth (front to back) = 4 yds., height 
of front wall = 6 yds., height of roof-ridge above ground=7^ yds. Neglect 
doors and windows. 

Ex. 949. Find the area (i) in sq. inches, (ii) in sq. om., of the triangle 
whose vertices are ACD in fig. 20. 

tEx. 960. Prove that the area of a rhombus is half the product of its 
diagonals. 

t£x. 961. D la the mld-pelnt of the base BC of a triangle ABC; 
prove that triangles ABD, ACD are equivalent. 

tEx. 963. ABCD is a parallelogram; P» Q the mid- points of AB, AD. 
Prove that aAPQ=s^ of ABCD. fJoin PD, BD.) 

tEx. 968. The base BC of aABC is divided at D so that BO=|BC; 
prove that aABD=^aABC. 

tEx. 964. The base BC of a ABC is divided at D so that BD = 9BC; 
prove that a ABD = | a ACD. 

tEx. 066. The ratio of the areas of triangles of the same height Is 
•qnal to the ratio of their bases. 

tBx, 068. The ratio of the areas of triangles on the same base is equal 
to fhe ratio of their h^ghts. 
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tEx 967. ABCD is a qaadrilateral and the diagonal 
AC bisects the diagonal BD. Prove that AC divides tha 
quadrilateral into equivalent triangles (fig. 171). 

tEx 959. E is the mid-point of the diagonal AC of 
ft quadrilateral ABCD. Prove that the quadrilaterals 
ABED, CBED are equivalent. 

tET. 959. E is a point on the median AD ol A ABC; prove that 
aABE= aACE, 

t Ex. 960. D is a point on the base BC of A ABC ; E is the mid-point 
of AD; prove that AEBC=iAABC. 

+Ex. 961. Divide a triangle into 4 equivalent triangles. (Freehand) 

Ex. 969. The base of a triangle is a fixed line of length 3 ino^hes^nd 

the vertex moves so that the area of the triangle is y 
is the altitude ? What is the locus of the vertex 7 

+Ex 963 Prove that tlie locus of the vertex of a triangle of fixed base 
and coBBtani area is a pair of straight lines parallel to the base. 

tEx. 904. Draw a scalene ba^fixU^wbere the 

isosceles triangle on the same base, f j -Where must the vertex 

Ex. 966 . Show how to transform a given triangle 
a) into an equivalent right-angled triangle. 

' ’ . 1 . 

Is this always possible ? 

into an equivalent triangle with an angle of 60«. 
into an equivalent triangle having one angle-a given ang 

(without protractor). . 

(„ into an ‘ 6 cm. ; then 

(W) into an equivalent isosceles triangle with base equal 


(ii) 

2 inches. 

(iU) 
(iv) 


tine. 
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Ex. 066. Transform an eqoilateral triangle of aide 3 ins. into an equi- 
valent triangle with a side of 4 ins., and an angle of 60*^ adjacent to that 
aide. Measure the other side adjacent to the 60° angle. 

Ex. 967. Transform a given triangle into an equivalent triangle with its 
vertex (i) on a given line, (ii) one inch from a given line, (iii) one inch from 
a given point, (iv) equidistant from two ^ven intersecting lines. 

^Ex. 066. Transform a given quadrilateral ABCD into an equivalent 
quadrilateral ABCD', so that the three vertices A, B, C ma 7 be unchanged, 
and zBAD' = 170°. 


* Ex. 060. Repeat Ex. 968. making i BAD' 180°. What kind of figure 
is produced? 


tEx. 87a In fig. 172 PA is paiaUel to BC. 
Prove that A P0B= aAOC. 



tEx. 071. A line parallel to the base BCof a ABC oute the sidee AB, AC 
in D, E respectively. Prove that aABE= a ACD. 


tEx. 072. F is any point on the base BC of aABC : E is 
the mid.point of BC. ED is drawn parallel to AF. Prove 
that aDFC^IjaABC. (JoinAE.) Fig. 173. 



, Draw a line through a given point of a side of a triangle to 

jiseot the area of the triangle. (See Ex. 972.) Verify your oonstruotion by 
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Area of any rectilinear figure. This may be detennined 
in various ways. 

Method L By dividing up the figure into triangles. 

Method II. Perhaps the most convenient method is that of 
constructing a single triangle equivalent to the given figure, as 
follows : 


To coxistmct a triangle equivalent to a given quadri- 
lateral ABCD. 

Construction Join CA. Through D draw 
DD' |[ CA, meeting BA produced in D". 

Join CD'. 

Then A BCD' = quadrilateral ABCD. 

Proof AACD'=AACD. (Whyl) 

Add to each AACB. 

A BCD' = quadrilateral ABCD. 



In a similar way a pentagon may be reduced, first to an 
equivalent quadrilateral and then to an 
equivalent triangle: and so for hgures of 
more sides. The area of the triangle can 
then be found as already explain^ A 
convenient method of dealing with the 
pentagon is shown in fig. 175. 

tEx. 074. Explain the construction of fig. 175 and prove that 

A C'DE's= figure ABCDE. 



+Ex. 876. Given a qnadriUiteval ABCD. conetract an equ^alent triangle 
on base AB having iA in common with the qaadrilatcraL ( « w" ) 


Ex, 8,6. Construct a triangle whoso arca is equal ^ 

2 a- ai",* 
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Ex. 077 . Construct a triangle equivalent to the difference of two given 
tri&nglee. 

Ex. 078. Find the area of a quadrilateral ABCD, when 

(i) DA=lin., iLA=100°, AB=2-3ins., Z.B=64% BC=l-5iiis. 

(ii) AB=5*7cm., BC=5*2em., CO = l*7cm.. DA=3‘9cm., Z.A«76®. 

Ex. 079. Find the area of a pentagon ABODE, given ABs=C*5cin., 
BC=2*4cm., CD = DE=4cm., EA=2‘5cm., Z.A=80®, aBss:133°. 

Ex. 080. Find the area of a regular hexagon inscribed in a circle of 
radius 2 ina. 

Ex. 081 . Find the area of a regular pentagon of side 6 cm. 

Ex. 082. Find the areas of the 4>gons and d-gons in Ex. 107 (i)« (u)i 
108 (i), (U). 

Ex. 083. Find the area of a trapozlnm 
ABCD (fig. 176)» given AB=3ins., heigbt=2ins., 
i.A=70®, aBssSO®, (Divide into 2 as, and 
notice that their heights D£, BF are equaL) 

Ex. 084. Find the area of a trapezium 
ABCD, given * 

(i) ABs:7*5cm., height=4cm., ADsdem., BC=4’3cm., AAobtuse, 
/.B acute. 

(u) AB=3-6 ins.. CD=2*6 ins., height=l-3 ins., aA=60® 

(iii) Same dimensions as in (ii) except that A A =80®. 

(iv) AB=dcm., AD=4cm., BD=5cm., ADBC=:ABDC. 

+Ex. 086. In fig. 177 E is the mid-point of 
Be, PQ ia II to AD. Prove that trapezium 
ABCD=[|ogram APCID. 

tEx. 086. tliat tne area of a trape- 

slnm la equal' to lialf the product of the 
height a n d the sum of tho two parallel 
aides (see Six. 085). 

ITEx. 087. Cut out of paper two congruent trapezia, and fit them together 
to make up a parallelogram. Hence prove Ex. 986. 




fig. 176. 
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Method HI. This method is used by la/ndr-surveyors and 
depends on the following principle. It is required to find the 
area of the field ABCDEFG (fig. 178). The field is treated as a 
polygon, the sides of the polygon being chosen so that the small 
irregularities may roughly compensate one another. The longest 
diagonal AE is chosen as base-line. In AE points L, M, N, P 
are determined, namely the points where the perpendiculars from 
the comers meet AE. The field is thus divided up into right- 
angled triangles, trapezia and . rectangles, whose areas can be 
calculated as soon as the necessary measurements have been made. 
The surveyor now measures with a chain the different distances 
along the base-line, AL, AM, AN, AP, AE; also the distances to 
the different comera, right and left of the base-line*, namely, 
LB, MC, MG, NF, PD. These measurements are recorded in the 

Pield-Book in the following form 


Yards. 



To E 



600 


240 

4G0 



360 

60 

240 

300 

120 

1 

200 

100 1 


From 

A 

go North 



. The aistanoea at right ^ea to t^ of the 

practice they are never “ 'fe -^aienlara. 

diffleulty of detenaining accurately the feet of the perpen 
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This record is to be read uptoards. In the middle column 
are set down the distances from A of the different points on the 
base-line ; on the right and left are set down the offsets as they 
occur; e.g. L is 100 yards North of A, and B is 200 yds. to the 
left of L ; and so on. 

Ex. 988. On inch paper draw a plan of the 5eld represented in fig. 178 
from tho mcasarementg given (scale, 1 inch to represent 100 yards); 
calculate its area in square yard^ 

Ex. 989. Give the coordinates of the comers of tho field in fig. 178, 
taking AE as axis of y and A as origin. 

Ex. 990. Draw a plan and find tho area of field In the following 
survey;— {Freehand) 


Yards 



ToD 



400 



340 

60 

70 

800 


90 

200 


80 

100 : 

60 

1 

From ' 

A 

go North 


In practice, distances are measured with a chain of 100 
liilks. The length of tho surveyors' chain is the same as the 
length of a cricket-pitch, namely 22 yards. A. square whose side 
Jfl 1 chain has area 22=> or 484 sq. yards. Now an acre contains 
4840 sq, yards j hence 10 sq. chains = 1 acre. 
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Es.. 091. Draw plans and find the area (in acres) of thd fields Trhosa 
dimensions are recorded below ; (Freehand) 


(i) 


Links 



To B 

1 


800 



COO 

400 

500 

300 


100 

200 


From 

A 

go East 


(ii) 


Links 



To B 



1100 


400 

1000 



800 

800 

400 

600 


From 

A 

go S.E. 


(iii) 


Links 
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Theorem 3. 

Equivalent triangles which have equal bases in the 
same straight line, and are on the same side of it, are 
between the same parallels. 


C F 



J)aXa ABC, DEF are equivalent triangles on equal bases AB, DE, 
these being in a straight line, and C and F being on the 
same side of AE. 

To prove tJiat CF is parallel to AE. 

Construction Join CF. 


If possible, draw a line CQ ]| to AE, distinct from CF, 
meeting FD (produced if necessary) in G. Join EG. 

Proo/ Since AB = DE, and CG is || to AE, 

AABC=ADEG. 11.2. 

But A ABC = A DEF, Data 

ADEF = ADEG, 

/. F coincides with G, and CF with CG, 

CF is |] to AE. 

Q. E. D. 


OoR. 1. Equivalent triangles on the same or equal bases are 
of the same altitude. 


Cor. 2. Equivalent triangles on the same base and on the 
same side of it are between the same parallels. 

t£x. OQa a. Give another proof of Cor. L 
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Ex. 993. 'Whfit is the converse of the above Theorem? 

tEz. 994. D E are the mid'points of tne sidesAB. AC 
of a triangle ABC; prove that OE is parallel to EC. 
(Join DO, EB.) 

i-Ei. 995, In fig. 180 aPXQ=s aRXS; prove that PR 
is parallel to QS. 

tEx. 996. la fig. 181 aAEB= aADC; prove that DE 
la parallel to BO* 



fig. 180. 

A 
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Theorem 4.+ 

If a tiiaiigla aad a paraUelogram stand on. the same 
base and between the same parallels, the area of the 
trian^e is half that of the parallelogram. 



fig. 182 . 


Data AEBC and ABCD stand on the same base BO and 
between the same parallels BC, AE. 


To prove Unit 

CoTistmction 

Tiwif 


AEBO = ABCD. 

Join BD. 

Since AE is || to BC, 
AEBC=ADBC, 
and ADBC = il|®*«“ABCD, 
A A EBO J ll®*™” ABCD. 


n. 2. 
I. 22. 


Q. K. n. 
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fEs. 997. Construct a rectangle equal to a given tnangle. Give a proot 

fEz. 998. F, E are the mid'points of the sides AD» BC of a parallelogram 
ABCD; P is any point in FE. Prove that a APB = ^ABCD. 

tEs. 999. P, Q are any points upon adjacent sides AB, BC of a parallelo* 
gram ABCD; prove that aCDP= aADQ. 

tEx, lOOO. AB, CD are parallel sides of a trapezium ABCD; E is the 
mid'point of AD; prove that aBEC=s ^trapezium. (Through EdrawUna 
parallel to BC.) 

+E3n lOOl. O is a point inside a parallelogram ABCD; prove that 

A OAB + A OCD = I ABCD. 


illSCELLANEOUS EXERCISES OJf ArKA . 


p-r 1003. Find the area of a triangle whose sides are 


(0 

ysi2z+2. 

x-2 

y~ 2 » 

1 

11 

Oi) 

yss2x-^2f 

y^2-x, 

yaO. 

(iii) 


1 

II 

11 

1 

• 


Ez. 1003. The area of a parallelogram of angle 80® is half the area 
of a rectangle with the same sides. 

tEx. 1004*. O is anypoint on the diagonal 
BO of a parallelogram ABCD. EOF, GOH 
are paraUel to AB, BC respectively. Prove that 
paraUelogram AO = parallelogram CO. 

tEz 1006 . Any straight Hne drawn through the centre of a parallelo- 
gram (i.e. through the intersection of the diagonals) bisccU the paraUelogram. 

Ez. 1006. Show how to divide a paraUelogram into three equal 



paraUelograms. 

Ex. 1007. Show how to bisect a paraUelogram by a straight line drawn 
perpoDdicular to dk side. 

. This exercise appears in old books on Geomohy as a 
was used by Euclid in the proof of later propositions. It was 
follows: “The complements of the parUlelograms which are about the 

disgonal of any narallelogram are equal. 


EXERCISES ON AREA 


isr 


tBx. X008. E i 3 any point on the diagonal AC of a parallelogram 
A 6 CD. Provo that aABE=aADE. 

+Ex. 1008« Produce the median BD of a triangle ABC to E, makin g 
DE=DB, Provo that aEBC=aABC. 


tBz. lOlO. P, Gi are the mid*points of the eides 
BC, AD of the trapezium ABCD; EPF, GQH are 
drawn perpendicular to the base. Prove that 
trapeziumssrectangle GF. (See fig. 184.) 

fig.* 184. 

tEz. XOXX. L, M are the mid-points of the parallel sides AB, CD of 
a trapezium ABCD. Prove that LM bisects the trapezium. 



tEz. XOXa« InEz. 1011 O IS the mid-point of LM j prove that any lino 
through O which cuts AB, CD (not produced) bisects the trapezium. 

tE^ 10X3. Prove that the area of the parallelogram formed by joining 
the mid-points of the aides of any quadrilateral ABCD (see Ez, 73C) is half 
the area of the quadrilateral. 


tEL loxa. ^0 medians BD, CE of a ABC intersect at Q ; prove that 
quadnlateial ADGE= a BQC. (Add to each a certain triangle.) 


The ThEOREH op PTTH.4QORAa. 

Kg. 185 represents an isosceles right-angled triangle with 
squares described upon each of the 

sides. The dotted lines divide up the 
squares into right-angled triangles, 
each of which is obviously equal to 
the original triangle. This sub-division 
shows that the square on the hypo- 
tenuse of the above rightangled tri- 
angle is equal to the sum of the squares 
on the sides containing the right angle. 

(A tiled pavement often shows this 
tact very clearly.) 


/ 

\ 

\ 

s 

\ 

V 

s 



X 

\ 

> 

\ 

s 

\ 

\ 

\ 

* - 



fig. 185. 



188 


BOOK n 


1[£x. 1016. Constructaright'angledtrianglewith 
sides of 3 cm. and 4 cm. containing the right angle. 

Construct squares ou these two sides, and upon 
the hjrpotenuse. Measure the length of the hji>o- 
tenu.-C, and ascertain whether or no the square on 
the hypotenuse is equal to the sum of the squares 
on the sides containing the right angle. See fig. 186. 

Ex 1016. Bepeat Ex. 1015 taking 4*3 cm. and 
6*5 cm. as the sides containing the right an^e. 

Ex. 1017. Draw a good-sized scalene right-angled triangle ABC, right- 
angled at A. Measure the three sides and calculate the areas of the squares 
upon them. Add together the areas of the two smaller squares, and arrange 
^our results like this — 

AB=.,,cm., sq. on AB = ...8q. cm., 

AC = ...cm., sq. on AC— ...sq. cm., 
sum of sqq. on AB, AC = ...sq. cm., 

BC— ...cm., sq. on BC = ,..sq. cm. 

Ex loie. Bepeat Ex. 1017 with a difierent right-angled triangle. 

Ex 1019. Bepeat Ex. 1017 making ^A=60° instead of 90^ 
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Ex. i020i In fig. 187 find (in squares of tho paper) tho area of the square 
BD by first finding the area of the square AG and then deducting the four 
triangles at the comers. Also calculate tho areas of the squares on AB and 
AC, and see whether these add up to the square on BC. 

Ex. X021. Repeat Ex. 1020 (drawing your own figure on squared paper) 
with difierent numbers instead of 8 and 13. 

The above exercises lead up to the fact that 

a right-angled triangle the square described on 
the hypotenuse is equal to the sum of the squares on the 
other two sides,” 

This famous theorem was discovered by Pythagoras (d.c. 570 
—500). Before proving it, tlio pupil 
may try the following experiment. 

Ex. 1022 . Draw (on paper or, better, on 
thin cardboard) a right-angled triangle and 
the squares oo the three sides (see fig. 183). 

Choose one of the two smaller squares and 
cut it up in the following manner. First 
find the centre of the square by drawing 
the diagonals. Then, through the centre, 
make a cut across the square parallel to BC, 
the hypotenuse, and a second cut perpen- 
dioular to BC. It will be found that tho 
four pieces of this square together with tho 
other small square exactly make up the 
Bqoore on the hypotenuse. 

(Perigal’s dissection.) fig* 188* 

The following exercises lead up to the meUiod cf ;>roQ/‘ adopted 
for the theorem of Pythagoras. 

i"Ex. 1023. On two of the aides AB, BC of any triangle A BC are described 
Squares ABFG, BCED (as in fig. 189); prove that triangles BCF, BDAaie 
congruent ; and that CF = DA. 

1024. On the sides of any triangle ABC are described equilateral 
triangles BCD, CAE, ABF , Uielr Tortioes pointing outwaxdB. Piotq that 
AD=BE=CF. 
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Theorem 5. 

[The Theorem op Pythagoras.] 

In a right-angled triangle, the square on the hypo- 
tenuse is equal to the sum of the squares on the sides 
containing the right angle. 

Q 



Data ABC is a triangle, right-angled at A. 

The figures BE, CH, AF are squares described upon BC, A, 

AB respectively. 

To prove tiiat sq. BE = sq. CH -t- sq. AF. 

Construction Through A draw AL || to BD (or CE). 

Join CF, AD. 


Proof 


^ABDsAFBC-^ 




rt Z. CBD = rt. L. FBA, 
add to each L ABC, 
z.ABD= aFBC. 

Hence, in As ABD, FBC 

/ z.ABD = Z.FBC, 

AB = FB (sides of a square), 
BD= BC, 

. 

/. A ADD S AFCC. 


1 . la 
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AFBC = Jsq. AF I 
AABD = Jrect. BL ] 


sq. AF= rect. BL 
sq. CH = rect. CL 
.‘.sq. AF + sq. CH 

= 8q. BE 


/ Since eacli of the angles BAC, BAG is a 
right angle 

.‘. CAG is a at. linet l. 2. 

and this line is [[ to BF. 

A F BC and sq. AF are on the same base 
BF, and between the same parallels BF, CG, 

AFBC - J sq. AF. IL 4. 

Again A ABO and rect. BL are on the 
same base BD and between the same parallels 
BD, AL, 

\ .*. AABD = J rect. BU li. 4. 

' But AFBC = AABD. Prwed 

sq. AF .= itct. BL. 

lu a similar way, by joining BK, AE, it 
may be shown that 

sq. CH rect. CL. 

Hence 

^ sq. AF+ sq. C^: = rect. BL + rect. CL 

= 8q. BE. 
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An alternative method of ‘proof is indicated below ; tha pupil 
should work out for himself the actual details of the proof. 

The figs. AF, GE are two squares placed side by side. 

Mark off AC = GK and join BC. 

Then BAG is a rt. z.** A and AF, 

GE are equal to the squares on the 
sides containing the right angle. 

Produce G F to D so that FD = G K. 

Join BD, DE, EC. 

Prove that A* BAG, CKE, DHE, 

BFD are congruent. 

Prove that fig, CD is a square, 
namely the square on the hypotenuse fig, 190. 

of ABAC. 



From the figure AKEHFB subtract the triangles (1) and (2) 
and fit them on to (3) and (4), thus making up the sq. CD. 



fig. 191. 

Another proof of the theorem is shown in fig. 191. 

The triangles marked 1. 2, 3. 4, 5, 6, 7, 8 are all congruent 
right-angled triangles, A is the square on the hypotenuse of one 
of these triangles, B and C are the squares on the sides containing 
the right angle. A. little consideration will make it evident that 

A= B 4- C. 
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£x. 1026. What is the sido of a square whoso area is *i sq. in. » d sq. in. ; 
2G eq. cm. ; 17 sq. cm. ; 2 sq. in. ; 6 sq. rnUcs j sq. in. ; 6 sq. cm. ? 

Es. 1026 . 'Wliat is the square on the hypotenuso of a right*anglcd 
triangle if the sides containing the right angle are 6 cm, and 8 cm.? Hcnco 
caJculato the length of the hypotenuse. Verify by drawing. 

Note on “ error per cent.” In cases where a result is 
obtained both by calculation and by drawing, it will gencnilly be 
found that there is a slight disagieement. To see whetlicr this 
disagreement, or “ error,” is serious, it is nccoss.ary to rcluco it to 
a percentage. Thus, the calculation in lilx. 102G would bo as 
follows : — 

Bum of sqq. on fiidc.s — (G" -t b*) s<i. cm. 

= (3G + G-t) sq. cm. 

= 100 sq. cm., 
sq. on hypotenuse — 100 sq. cm., 

hypotenuse = ,y 100 cm. 

= 10 cm. (by calculation). 

Suppose that we find hypotenuse = 9*95 cm. (by drawing), 

error = 0-05 in 10 
— 0-5 in 100 
= 0*5 per cent. 

N.B. (1) It is not necessary to calculate the “error 
per cent.” to more than one significant figure. 

(2) Do not be satisfied until your error is less 
1 per cent. 

Work tkc flowing cJxrcUea (i) ly calculation^ (ii) htj dratoing, in every 
case making a rough estimate of the error per cent. Every calculation is to 
he “ to three significant figures,** 

Ex. 1027. Find tho hypotenuEe of a right-angled triangle when the 
sides contcuning the right anglo are 

(i) 5 cm.. 12 cm., (u) 4*5 in., Gin., 

(iii) 7-8 cm-, 9*4 cm,, (iv) 2-34 in., 4-C5 in. 

(v) 4^ miles, 52 miles, (vi) 65 mm., 83*5 mm. 
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Ex. I02B. Find the remaining side and the area of a right-angled 
given the hypotenuse and one side, as follows: — 


(i) hyp. =15 cm., side =12 cm.; (ii) 
(iii) hyp. = 8 in., side =4 in.; (ir) 

(v) hyp. = 143 mm., side=71'5mm. 


byp. = 6 in., side=4in.; 
hyp.=160 mm., 8ide=100 min.; 


Ex. 1020. A flag-stafif 40 ft. high is held up by several 50 ft. ropes ; each 
rope is fastened at one end to the top of the flag-staff, and at the other end 
to & peg in the ground. Find the distance between the p^ and the foot of 
tho flag-staff. 

Ex. 1030. Find the diagonal of a rectangle whose sides are (i) 4 in. and 
6in., (ii) 9cm. and 11cm. 

Ex. 1031. Find the remaining side and the area of a rectangle, given 

(i) diagonalslO cm., one side— 7 cm.; (ii) diagonal=4*63 in., one side 
= 3-47 in. 

Ex. 1032. Find the diagonal of a square whose aide is (i) 1 in., (ii) 5 cm., 
(iii) C'72cm. 

Ex. 1033. Find the side and area of a square whose diagonal is (i) 2 in., 

(ii) 10 cm., (iii) 14-14 cm. 

Ex. 1034. Find the side of a rhombus whose diagonals ora 

(i) 16cm., 12cm.; (u)6in., 4in. 

Ex. 1035. Find tho altitude of an isosceles triangle, given (i) bajo = -I la., 
Bidc = 5in., (ii) base.-^G4mm., side«40mm. 

Ex. 1036 . Find the altitude of an equilateral triangle of side lOcm. 


Ex 1037. In fig. 192, ABCD represents a square of 
side 3 in,; AE=AH = CF = CG = 1 in. Brove that EFGH 
is a rectangle; find its perimeter and diagonaL 

Ex. 1038. Find how far a t.'avcller is from his starting 
point after the following journeys;— (i) first 10 mil^ N., then 
8 miles E., (ii) first 8 miles E., then 10 miles N., (m) 43 km. 
aw. and 32 kni. S.E.,' (iv) 14 miles S., 10 mU^ E., 4 nulesh. 
(Iry to complcto a right-aiiglod trianglo having b 
tenuse), (V) 4 mUcs E., 6 miles N., 3 mUes E,, 1 mUe N. 



fig. 192. 
lino for hypo- 


Ex. 1038 . (Inch papor.) If the coordmates of a point P (1, I) 
of.Q (2, 3), find tho distance Pa (PQ is the diagonal of a certam rectangle.) 
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Ex. 1040. (Inch paper. ) la each of the following cases find the distance 
■between the pair of points whose coordinates are given : — (j) (2, 1) and (1, 3) j 
(ii) (0. 0) and (3, l)j (iii) (2, 0) and (0, 3); (iv) (-1, -1) and (2.’ 1)! 

(t) (-2, 2) and (1, -2); (vi) {0*4, 1*3) and (2-3, 0*4); (rii) (-0-9, 0*4) and 

(1*6, -0-7). 

Es. 1041. Find the lengths of the sides of the triangle whose vertices 
are (2, -2), (0, -3) and (-2, 1). 

Ex. 1042. Newhaven is 90 miles N. of Havre, and 60 miles E, of Ports- 
month. How far is it from Portsmouth to Havre? 

Ex. 1043. St Albans is 32 miles N. of Leatherbeod, and Lcathcrhcad 
is 62 miles from Oxford. Oxford is due W. of St Albans; how far is Oxford 
from St Albans? 

Ex. 1044. A ship’s bead is pointed N., and it is steaming at 16 miles 
per hour. At the same time it is being carried E, by a current at the 

late of ^ 4 miles per hour. How far does it actually go in an hour, aud in 

what direction? 

4 

^ Ex. 1045. Two men arc conversing across a street 30 feet wide from the 
■windows of their respective rooms. Tlieir heads aro 15 ft. and 30 ft. from 
the level of the pavement. How far mu.et their voices carry? 

Ex- 1043. ^ A man, standing on the top of a vertical cliff 700 ft. high, 
estimates the distance from him of a boat out at sea to bo 1500 ft. How far 
is the boat from the foot of the cliil? 

Ex. 1047. A ladder GO ft. long is placed against a wall with its foot 20 ft, 
from the foot of the wall. How high will the top of the ladder be? 

Ex. 1048. A field ABCD is right-angled at B and D. AB=;400 vards 
AD = 300 yards, tho diagonal AC=500 yards. Find tho area of the field. ’ 

Ex- 1043. Find the distance between the summita of two colonuis GO 
and 40 ft. high respectively, and 30 ft. apart. 

Ex. lose. An English battery (A) finds that a Boer gtm is duo N- at 

a range of 4000 yards. A second English battery (B) arrives, and takea*UD 

a pre-arranged position 1000 yards E. of A. A signals to B the range and 

dm^tion in which it finds the enemy’s gun. Find the range and direction in 
winch B must fire. 

Ex. 1061, 'SVhat ia tho hypotenuse of a righWmglcd triangle whose 
Sides are a and b in.? “**i«*o 
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Ex. 1062 . “What is the remaining side of a right-angled triangle which 
has hypotenuse =zx in. and one side =y in. ? 

If further practice is needed, the reader may solve, by calculation. 
Ex. 234—239, 242, 244, 247, 249, 255, 256. 


Ex. 1053. Given two squares of different sizes, show how to construct 
a square equal to the sum of the two squares. (Will the side of the new 
square bo equal to the sum of the sides of the old squares ?) 

Ex. 1054. Construct a square equal to the sum of the squares BD, AG 
in fig. 187, and measure the side of the resulting square in inches. 

Ex. 1055. Given two squares of different sizes, show how to construct 
a square equal to the difference of the two given squares. 

Ex. 1056. Construct a square equal to the difierence of the squares 
BD, AQ in fig. 187, and measure the side of the resulting square in inches. 

V.T. 1057« Draw three squares of difierent sizes and construct a square 
equal to the sum of the three squares. (Begin by adding together two of 
the squares and then adding in the third.) 

Ex. 1058. Make a square to have twice the area of square BDinfig. 187. 

Square-roots found graphically. The square on a side of 
1 inch is 1 square inch The square on a side of 2 inches is 
4 square inches. "What is the side of a square of 2 square 
inches ? Clearly inches. Such a square may be constructed 
by adding together two 1 inch squares. If the side of tho 
resulting square be measured in inches and dec imals of an inch, 
we shall have an approximate numerical value of tj2. 

{The following exercUes are most easilg done on inch paper.) 

Ex. 1059. Construct a square of area 2 sq. in. Hence find to 
two places of decimals; check by squaring. 

Ex. 1060. Construct a square of area 6 sq. in. (by adding together 
squares of area 1 and 4 sq. in.). Hence find xJSi check. 

Ex. 1061. As in Ex. 1060 find graphically ^/10, ^/8, ^3, checking your 
zesolt in each cose. 
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In tho precjeding set o£ exercises a number of square roota 
have been found graphically. There were, however, gaps in the 
series, e.g. JZ did not appear. The square roots of all integers 
may be found in succession by the following construction, which 
is most easily t>er£ormed on accurate inch paper. 



fig. 193. 


Draw OX «« 1 inch and draw at O a line of tmlimited length 
perpendicular to OX. Mark oflf OA^^OX = 1. Then A^X » *y2. 

Mark off OAa = AjX = 

Then A^X^^OAs^ + OX^ 

= W 2 )^ + ( 1 )“ 

= 2 + 1 

= 3, 

AsX=^3. 

Mark off OA, = A 3 X = ^3, 

0A4 = AsX, 

0 A 5 =A*X, & 0 . 

We now have 

OAi=7l, OAa=V2, 0A,= 73, 0A4=V^ 0A,= ^O. &c., 
and, by measurement, these square roots may be determined. 

t£x. loea. Prove z. 16 by zneans of Pythagoras* 

t£x. 1003 , AD is the altitude of a triangle ABC. Prove 

AB>-AC3»BDa~CD*. 
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Kx. 1064. In y.T. 1063 let AB=3 in^ AC=2 in., u. Calculate 

BD^- Cpa. Hence find BD - CD. 

[BD3-CD2= (DD-CD) (BD + CD) = (BD-.CD) BC.] 

Knowing BD — CD and BD + CO, joa may now find BD and CD. Hence 
find AD. Hence find area of aABC. Verify all year calctilatione by 
drawing. 

Ex. 1065. Bepeat Ex. 1064, taking ABsSin., AC&:2in., BCB4in. 

tEx. 1066. PQR is a triangle, right-angled at €L On QR n point S is 
taken. Provo that PS*-f- ClR-= PR*-f ClS% 


+Ex. 1067. ABC is a triangle, right-angled at A. On AB, AC respectively 
points X, Y are taken. Prove that BY^ + CX®=XY®-f- BC^. 

+Ex. 1068. The diagonals of a quadrilateral ABCD intersect at right 
angles. Show that AB 24 -CD-= BC 24 . DA^. 

fEx. 1060. O is a point inside a rectangle ABCD. Prove that 

OA*-|-OC2s=OB2-|- OD3. 

(Draw perpendiculars from O to the sides of the rect an g le .) 

{The following ^-dimemiojuil exercises give further practice in. the use 
of Pythagoras* Theorem.) 

Ex. 1060 a. The edges of a certain cuboid (rectangular l«lock) are 
3", 4", G" j find the diagonals of the faces. 

Ex. 1060 b. A room is 18 ft. long, 14 ft. wide, 10 ft. high. Find the 
diagonals of the walls. Find the diagonal of the floor. 

Ex 1060 c. Find the length of a string stretched across the room in 
the preceding exercise, from one comer of the floor to the opposite comer of 

the celling. 

Ex. 1060 d. Find the diagonal of the face of a cubic decimetre. Also 
find the diagODal of the cobe* 

Ex. 1060 e. Find the slant side of a cone of (i) height 6'S base-radius 
3'^; (ii) height 4-6 cm., base-radius 7-5 cm.; (iii) height 5o mm., ba-^w- 

diameter 46 mm. 

Ex. 1060 Fina the height of a cone of (i) slant side 10'S base-radius 

4" ; (ii) slant side 5-8 m., base-diameter 11 m. 

Ex. Z069 g. Find the baso-radius of a cone of (i) slant aide 7 ft., height 
6ft. ; (ii) slant side 11-3 cm., height 67 mill i m etres. 
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Theorem 6.f 

[CoNVEiusB OF Pythagoras’ Throrem.] 

If a triangle is sucii tliat the square on one side is 
equal to the sum of the squares on the other two sides, 
then the angle contained by these two sides is a right 
angle« 


B E 



Dala, The triangle ABC is such that BC® = AB* + AO*. 

To -prove that l BAG is a right angle. 

Construcliati Construct a ADEF, to have DE = AB, OF=AC, and 


L. EDF a rt. ^ . 

Proof Since EDF is a right angle, Constr. 

EF>=.DE*+ DF* 

= AB''^ + AC* Constr. 

= BC* Data 

EF = BC. 

Hence, in the As ABC, DEF, 

AB = DE, Congtr. 

AC=sDF, Constr. 

Ti'oved 

the triangles are congruent, 
i, BAC=sZ. EDF. 

Now L. EDF is a right angle, Cor^ept. 

i. BAG is a right angle. 


q. X. IK 
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Ex. X070. Are the triangles right-angled whose sides are 
(i) 8,17,15; (ii) 12.36, 34; (iii) 25*5, 25-7, 3-2; 

(iv) 4n, 4n’-l,4n’+l: (t) m=+n’, m’-n’, 2»n; (-ri) a, I, a+6? 


Ex. 1071. Bristol is 71 miles due W. ot Eeadhig; Beading « 65j^ea 

from Northampton: Northampton is 92 mUes from Bristol. Asocrtam whether 

NorthatBpton is doe N, of Keading* 


Ex. 1072. Ascertain (i) by measurement and oalcu^tion, (ii) by con- 
structing the triangle, whether a right-angled triangle could be mode havmff 

for sides the lines d, h in fig* 8* 

Ex. 1073. Aaeertain, by considering the lengths of the sides, whether 
the triangle of Ex. 821 (i) is right-angled. 

Fi 1074 Perform, and prove, the follorving consttnoUon for ereot^ 

a pfrpendicol'ar to a given straight line AB at i^ AC^ hfv^ 

“^4 CD^vTdfThtr aS « perpendienlar to AB. (Aneient Egyptmn 
method.) 
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Illusi’iiation op Alqebrajcal Identities nr means op 

Gkometricai/ Figures. 


Ifc has been showji that the area of a rectangle 4 inches long 
and 3 inches broad is 4 x 3 sq. inches. 

In the same way the area of a rectangle a inches long and 
h inches broad is ab sq. inches. 


{Caution. Notice carefully tne form of the above statement : — 
area = 4x3 sq. inches. Never say, 4 inches x 3 inches; which 
is nonsense. It is impossible to multiply hy a length — such as 
3 inches. The statement : — area of rectangle — length x breadth 
is really a convenient but inaccurate way of abbreviating the 
following statement : — the number of unite of area in a rectangle is 
equal to the product of the numbers of units of length in the length 
and breadth of the rectangle ) 


ITEx. 1075. What is the area of a rectatigle 
(i) X cm. long, y cm. broad; 

(11) 2x cm. long, 2i/ cm. broad; 

(iii) a cm. long, a om. broad (a sqoare)? 

ITEx. 1076. What is the area of a square whose la et inches? 

Ex. 1077. Wnte oot the accurate form of the statement of which the 
following is a convenient abbreviation: — area of square = square of its side. 

ITEx. 1078. Find an expression for the area of eaoh of the following 
rectangles (do not remove the brackets): — 

(i) (a+b) inches long, inches brood; 

(a+b) cm. long, (c + d) cm. broad; 

(iii) (a+b) cm. long, (a - b) cm. broad. 

IfEx. 1070. What is the area of a square whose aide ia (a + d) inches? Is 
the answer equal to (a- + b^ sq. inches? 

tEx. 1080 . What is the area of a square whose side is (a -6) inches? 
Is the answer equal to (o®— b^) sq, inches? 

ITBx. 1081. Simplify the following expressions ty removing brackets 
(i) (a+b)(c+<i), (ii) (a+b)*, (ui) (a-b)«, 

(i?) (a+b)2+(a-b)2, (v) (a+b)*-(a-b)*. 






B I 
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(A) Geometrical illustration of the identity 

{a + h)k^alc + hk. 



p Q b R 


fig. 105 . 


liOt PQ = a imits of length, QR = 6 units of length. 

Then PR = (a + b) units of length. 

At P, Q, R erect equal perpendiculars PS, QT, RV ; the length 
of each being k units of length. 

Then STV is a straight line 1| to PQR ^ 23, Cor. 

and all the figures are rectanglea 

Rect. PV = (a + 6 ) A; units of area. 

Rect. PT = oJi „ y, 0 
R/ect. QV ~ hJi yy n 

But rect. PV - rect. PT + rect QV, 

(a +b) k=ak-¥hk. 


f9 


ITEx. 1082. In the above proof, why would it have been wrong to Bay, 
pR=a6 nniU of length, instead of (a+b)? 


Ex. 1083. Giw geometrical iUuetraUons of the foUowii^ identities (he. 
draw figures and give explanations) : 

(i) (u + 6 +c) kscik + bk+ckf 

(ii) {d — 6) /• = 

(ill) absha. 
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{B) Geometrical lUustration of the identity 

(a + h) (c + d) = ac + 0c + ail + bd. 


X a Y 
d 


A 



bd 

( ’ 

1 

1 

ac 

bo 


O 

fig. I'JG. 


a 

V 

c 


In the figure, all the angles are right angles and all the figures 
rectangular. 

Also PO, QR, PS, SX are respectively a, 6, c, units of 
length. 


Tlien PR = (a + 6) units of length, PX = (c + d) units of length. 

Kect. PZ = (a + 6) (c + <i) units of area. 

Rect. PT = ac 

Ilect. OV = he 

Rect. SY ^ ad 

Rect. TZ = hd 


>9 f9 


>9 

99 

99 


99 99 99 


3ut rect. PZ is the sum of rectangles PT, QV, SY, TZ, 

/• (a+^) (c -i- d)sac‘i-bc+ad+bd. 
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(C) Geometrical iUnstration of the identity 

(a + 6)* + 6* + 2a6. 


X n \ bZ 


ab 1 

b2 

T 

ab 


P a Q fr R 


fig. 197. 


X<€t PQ =s <x- units of longth, OR = b units of 
Then PR = (a + 6) units of length. 

On PR construct the square PRZX. 
rrom PX cut off PS = PO = a units of length. 


Through €l draw OTY 1| to PX. 

Through S draw STV |[ to PR. 

Then all the angles formed are right angles, and all the 


figures rectangular. 

Also PT is a square. (Why S) 

I Again RZ = (a + h) units of length, 

and RV = PS = a » a >» 


TZ is a square h 


.\yz= b „ « 

andYZ = €iR*=6 »i « 


It 

It 


^ /. TZ is a square^ 

Sq. PZ = (» + bf units of area- 

Sq. PT = »> >» >» 

Sq. TZ = » 

Rect. SY — oh »> >» >i 

Rect. QV = oh „ )) j» 

Butsq. PZ=6q. PT + sq. TZ + rect, SY + root aV, 

(a + 6)* = a* + + 2a^. 
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V,T. 1084. . State tbe alxjve result in words. 

Ex- 1086. Prove algebraically that 

(o+6+c)®sa=*+t*+c3+2I><; + 2ca+2a6; 

iOso give a geometrical illustration of the identity. (It -mil be enough to 
draw a figure, and mark the lengths and areas.) 

Ex, 1086. Illustrate the identities (i) = (U) {2<i) (3i) = 6a6. 

Numerical cases of identities may be illustrated on. squared 
paper. !For instance, to illustrate the identity 

(x + 4) (a; + 6) = a:® + 10a: + 24. 
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fig. 19S. 

In fig. 198 AB = 6 units of length, 

AD = 4 units of length, 

BC= DE = a; units of length (any length). 

The numbers inside the rectangles denote the areas. It 18 
now obvious how the figure illustrates the given identity. 

Ex. 1087a By means of figures, illustrate the following identities;--r 

(i) (r4-5) (’®+®)^®'+^4 x+46, 

Cd) (y+7)*3y5+14y+49, 

Cm) 5{x+12)=6x+60, 

dv) 5 (x — 12) = fix — 60 (when x >■ 12% 

(v) 6 (12 — x) s 60 - fix (when x < 12), 

(vi) a(b4-16)sab4'16a. 



liOOIi U 


2C() 

(D) Geometi ioal illusti'ation of the identity 

(a — b)- + 6 ' — 

2 Y 



fifj. 199. 

Iiet PQ = a units of lengtU. 

From PQ cut off the length QR, containing b units. 

Then PR = (a - 6) units of length. 

On pa construct the square PaXW ; its area is a* units of aroiw 
On aR construct the square ORZY as in the figure. 

The area of this square is units of area. 

Then the whole figure contains (a* + 6“) units of area. 

From PW cut off PS = PR = (ffi - b) units of length. 

Then SW = PW — PS = a - (a - i) units of length 

ss h 79 

Through S draw ST |[ to PQ; produce ZR to meet ST m V. 
All the figures so formed are rectangular. 

Also figure SR is a square, and contains {a-bf units of area. 

Kect. WT contains ah units of area. 

Lastly, in rect. VY, side YZ = QR « 6 units of length, 

and side YT = YQ + QT 

= RO + PS 

= 6 + (a — 6) units of length 

^ <l 77 7> 

Rect, VY contains ah units of area. 

Now sq. SR = wliole fig. - rect. WT - rect. VY, 

=a* + 6’--2ai. 

TT.f losa. state tii'> atoove re«alt In worde. 
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— 6* = (a + i) {a — b). 
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b R®^ 

fig. 200. 



fig.20L 


Let PO= a units of length. 

On PG construct the square PS ; its area is a* units of orea^ 

Erom PQ cut off the length PR, containing 6 units of length. 

From PT cut off PX = PR ; through X draw^ XY [| to PGt 

Through R draw RZ [| to PT to meet XY in Z. 

All the figures so formed are rectangular. 

Also PZ is the square on PR ; its area is 6* units of area. 

If sq. PZ is subtracted from sq. PS, there remains the shaded 
part of the figure. 

Tlie area of the shaded part is therefore (a* — 6*) units of area. 

Now this part is composed of the rectangles XS and RY. 

These rectangles have the same breadth, namely {a — 6) units 
of lengtK (Why i) 

They might therefore be placed end to end, so as to form a 
single rectangle (as shown above on the right). 

The length of this single rectangle = TS+ ZR“ (a + i) units 
of length, and the area of this rectangle = (a + 6) (a b) units 
of area, 

a* — 6* = (a + 6) (a — d). 


£x. 1009. state tne above veaolt in wonts 
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Express each of the following theorems {Ex. 1090 — 1093 ) as an algebraieal 
identity s prove the identity. 


£z. 1090. Zf tliere are two stralgbt lines, one of whlcb is divided 
into any number of parts (r, y, z say) while the other is of length a, 
then the rectangle contained by the two straight lines is equal to the 
sum of the rectangles contained by the undivided straight line and 
the several parts of the divided line. (Draw a figure.) 

Ex. 1091. If a straight line is divided into any two parts (x and y), the 
square on the whole line is equal to the sum of the rectangles contained by 
the whole line and each of the parts. (Draw a figure.) 

Ex. 1092. If a straight line is divided into any two parts, the rectangle 
contaiued by the whole line and one of the parts is equal to the square on 
that part together with the rectangle contained by the two parts. (Draw 
a figure.) 

Ex. 1093. If a straight line is divided into any two parts, the 
square on the whole line Is equal to the sum of the squares on the 
two parts together with twice the rectangle contained by the two parts. 
(Draw a figure.) 


Ex. 1094. What algebraical identity is suggested 
by fig. 202? (Take AO = OB=a. OP=b.) 

Ex. 1096. Express and prove algebraically: — ^If 
a straight line is divided into any two parts, four 
times the rectangle contained by the whole line and 
oue of the parts, together with the square on the other 
part, is equal to the square on the straight line which 
is made up of the whole line and the first part. 


9 

■ — 





fig. 202, 


Ex 1096. Prove that the square on the difference of the sides of a 
right-aoBled triangle, together vvith twice the rectangle untamed by the 
Bides, is equal to the square on the hypotenuse. (Use Algebra.) 


Ex. 1097 . If a straight line AB (length 2x) is bisected at O 
divided nnequaUy at a point P (distant ,J from O), what are ^e 
the two unequal parts AP, PB ? Prove atg.braicaUy that «>* 
contalrred by the rmoqrml parte, together with the eqnar. on 
between the points of Motion (OP), ie equal to th. «,nax. on half th. 


original line* 
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Ex. 1098. Sliow that iu the above exercise AO is half tbe sum of 
AP, PB ; and that OP is half the difference of AP, PB, (Most easily proved 
by Algebra.) 

Ex. 1099. If a straight line AB (length 2x) is bisected at O, and pro- 
duced to any point P (O P = ?/) tbe rectangle contained by tlie whole line thus 
produced and the part of it ])roduced, together with the square on half the 
original line, is equal to the square on the straight line made up of the half 
and the part produced. 

Ex. IIOO. If a straight line is divided into any two parts, the som 
of the sqnarcs on the whole line and on one of the parts is eqnal to 
twice the rectangle contained by the whole and that part, together 
with the square on the other pax^ (Draw figure.) 

Ex. llOl. If a straight line AB is bisected at O and also divided 
unequally at a point P (as in Ex. 1007), the sum of tbe sciuares on the two 
unequal parts is twice tbe sum of the squares on half the line and on the 
line between the points of section (OP). 

Ex. 1 102. If a steaight line is bisected and produced to any point 
(as in Sx. 1099), the sum of the squares on the whole line thus 
produced and on the part produced, is twice the sum of the squares on 
half the original line, and on the line made up of the half and the part 
produced. 

Ex. 1103. Four points A, B, C, O are taken in order on a straight line : 
prove algebraically that AB . CD + BC . AD = AC . BO. (Take AB = .c, 
BC = y, CD = 2.) 

Verify numerically. 

Ex. 1104. If a straight line is bisected and also divided unequally (as 
in Ex. 1097) the squares on the two unequal parts are together equal to twice 
the rectangle contained by these parts together with four times the square 
on the line between the points of section. 
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Pbojections. 

Dep. If from, the extremities of a line AB perpendiculars 
AM, BN are drawn to a straight line CD, then MN is called the 
projection of AB upon CD (figs. 203, 204). 


B 



fig. 203. 


A 



ITEx. 1105. In fig. 189 n&ine the proiectioa of AB upon DE; of AE upon 
6C; of AC upon AL. 

HEs. 1106. In fig. 208 name the projection of AC upon BN ; of BC upon 
NC. 

If Ex. 1107. (On squared paper.) "Wliat is the length of the projection 
<i) upon the axis of x, (ii) npon the axis of y, of the straight lines whose 
extremities are the points 

(c) (2, 3) and (C, 6). 

(h) (2, 4) and (6, 7). 

(c) (0, 0) and (4, 3). 

(d) (-1, -3) and (3,0). 

(0 (-5,0) and (-1,3). 

(/) (1, 1) and (5, 1). 

(p) (0. -2) and (0,2). 

tEx. 1108. Prove mat tlio projectlona on the same stralent line of 
equal parallel stralelit lines are equal. (See fig. 205.2^ 

tEx. IIOO. O is the mid-point of AB j the pro- 
jections of A, B, O npon any line are P, Q, T. 

Prove that PT = QT. 

TEx. I no. Measure the projection of a line of . ^ a ♦v,- 

length 10 cm. when it makes with the line upon which it is projected the 
foUcwing angles 30^ 46% 60®, 76% 90®. Draw a graph. 



fig. 205. 


piiOJEcnoNS 211, 

nil. hi what case is the projection of a line equal to the line 

itself? 

HEx. Ilia. In what case is the projection of a line zero? 

Ex. 1113. Prove that, if the slope of a Une is 60®, its projection is 
half the line. 

[Consider an eqoilateral triangle.] 

Ex. 1114. K pedestrian first ascends at an angle of 12® for 2000 yards 
and then descends at an angle of 9® for lOOOyards. How much higher is 
he than when he started? M'hat horizontal distance has he travelled 
(i.c. what is the projection of his journey on the horizontal)? 

Ex. 1116 . The projections of a line of length I upon two lines at right 
y.Tig 1 oa are x, y. Provo that 

H Ex. 1116. How does the projection of a lino of given length alter as the 
elope of the line becomes more and more steep? 

Note. It may bo necessary to 
produce the Une upon which we pro- 
ject, e.g. if required to project A3 upon 
CD in fig, 206, wo must produce CD. 

C 
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fig. 206. 


BAG, BACj, BACa (fig. 207) are triangles respectively right- 
angled, acute-angled, and obtuse-angled 
at A. 


Also 
Hy I. 19 
Now 


AC = ACi = ACa- 

BCi < BC and BCa> BC. 

BC‘ = CA® + AB* 

BCi* = CjA® + AB® — some area, 

BCa® = CjA® + AB* + Eome area. 

The precise value of the quantity referred to as ‘^some area 
is given in the two following theorems. 



and 


fi'?. 207. 
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« 

Theorem 7. 


In an obtiise>angled triangle, the square on the side 
opposite to the obtuse angle is equal to the sum of the 
squares on the sides containing the obtuse angle plus 
twice the rectangle contained by one of those sides and 
the projection on it of the other. 


c 



Data The A ABC has z. BAG obtuse. 

CN is the perpendicular from C upon BA (produced), 

AN is the prcijection of AC upon BA. 

Let BC=a units, CA=6 units, AB=c units, AN =p units, CN =h units. 

To prove tluxt DC“ = CA“ + AB* + 2AB . AN, 

Le. that a* = ft* c* + 2cp. 


Proof 


Since A BNC is right-angled, 

BC*= BN* + NC^, Pythagoras 

Le. d* = (c + py + h* 

= + 2c^ + ^?* + A*. 

But AANC is right-angled, 

2r + A* = ft*, Pythagoras 

a* r= + 2(7? + ft*, 

Le, BC* = AB* + 2AB , AN + AC*. 


q. *. n 
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Theorem 8. 

In any triangle, the square on the side opposite to an 
acute angle is equal to the sum of the squares on the sides 
containing that acute angle minus twice the rectangle 
contained by one of those sides and the projection on it 
of the other. 





I 

i 


/ 


2)ata The A ABC has z. BAG acute. 

CN is the perpendicular from. C upon AB (or AB produced), 

AN is the projection of AC upon AB. 
l^et BCrsa units, CA =6 units, AB =c units, AN «= p units, CN = A unite. 


To prove that BC* = CA® + AB“ - 2AB . AN, 

Le. that a® = 6® + c® — 2cp. 

Proqf Since A BNC is right-angled, 

BC* = BN*-t-NC®, 

ia in fig. 209, a“ = (c — p)® + h\ 
in fig. 210, a* = (p — c)® + A*, 
in both figiires, 
a* = c^ — 2cp -f p® + h\ 

But AANC is right-angled, 

.*. o* = c® — 2cp + 6®, 

lo. BC® = AB* - 2AB . AN { AC*. 


Fyihayor<u 


PyOuLgoraa 


Q. X. u 
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tEx. 1X17. Write out the proof of u. 8 for the case in which z B is a right 
angle. What tioes the theorem become ? 

Ex. me. Verify the truth of n. 7, 8 by drawing and measurement. 
Ex. 1119. What is the area of the rectangle referred to in the enuncia* 
tion of n. 7, 8 for the following cases : — 

(i) c=5cm., 6=:4cm., z BAC^ISO® (by drawing); 

(ii) c=ocm., 6=:4cm., Z BAG = 60® (by drawing) ; 

(iii) c=3in., &=2in.» a=4in. (bycalculation; cbeckby drawing); 

(iv) c = 3io., &=2in., a=2m.( ,, )t 

Ex. 1120. By comparing the square on one side with the sum of the 

squares on the two other sides, determine whether triangles having the follow> 
ing sides are acute-, obtuse-, or right-angled (check by drawing ) : — 

(i) 3, 4, 6; (ii) 3, 4, 3; (iii) 2. 3, 5; (iv) 2, 3. 4; (v) 12. 13. 5. 

Ex. 1121. Given four sticks of lengths 2, 3, 4, 5 feet, how many triangles 
can be made by using three sticks at a time? Find out whether each triangle 
is acute-, obtuse-, or right-angled. 

Ex. 1122 . Calculate BC when 

AB=10cm., AC=8cm., zA=60® (See Ex. 1113.) 

Ex. 1123. Calculate BC when 

AB = 10cm„ AC=8cm., zA = 120®. 

Ex. 1124. Bristol is 26 miles E. of Cardiff; Reading Is 70 miles E. of 
Bristol; Naseby is due N. of Reading and 95 miles from Bristol. Calculate 
the distance from Cardiff to Naseby, and check by measurement. 

Ex. 1125. Brighton is 48 miles S. of London; Hertford is 20 miles 
N. of London; Shoeburyness is due E. of London, aud 64 miles from 
Brighton. How far is it from Hertford ? Verify graphically. 

Revise Ex. 256. 

ITEx. 1126. Suppose that Z A in fig. 208 becomes larger and torger till 
BAG is a straight line. What does n. 7 become in this case ? 

tEx. 1137. Suppose that ^.A in fig. 209 becomes smaller and smaller tiU 

C is on BA. What does n. 8 become in this case? 


fEx. 1128. lu the trapezium A BCD (fig. 211), prove 
that AC=+ BD 2 = AD 2 + BC=^+2AB. CD. 

(Apply II. 9 to A* ACD and BCD.) 
fEx. 1129. D is a point on the base BC of an 

isosceles A ABC. Prove that AB''‘=AD*+ BD . CD. 

(Let O be mid-point of BC, and suppose that D Ues between B and O. Then 

6D = BO-OD, CD = CO + OD=BO-l-OD.) 



t 
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•fEx. ]il30. ABC is an isosceles A (AB=sAC); BN is an altitude. Prove 
thatSAC. CN = BC2. 

fEx. 1181. BE, CF are altitudes of an acute-angled A ABC. Prove that 
AE.AC = AF.AB. 

(Write down two different expressions for BC®.) 
fEi. 1132. In the figure of Ex. 1131, BC2 = AB . FB + AC. EC. 


' Theorem 9. Apollonius’ Theorem. 

In any triangle, the sum of the squares on any two 
sides is equal to twice the square on half the third side 
together with twice the square on the median which 
bisects the third side. 


DoAa ABC is a triangle, D is the mid- 
pt. of BC. 

To^QKseihrU AB® +AC*=2BD®-f 2AD® 

Const/ruction From A di’aw AN i to 

BC. 

Vroof Suppose that, of the L s ADB, 
ADC, ^ADB is acute. 

Then, from AABD, since 


A 



fig. 211a. 


A ADB is acute 

AB®=BD®+AD®-2BD.DN n. a 

and, from AACD^ since a ADC is obtuso 

AC® = CD® + AD®-f2CD. DN. 11.7. 


But BD = CD, 

AB® + AC® = 2BD® + 2AD®. 


q. i:. i>. 


Ex. 1188. Use Apollonius' theorem lo calculate the length of the median 
of an equilateral triangle of side 2 in. Verify by Pythagoras’ theorem. 

Ex. 1184. Use Apollonius’ theorem to calculate the lengths of the throe 
medians in a triangle whose sides are 4, 6, 7. 

Ex. 1136. Repeat Ex. 1134, with sides 4, 5, 7. 
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Ex. 1136. Calculate the base of a triangle whose sides are 8 om. and 
16 cm., and whose median is 12 cm. Verify graphically. 

1139. The base BC oi an isoscelee a ABC is prodnced to D, so 
that CDs:BC; prove that AD2=:AC-t2BC-. 

tEx. 1138. A side PR of an isosceles A PQR is produced to S so that 
RS = PR: prove that QS-=2QR2+ PR^. 

+Ex. 1139. The base AD of a triangle OAD is trisected in B, C. Prove 
that 0A2 + 20D2=30C2 + 6CD2. 

(Apply Apollonius’ theorem to a* OAC, OBD ; then eliminate OB^) 

+Ex. 1140. In the figure of Ex. 1139, OA3 + ODS=OB2+OC2 + 4BC2. 

tEx. 1141. A point moves so that the sum of the squares of its distances 
from two fixed points A, B remains constant; prove that its locus is a circle, 
having for centre the mid-point of AB. 

fEx. 1142. The sum of the squares on the sides of a parallelogram is 
equal to the sum of the squares on the diagonals. 

fEx. 1 143 . In any quadrilateral the sum of the squares on the four sides 
exceeds the sum of the squares on the diagonals by four times the square on 
the straight line joining the mid-points of the diagonals. 

(Let E, F be the mid-points of AC, BD; apply Apollonius’ theorem to 
A" BAD, BCD and AFC.) 

tEx. 1144 . The sum of the squares on the diagonals of a quadrilateral 
is equal to twice the sum of the squares on the lines joining the mid-points 
of opposite sides. (See Ex. 736 and 1142.) 

fEx. 1146 . In a triangle, three times the sum of the squares on the sides 
sfour times the sum of the squares on the medians, 

ITEx. 1146. What does Apollonius’ theorem become if the vertex moves 

down (i) on to the base, (ii) on to the base produced? 
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Section I. Preliminaby. 


OXMKDEK- 


Dep. a circle is a line, lying in a piano, such that all 
points in the line are equidistant from a certain fixed point, called 
the centre of tlie circle. 

In view of what has been said already about loci wo may give 
the follo'wing alternative definition of a circle : — 

Def. a circle is the locus of points in a plane that lie 
at a fixed distance from a fixed point (the centre). The fixed 
distance is called the radius of the circle. 

The T?ord " circle ” has been defined above to mean a certain kind of 
curved line. The term is, however, often used to indicate the port of the 
plane inside this line. If any doubt exists as to the meaning, the line is 
CsJlcd tlio drcTunfcreiio^ of tHe circle^ 

Two circles are said to be equal if they have equal radiL 

If one of two equal circles is applied to the other so that tlie 
centres coincide, then the circumferences also ^viU coincide, 
o. s. (iv) 


u 
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Point and circle. A point may be 
either outside a circle, oa the circle or in- 
side the circle. The point Avill lie outside 
the circle if its distance from the centre >■ 
the radius; it will lie oa the circle if its 
distance = the nidius ; it will lie inside the 
circle if the distance •< the radius. 

Strai^t line and circle. A straight line cannot cut a 
circle in more than two points. In fact, an unlimited straight 
line may 

(i) cut a circle in two points, e.g. 

AB or CD in fig. 213. In this case the 
part of the line which lies inside the 
circle is called a cbord of the circle. 

(ii) Tlie lino may meet the 
circle in one point only; thus EF 
meets the circle in T. In this case 
the line is said to touch the circle; 
it is called a tangent ; T is called the point of contact of the 

tangent. 

The tangent lies entirely outside the <rircle and has one point, 
and one only, in common with the circle. Ic is obvious tliat 
there is one and only one tangent which touches the circle at a 
given point. 

(iii) The line may He entirely outside the circle, and have 
no point in. common with the circle, e.g. GH in fig. 213. 

A chord maybe said to be the straight line joining two points 
on a circle. If the chord passes through the centre it is caUed a 

diameter, e.g. AOB in fig. 213. 

The length of a diameter is twice the length of the radiusj 
all diameters are cquaL 

A chord divides the circumference into two parts called 
If the arcs are unequal, the less is called the minor arc an t e 
greater the major arc. 




I 
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Three letters are needed to name an are completely ; o.g. in fig. 213* CTO 
is c. minor arc, CBD a major arc. 

A. diameter divides the circumference into two equal arcs^ 
each of which is called a semicircle. 

It will bo proved below that the two semicirclea are equal. 

The term “ semicircle” like the term “circle” is used in two different 
senses ; sometimes in the sense of an arc (as in the definition) ; somclimca 
as the park of the piano bounded by a Bemi-cireumferenc© and the cor- 

S xeBponding diameter. 

u 

A segment of a circle is the part of 
the plane bounded by an, arc and its chord 
(fig. 214). A sector of a circle is the part of 
the piano bounded by two radii, and the arc 
which they intercept (fig. 214). 

fig. 214. 

^Ex. 1,147. A clrc\ilar hoop is out into two pieces; what is each called? 

I lEx. 1148. A penny is cut into two pieces by a straight cut; what is the 

shape of each piece? 

HEx. 1149. What geometrical figure has the shape of an open fan? 

^TEx. 1150. A certain gun in a fort lin.q a range of 5 miles, and can b© 
pointed in any ^rectioa from 15* E. of N. to 15° W. of N. What is the 
shape of the area commanded by the gun? 



Section IL Chord and Centbe. 

Symmetry of tiho circle. From what has been said about 
symmetry (Ex. 277 onwards) it will be seen that the circle is 
symmetrical about any diameter, and is also symmetrical about 
the centre. 

^x. 1191, Draw a circle of alKtuk 3 in. radius; draw a set of parallel 
chords (about 10) ; bisect each chord by eye. What is the locus of the mid- 
poiuts of the chords? [Freeltand.) 

TEx. 1152. Draw a circle and a diameter. This is an axis of symmetry. 
Mark four pairs of corresponding points. Is there any case in which a pair 
of corresponding points coincide? {Freehand.) 

ITEx. 1153. What symmetry is possessed by (i) a sector, (ii) a segment, 
(iii) an arc. of a circle ? 

B 2 
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Theorem L 


A straight line, drawn from the centre of a circle to 
hisect a chord which is not a diameter, is at right angles 
to the chord; 

Conversely^ the perpendicular to a chord from the 
centre bisects the chord. 



fig. 215. 


{1) D(Ua OD is a straight line joining O, the centre o£ ©ABC, 
to D, the mid-point of the chord AB, 


To “prove tJuU 
Coiistruction 
Troof 


OD is J. to AB. 

« 

Join OA, OB. 


Tn the As OAD, OBD 


OA •= OB (radii), 
OD is common. 


AD= BD. 


the triangles are congruent, 
z.ODA= aODB, 

OD is ± to AB. 


Data 

L 14. 


(2) Converse Theorem. 

Data OD is a straight line drawn from O, the centre of ©ABC, 
to meet the chord AB at right angles in D. 

To prove that 


AD « BD. 
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Gonstruction 

Join OA, OB. 


^Toof 

In the right-angled As OAD, OBD 


(as ODA, ODB are rt. A s, 

Datce. 


■j OA= OB (radii), 



( OD is common, 

the triangles are congruent, 

I. 15. 


AD ^ BD. 

Q. B. n. 


Cor. a straight line drawn tlurough the mid-point of a 
chord of a circle at right angles to the chord will, if produced, 
pass through the centre of the circle. 

(For only one perpendicular can be .drawn to a given line at 
a given point in it.) 


^''G\RLS Cn 

O SRIN-.i« 
ACC- NO 
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To find tlie centre of a given circle. 



Construction Draw any two chords AS, CD (not parallel). 

Draw EMF to bisect AB at right angles, 
and GNH to bisect CD at right angles. 

Iljet these straight lines meet at O. 

Then O is the centre of the circle. 


Proof Since EMF bisects chord AB at right^angles 

the centre must lie somewhere on EMF. 25, 

Similarly the centre must lie somewhere on GNH. 

Hence the centre is at O, the point of intersection of 

EMF and GNH. 


TiEx. 1X64. Wiy is it necessary that the chorda AB, CD should not be 
parallel? • 

To complete a circle of which an arc is given- 

Tmd the centre of the circle as in the preceding construction- 


Ex. 1165. With a fine-pointed pencU trace round part of the edge of a 
penny, so as to obtain an arc of a circle. ' (Take care to keep the pencil 
perpendicular to the paper.) Complete the circle by finding the centre. 

Ex. 1166. By the method described in Ex. 1155, ex^e how far the 
■curved edge of your protractor differs from a true semicircle. 

UEx. 1167, Describe five circles (in the same figure) to 
given points A, B, Gem. apart. (The centre most be ^^i^tant from A 
and B ; what is the locus of points equidistant from A and B 7) 

Ex. use. Describoacircletopassthroughtwopvcnpomts A B 6^ 

£part, and to have a radius of 6 cm. Measure the distance of the centre from 


AB. 

IHEx. 1169. What is the locus of the centtes 
•two given points? 


of circles which pass through 


TO FIND THE CENTRE 


223 


Theorem 2. 

There is one circle, and one only, which passes through 
three given points not in a straight lhie« 



DaZa A, B, C are three points not in a straight lina 

To “prove th/it one circle, and one only, can be drawn to pass 
through A, B and C. 

Proof It is only necessary to show that there is one point (and 
one only) equidistant from A, B, and C. 

Now the locus of all points equidistant from A and B is 
FE, the perpendicular bisector of AB ; 1 . 25, 

and the locus of all points equidistant from B and C is HG, 
the perpendicular bisector of BO. i. 25. 

These bisectors, not being parallel, will intersect. 

I<et the point of intersection be O. 

The point O is equidistant from A and B : also from B 
and C; 

O is equidistant from A, B and C; 
and there is no other point equidistant from A, B and C, 

Hence a circle with centre O and radius OA will pass 
through A, B and C; ^ 

and there is no other circle passing through A, B and C. 

q. E. D. 

Cor. 1, Two circles cannot intersect in more than two 
points. 

For if the two circles have three points in common, they 
aave the same centre and radius, and therefore coincide. 

2. The perpendicular bisectors of A b, bc, and CA 
meet in a point. • ^ 

8 
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1X60. How would the proof of m. 2 fail if A, B,C were ia a straight 

line? 

Ex. 1161. Prove Cor. 2. (Let two of the bisectors meet at a point Of 
then prove that O lies on the third bisector.) 

Dep. If a circle passes through all the 
■vertices of a polygon, the circle is said to 
bo circumscribed about the polygon ; and 
the polygon is said to be inscribed in. the 
circle (fig. 218). 

Dcf. If a circle touches all the sides 
of a polygon, the circle is said to be in- 
scribed in the polygon; and the polygon 
is said to be circumscribed about the 
circle (fig. 219). 

To circumscribe a circle about a given triangle. 

This is the same problem as that of describing a circle to pasa 
through three given points, namely the three vertices of the 

triangle (see iii. 2). 

Def. The centre of the circle circumscribed about a triangle- 
is called the circumcentre of the triangle. 

Kotice that, though the perpendicnlar bisectors of all three sides pass 
through the circumcentre, yet it is not necessary to draw more than (tco ot 
these bisectors in order to find the centre. 

Ex. 1162. (Inch paper.) Draw a circle to pass through the points 
<0, 3), (2, 0), (-1, 0), and measure iU radius. 

Does this circle pass through 

(i) (0. -3). (ii) (1. 8), {iii) (0. -S)? 

Ex. 1163. (Inoli paper.) Draw the ciroumcirola of tha triangle whose 

Tortieee are (0, 2), (4. 0). ( - 1. 0), and find its radius. 

Does circlo pass tbroagh ^ 

(i) (0, -2), (u) (0, -8), (iu) (V5. 8)? 


A 
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Ex. 1164. (Inch paper.) Find the circumradioB, and the coordinates 
of the circamcentre of (0, 1), (3, 0), ( -3, 0). 

Ex. 1165. (Inch paper.) Find the circumradius, and the coordinates 
of the circumcentre of each of the triangles in Ex. 821 (i), (ii), (iii). 

Ex. 1165 a. Find the circumradii of a* (i) — (vi) in Ex. 942. 

Ex. 1166 . Mark four points (at random) on plain paper, and find 
ont 'Whether it is possible to draw a circle through all four. 

Ex. 1167. (Inch paper.) Can a circle be drawn through the four points 

(i) (2, 0), (0, 2). (-2. 0), (0, -2); 

(ii) (2. 0). (0, 1), (-2. 0), (0. -1); 

(iii) (2. 0), (0. 2). (-2, 0), (0, 1)? 

UEx. 1168. Can a circle be circumscribed about a rectangle? 

ITBx. 1169. Draw a parallelogram (not rectangular) and try if a circle can 
be oircumscrlbed about it. 


Ex. 1170, Draw an acute-angled scalene triangle ABC (no side to be less 
than 3 inches). Draw the circumscribing circle. Find P, Q, R the middle 
points of the sides. Draw the circle which passes through P, Q, R. Find 
the ratio of the radius of the greater circle to that of the less : 

• . greater radius 

smaller radius ’ 

Ex. 1171. Repeat Ex. 1170 with a right-angled triangle, 

Ex. 1172, Draw a scalene triangle, and on its three sides construct equi- 
lateral triangles, pointing outwards. Draw the circumcircles of these equi- 
lateral triangles; they should all pass through a certain point inside the 
triangle. 


Ex. 1173. Draw four straight lines, such that each lino meets the 
three other lines. Four triangles are thus formed. Draw the oircamcircles 
of these triangles ; they should meet in a point. 

tEx. 1174. If a chord cuts two concentric circles in A, B; O, D, then 
AC= BD. (Draw perpendicular from centre on to chord.) 

tEx. 1175. From a point O outside a circle two equal lines OP, OQ are 
d^wn to the circumference. Prove that the bisector of z POO posses through 
the centre of the circle. (Join Pa) 


Ex. 1176. O is a point 4 inches from the centre of a circle of radius 
2 inches. Show how to construct with O as vertex an isosceles triangle 
having for base a chord of the circle, and a vertical angle of 60®. 

♦u ^ ^ a polygon is suoh that the perpendioular bisectors of all 

the sides meet m a point, a circle can bo circumscribed round tho-pblygon. 

o 
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Section III*. Anca, Angles, Ohobm. 

Theokem 3. 

In equal circles (or, in the same circle) 

(1) if two arcs subtend equal angles at the centre^ 
they are equal. 

(2) Conversely, if two arcs are equal, they subtend 
equal angles at the centres. 




^ fig. 220. 

(1) Data ABC, DEF are equal 0s. 

The arcs AGB, DHE subtend equal APB, DOE at the 

centres P, Q. 

To 7 yrove that arc AG B = arc DH E. 

Froof Apply ©DEF to ©ABC, so that centre Q may £aU on 

the ©s are equal, the circumference of ©DEF falls 

on the circumference of ©ABC. 

Make ©DEF revolve about the centre till Q 

along PA. ^ 

Then, since DQE = L APB 

QE falls along PB, and since the circumferences comcide. 

D coincides with A, and E with B. 

arc DHE coincides with arc Aub. 

.*. arc DHE -arc AGB. 

/2^ Converse Theorem. 

7)L/t arc AGB = arc DHE. 

r-S APB, oaE, subtended by these ar«= at the 

centres, are equal 

. This section may be onn«ea at first 
Theorem 5 and the exercises which foUow (pp. 23a— 237). 



ARCS AND ANGLES 


227 


Proof Apply ODEF to ©ABC, so that centre a may fall on 
centre P. 

Since the 0s are equal, the circumference of 0DEF 
f^s on the circumference of ©ABC. 

Make 0DEF revolve about the centre till D coincides 
■with A. 

Then, since arc DHE = arc AQB Data 

E coincides with B, 

QD coincides with PA, and QE with PB» 

A DQE= A APB. 


Q. E. D. 

Ck>B. Equal angles at the centre determine equal sectors. 


Kotb ok the case op “the same cincLi:.” 

The above proposition is proved for equal circles. To see 
that it applies to arcs and angles in the same circle, let the arcs 
AB, PQ. of circle ABPQ (fig. 221 i.) subtend equal angles AOB, POQ 
at the centre. To prove that arc AB = arc PQ. 



Pig, h may be regarded ns counting of the two circles 
in figs, ii., iii. superposed. But these are equal 0 s, 

arc AB=arc PQ. 

tEx. 1178. Show how to bisect a given arc of a circle. Give a proof. 

tEx. 1179, P, A, B are points on a circle whose centre is O; PA = PB, 
Prove that P is the mid-point of arc AB • and that OP bisects AB. 

+Ex. X180, PQ, PR are a chord and a diameter meeting at a point P in 

the circamferenoe. Prove that the radius drawn parallel to PQ bisects the 
arc QR. 

tEx. 1181. P is a point on drcumferenoe equidistant from the radii 
OA, OB. Prove that arc AP=aro BP, 
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Theorem 4, 


In equal circles (or, in the same circle) 

(1) if two chords are equal, they cut off equal arcs* 

(2) Conversely^ if two arcs are equal, the chords of 
the arcs are equal. 



fig. 222 . 


To prove that 

Construction 

Proof 


(1) L<aa ABO, DEF are equal ©s ; their centres are P and Q. 

Chord AB = chord DE. 

arc AGB = arc DHE, and arc ACB =arc DFE. 

Join PA, PB ; QD, QE. 

In the As APB, DOE 
AB=DE 

. AP — DO (radii o£ equal ©s) 

BP = EO (radii of equal ©s) 
the triangles are congruent, 

/. z.APB=Z.DQE, 
arc AGB r=arc DHE, 

Again, whole circumference of ©ABO = whole circum- 

terence of © DEF. . . nrp 

• the remaining arc ACB = the remaining aro DFE. 


^2) Converse Theorem. 


Data 
To prove 
Construction 


arc AGB * arc DHE. 
chord AB = chord DE. 
Join PA, PB; QD, QE» 


Proo/ 


ARCS AND CHORDS 
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Since arc AGB = arc DHE^ 

DaU^ 

• 

/. ] 

1 

m 

\ 

'. /.APB= Z.DQE 
in the As APB, DQE 
AP=DQ, 

BP = EQ, 

Z,APB = Z.DQE. 

m. 

the triangles are congruent, 
chord AB = chord DE. 

L la 


Q* JX 


tEx. 1183. A qaadrilateral ABCD is inscribed in aoircle, and AB = CD* 
Frove that AC=:BD. 

tEx. 1183. Prove the converse, in m. 4, by superposition. Also try to 
prove the direct theorem by superposition, and point out vrhere such a 
proo£ &lLs. 

To place in a circle a chord of given length. 

Adjust the compasses to the given length. With a point- 
A on the circle as centre draw an arc cutting the circle in B. 
Then AB will be the chord required. 

Ex. 1184* Place in a circle, end to end, 6 chorda each ec^tial to the 
radios. 

Ex. 1185. Place in a circle, end to end, 13 chords each equal to ^ the 
radius. 

Ex. 1 186 , I>Taw a circle of radios 6 cm. Place in the circle a nnmher of 
chords of length 8 cm. Plot the locus of their middle points. 

Ex. 1187. Show how to construct an isosceles triangle, given that the 
base is 7 cm. and the radius of the oireumscribmg circle is 5 cm. (Which 
will you draw first — the base, or the circle ?) 

Ex. 1188. Ccnstmot a triangle, given BC=8 in., ^.B=80°, radius of 
oiroumsoribing circle— 2 ins. Measure AC and z. A. 

tEx. 1189. In a circle are placed, end to end, equal chords PQ, QR, R8, 
ST. Prove that PR=QS=RT. 
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To inscribe a regular hexagon in a circle. 


A 



In ♦^V>A circle place a chord AB, equal to the radius. 

Join A, B to O, the centre. 

Then AOAB is equilateral, 
z.AOB^60“. 

Place end to end in the circle 6 chords each equal to the 
radius. 

ywli chord subtends 60* at the centre, 
the total angle subtended by the 6 chords is 360*. 

In other words, the 6 chords form a closed hexagon inscribed 
in the circle. 

Since each side of the hexagon = the radius, 

the hexagon Is equilateral ; 

and since each angle of the hexagon = 120“, the hexagon is 
equiangular, ^ ^ hexagon is regular. 

+Ex. 1X00. The side of an isosceles triangle of vertical angle 120“ is equal 

to the radius of the circumcircle. 

Ex. 1101 . Find the area of a regular 6-gon insoribed in a circle of 
radius 2 in. 

Revise “EcguLir polygons/* Ex. 69—74. 

Ex. 1193 . Find the perimeter and area of a regular S-gon insoribed m 
a circle of radius 2 in. 
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ClRCU&fFERENCE OF CiRCLK. 

Consider any circular object, such as a penny, a round tin, 
a garden-roller, a bucket^ a running track. Measure the cir- 
cumference and the diameter; liow many times does the cii> 
cumference contain the diameter? Work out your answer to 
three significant figures. 

Methods of measuring the circomferenoe: — 

(i) Pnt a small spot of ink on the edge of a ponnF; roll the penny 
along a sheet of paper, and measure the distance between ink spots left 
on the paper. 

(ii) Wrap a piece of paper tightly round a cylinder; prick through two 

thicknesses of the paper; unroll the paper and measure the distance between 
the pin-holes. 

(iii) Wrap cotton round acylinder several times, say lOtimes; measure 
the length of cotton used, and divide by 10. 

In measuring the diameter, make sure that you are measuring the greatest; 
width. 

Ex, 1193. Find the value of the quotient several 

diameter 

oiroolar objects of different sizes, and take the average of your answers. 

Theory shows that the value of this quotient (or reUw) is the 
same for all circles; it has been worked out to 700 places of 
decimals and begins thus 

3*1416926535 

For the sake of brevity this number is denoted by the Greek 
letter w j a useful approximation for w is 
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The ratios ot the perimeters (or circumferences) of regular 
polygons to the diameters of their circumscribing circles are 
shown in the following table : — 


Tctble shotoing the 'perimeters of regular polygons inscribed 

in a circle of radius 5 cm. 


No. of 
sides 

Perimeter in 
centimetres 

Batio of perimeter 
to diameter 

3 

25-98 

2-598 

4 

28-29 

2-829 

5 

29-39 

2-939 

6 

30-00 

3-000 

7 

30-38 

3-038 

8 

30-61 

3-061 

9 

30-78 

3-078 

10 

30-90 

3-090 


It will be noticed that the ratio increases with the number of 
Sides, being always less than tt. If the number of sides is very 
great, the ratio is very nearly equal to tt. E.g. for a polygon of 
384 sides the ratio is 3-14156 


Ex. 1194. By how much per cent, does the perimeter of a regular decagon 

insoribed in a circle differ from the perimeter of the circlet 
We have seen that 

circtunference of circle = diameter x w 

=: radius x 27r 

= 2Trr, where r is the radius. 

Ex. 1106. Calculate the circumference of a circle whose radius ifl 
<i) 7 in., (n) 14 cm., (iu) 35 mfles. (Take 

Ex. 1196 . Calculate the circumference of a circle whose diameter is 
<i) 70 ft., (n) 21 mm., (in) 49 miles. 
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Ex. 1167. Calculate to three significant figures the oiroumference of a 
balf'penny (diameter 1 inch). 

Ex. 119 S. Calculate to three significant figures the circumference of the 
earth, measured round the equator, taking radius=39G3 miles. 

Ex. 1199. Calculate to three significant figures the circumference of a 
circle whose radius is 5 cm., and compare your result with the perimeters of 
regular polygons in the table on page 232. 

Ex. laoo. How far does a wheel roll in one revolution if its diameter ia 
28 in-? 

Ex. 1201 . In fig. 224, AD is divided into three 
equal parts and all the arcs are semicircles; show 
that the four curved lines which connect A with D 
are of equal length. 

Ex. 1202. The driving'wheel of an engine is 6 ft. 
high, and each of the smaller wheels is 3*5 ft. high ; 
how many turns does a small wheel make for one 
turn of the large wheel? 

Ex. 1203. Calculate the radios of a circle of circumference (i) 22 ft., 

40 ft. (to three significant figures). 

Ex. 1204. A bicycle wheel makes 7200 turns in an hour while the 
cyclist is riding 10 miles an hour : what is the diameter of the wheel (to the 
nearest inch) ? 

Ex. 1206 . Calculate the circumference of a circle whose diameter is 
fi) 4-35 in., (U) 617 mm. 

Ex. 1206. Calculate the dicumference of a circle whose radius is 
p) 0*346 yards, (ii) 21*7 in. 

Ex. 1207. Calculate the radius of a circle whose circumference is 
(i) 478 mUes, (ii) 27*6 ft 

tEx. 1208 . Prove that the circumference of a circle is > three times the 
diameter, by inscribing a hexagon in the circle. 

tEx. 1209. Prove that the circximference is < four times the diameter by 
oiicumscribing a square round the circle. 

Dap. If an arc of a circle subtends, say, 35* at tiie centre, it 
is called an arc of 35*. 

Ex. 1210. What fractions of a circumfcicnco are arcs of 90% 60°, 
120®, 1®, 86®, 800®? 

G. S. .(iv) 
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Ex. 1211. Calculate the length of an aro of 60® in a circle of radius 7 csm. 
What is the length of the chord of this arc? Find, to three significant 

figures, the ratio also the difference of are and chord. 


Ex. 1212. Repeat Ex. 1211 for a circle of radius 2’67 in. 


Ex. 1213. Draw a circle of any radius; niark an arc of 40®; calculate the 

&rc 

length of the arc, and measure the chord ; then find ratio to 

significant figures. 


Ex. 1214. Repeat Ex. 1213, with an arc of 80®. 

Ex. 1216. The circumference of a circle is 7*82 in, and the length of 
a certain arc is 1-25 in. What decimal of the circumference is the arc? 
What angle does the arc subtend at the centre? 


Ex. 1216. The radius of a circle is 10cm.; a piece of string as long os 
the radios is laid along an arc of the circle; what angle does it subtend at 
the centre? Also find the angle subtended at the centre by a chord of 10cm. 

Ex. 1317 . In a circle of radius 3 in., what is the chord of an arc of 
fiin.? (Calculate the angle at the centre; then draw the figure and measure.) 

Ex. 1218 . Draw mi axe of a circle (^y radius and 

length, and test the accuracy of the g^btlct 

the length of an arc. from eight times the chord of h^ ^0 
the chord of the \ 7 h 0 le arc, and divide the result by three. (I 
Becessary to measure the length of the chorda) 

Ei. laio. Find the length of the minor and major arcs ont off from a 
circle of radius 7 cm. by a chord of 7 cm. 

Ex. 1320. Find the lengths of the two arcs diameter 

4*37^m. by a chord of 4 in. (Measure the angle at the centre.) 
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Theorem 5. 

T-n equal circles (or, in tlie same circle) 

(1) equal chorda are equidistant from the centres. 

(2) C<mversely, chords that are equidistant &om the 
centres are equal. 



(1) Data ABC, DEF are equal circles; their centres ore P and Q. 

Chord AB = cho:^ DE. 

PG, GH are perpendiculars from the centres P, G upon 
the chords AB, DE. 


To prove that 


PG == GH. 


Construction 


Join PA, GD. 


Proof 


Since PG is X to AB, 




/. AG = BQ, 

IlL 1. 



AG = Jab. 




Bim*y DH = JDE. 




But AB= DE, 

Data 



AG = DH. 



In the rightnangled A* APQ, DGH, 




/. ■ G and H are rt, x % 

Constr. 


, 

AP = DQ, 

Data 



> 

o 

II 

o 

X 

Proved 


• 

> the triangles are congruent, 

J. 15. 


/. PG^GH. 


o2 


236 


BOOK m 




fig, 225. 


(2) Converse Theorem. 


Data 

To 'prove that 
Proof 


PG = QH. 

chord AB = chord DE. 

In the right-angled A* APG, DQH, 
“ Q and H are rt, L \ 
AP=DQ, 

PG = QH, 

the triangles are congruent, 

... ag = dh. 

ButAB = 2AG, DE=2DH, 


AB = DE. 


Constr. 

Data 

Data 

1. 15. 


Q. B. D. 


+Ex 1331i Prove in. o hy means of Pythagoras theor 

Ex X333. Calculate the distances from the centre Of ^ 

6 cm.) of chords whose lengths are (i) 8 cm., (u) 6 cm., (ui) 

E. of ohora. of ^ 

whose dietances from the centre are (.) 2 m.. (n) 

E,. 1234. Find the loeue of the mid-pem.e of chords 6 cm. in length 
in a circle of radius 6 cm. 
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tEx- 1225 . Ppovo that the locus of the middle points of a set of equal 
chords of a circle is a concentric circle. 

Ex. 1226 . A chord CD of a circle, whose centre is O, is bisected at N by 
u. diameter AB. OA = OB = 5cm., ON=34cm, Calculate CD, CA, CB. 

Ex. 1227 . The lengths of two parallel chords of a circle of radius 6 cm. 
are 10 and 6 cm. respectively. Calculate the distance between Ibe 
chords. (There are two cases.) 

Ex. 1228. Calculate the length of (i) the longest, (ii) the shortest chord 
of a circle, radius r, through a point distant d from the centre (see Ex- 1238), 

Ex. 1229. Calculate the radius of a circle, given that a chord 3 in. long 
is 2 In. from the centre. 

Bx. 1230 . What is the radios of a circle when a chord of length 2i is at 
<distance d from the centre? 

Ex. 1231. Given that a chord 12 cm. long is distant 2'5 cm. from the 
•centre, calculate (i) the length of a chord distant 5 cm. from centre, (u) the 
•distance from the centre of a chord 6 cm. long. 

fEx. 1232. If two chords make equal angles with the diameter through 
iheir point of intersection, they are equaL 

[Prove that 

1Bx. 1233. A straight line is drawn cutting two equal oiroles and parallel 
to the line joining thair centres; prove that the chorda intercepted by the 
'two circles are cqoaL 

tEx. 1234. A straight line is drawn cutting two eqoal circles, and passing 
through the point midway between their centres. Prove that the chords 
intercepted by the two circles are equal 

Ex. 1235. Show how to draw a chord of a circle (i) equal and parallel 
to a given chord, (ii) equal and perpendicular to a given chord, (iii) equal to 
a given chord and parallel to a given line. 

fEx. 1236. If two chords are at unequal distances the centre, 
'the nearer chord is longer than the more remote. 


they are equidistant from the centre.3 
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i’Ez. 12d7« state and prove tlie coaveree of Sx. 1296* 

t£x. 1238* The shortest chord that <v^ n be drawn throngh a point 
a circle is that vhich is perpendicular to the diameter through the point. 

[Prove that it is furthest from the centre.] 


Section IV. The Tangent. 


The meaning of the term tangent has been explained on 
p, 218. It may be defined as follows: — 

Def. a tangent to a circle is a straight line which, how- 
ever far it may be produced, has one point, and one only, in 
on with the circle. 


CO 


llltl 


The tangent is said to touch the circle; the common point 
is called the point of conta.ct. 

We shall a.ssume that at a given point on a circle there is one 
tangent and one only. 
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Theorem 6. 

The tangent at any point of a circle and the radius 
through the point are perpendicular to one another. 



fig. 226 . 


Data O is the centre o£ 0 ; A is a point on the circumference: 
BC is the tangent at A. 

To prove that BC and OA are ± to one another. 

Constrxi>ction If OA be not ± to BC, draw OT x to BO. 

Proo/ Since x OTA is a rt. x , Constr. 

OT<OA, I. 21. 

T is inside the circle, 

the tangent AT, if produced, will cut the circle 
in another point. 

This is impossible, Def. 

OA is X to BO, 

the tangent at A and the radius through A are x to 
one another. 

Q. E. n. 

Cob, a straight line drawn through the point of contact 
of a tangent at right angles to the tangent will, if produced, pass 
through the centre of the circle. 
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To draw tlie tangent to a circle at a given point on' 
tho circle. 

Join, the point to the centre, and draw a straight line 
through the point perpendicular to the radius. 

The proper method o£ drawing a tangent to a circle from 
an external point cannot be explained at the present stage, as 
it depends on a proposition that has not yet been proved. In tlie 
meantime it will be sufficient to draw the tangent from an 
external point with the ruler (by eye). It is not possible to 
distinguish the point of contact accurately without further con- 
struction; to find this point, drop a perpendicular upon the 
tangent from the centre; the foot of this perpendicular is tho 

point of contact. 

This method is accorate enough for many purposes; ffie student is 
■warned, however, that it would not he accepted in most exammations. J-He 
correct construction is given on page 262. 


+Es- 1239 . Prove tnat tbe two tangents 
drawn to a circle from a point A are (i) equal, 
(U) equally inclined to AO. (Fig. 227.) 

pjx, 1240 . P is 4in. distant from O, thecentre 
of a circle of radius 3 in. From P ^w a tangent 
with your ruler. Determine T , the point of conta^, 
(i) hy eye, (U) by drawing a perpendicular from O. 

Calculate PT. the length of the tangent (using 
Verify by measurement. 



Pythagoras’ theorem). 


Ex 1241. Calculate tbe lengths of the taugenta to a circle of r 

from a point dUtant d from the centre when (r) r=6 cm., d-8 cm., 

(ii) ixL, 

Ex. 1242 . At a point A of a circle (radina r. centra O) is drawn a 
tangent AP of length 1} find OP. 

Ex. 1243 . At a point P on the 

ia drarvn a tangent PT 3 cm. in length. Fmd the Incna of T ns 
round the G* 
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Ex. 1244 . Two circles, of radu 3 and 2 in., ara concentric. Calculate 
ihe length of a chord of the outer circle which touches tho inner. 

Ex. 1246 . Prove that all chords 8 cm. long of a circle of radius 6 cm. 
touch a certain concentric circle ; find its radios. 

tEx. 1246 . All chords of a circle which touch an interior concentrio 
oixole are eqoal, and are bisected at the point of contact. 

+Ex- 1247. PQRS U a quadrilateral clrcmnscrlbed about a circle, 
prove that PGI+ RS— QR + SP. (See fig. 219.) 

•fEx. 1248 . Draw a circle and circumscribe a parallelogram about it. 
Provo that the parallelogram is necessarily a rhombus (use Ex. 1247). 

tEx. 1249 . Prove that the point of intersection of tho diagonals of 
a rhombus is equidistant from the four sides, 

ITEx. 1250. Draw a quadrilateral ABCD. "What is the locus of the 
centres of O* touclung AB, BC ; touching BC, CD ? Draw a circle to 
touch AB, BC and CD. Does it touch DA? ‘What relation must hold 
between the sides of a quadrilateral in order that it may be possible to 
inscribe a circle in it? 

^[Ex. 1251. Construct a quadrilateral ABCD, having tho sum of one 
pair of opposite sidesstbe sum of the otlier pair of opposite sides (c.g. 
AB=2 in., BC=S in., CD = 4 in., DA=3 in.). Draw a circle to touch three 
of the sides. Does it touch the fourth side? Measure the radius. 

IfEx. 1262 . Bepeat Ex. 1251, using the same sides, but altering the shape 
of the quadrilateraL Inscribe a circle in it. Is tho radius the same as in 
Ex, 1251? 

tEx. 1263. ABCDEF is an irregular hexagon circomseribed about a 
circle; prove that AB+CD + EF=BC + DE + FA. 

fEz. 1254. Two parallel tangents meet a tlurd tangent at U, V ; prove 
that UV subtends a right angle at the centre. 

tEx. 1266. The angles subtended at the centre of a circle by two 
opposite sides of a circumscribed quadrilateral are supplementary. 

IfEx. 1256. What is the locus of tho centres of circles touching two lines 
which cross at an angle of 60^? (Remember that two I'mAg form four angles 
at a point.) Draw a number of such circles. 
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KEx. 1267. 'What ia the locus of the centres of circles of radius 1 In. 
'which touch a given line? Hence dra'w a circle 'which has a radios of 1 in. 
and touches two given lines inclined at an angle of 60°. 

Ex. 1268 . Draw four circles of radios 3 cm. to touch two straight lines 
'which cross at an angle of 140°. 

tEx. 1260. A is a point outside a circle, of centre O. With centre O 
and radins OA describe a circle. Let OA cut the smaller circle in B. Draw 
BC perpendicular to OB, cutting the larger circle in P, GL Let OP, OQ, cut 
the smaller circle in S, T. Prove that AS, AT are tangents to the smaller 
circle. (This is Euclid’s construction for tangents from an external point.) 

1260 . A chord mokes equal angles with the t a ng en ts at its 
extremities. 

Ex. 1261. Each of the tangents, TA, TB, at the ends of a certain 
chord AB is equal to the chord ; find the angle between the tangents, and 
tlie angle subtended at the centre by the chord. 

tEx. 1262 , In fig. 227, the angles PAQ, POQ are supplementary. 

Ex. 1263. Show how to draw a tangent to a given circle (i) parallel to 
a given line, (ii) perpendicular to a given line, (ui) making a given angle 

with a given line. 

Ex. 1264. Show how to draw two tangents to a circle (i) at rightangleB, 
(ii) at on angle of 120°, (ui) at a given angle (without protractor). 

tEx. 1266. The area of any polygon oirctunscribing a circle is equal to 
|iq.lf the product of the radius of the circle, and the perimeter of the polygon. 
(Divide the polygon into triangles, with the centre for vertex.) 
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To inscribe a circle in a given triangle- 



Conslmclioii It is necessary to find a point equidistant from 
the three straight lines AB, BC, CA. 

Draw BE, CF to bisect the angles ABC, ACB respectively. 

XiCt these lines intersect at I. 

Then I is the centre of the inscribed circle, 

I*roqf Every point on BE is equidistant from AB and BC, and 
every point on CF is equidistant from BC, CA. 1. 26. 

Therefore 1 is equidistant from AB, BC and CA. 

From I draw IX, lY, IZ xto BC, CA, AB respectively. 

Then IX-=1Y = IZ. 

Therefore a circle described with I as centre and IX 
as radius will pass through X, Y, Z. Also BC, CA, AB will 
be tangents at X, Y, Z. (Why^) 

This circle is the inscribed circle of the triangle ABC. 

Ex. xaee. Draw the insoribed circle of a triangle whose rides axe 
(Q By 6, 7 in., (ii) 8, 6, 8 om. Measure the radii of the oiiolea. 

tEx. 1267, The blaectors of the three of a triangle meet 

In a point. 

(Join lA, and prove that lA bisects Z.A.) 
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The escribed circles of a triangle. 



fig. 229. 


Draw BIi, Cli to bisect the angles exterior to ABC and BOA. 
Then I, is equidistant from AB (produced), BO and AO 

(produced). , 

Drop a perpendicular from to BC. A circle drawn mth h 

as centre and this perpendicular as radius will touch the side 

and the sides AB, AC produced. This circle is called an esonbed 

circle of the triangle. There are three such circles (see fig. 

Es. 1268 . Draw the inscribed Md ceoribed circles of a triangle whese 
sides are 3, 4, 5 in. Measure the radii. 

+Er. 1269. Prove that the internal bisector of .LA and the estemal 
bisectors of ^ ' B and C meet in a pomt. 

tEs.l270. Prove that AM. is a straight lina (I is the centre of the 


inscribed circle.) ^ ^ia 

Ex. 1271. Verify, and^Ldi of the 

points of the sides of a triangle touches the mscn 

escribed circles. 

It has been shown that, in general, four 

to touch three unlimited straight lm<^ enclose 

escribed circles of the triangle which the three lines 
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niEx. xa7a. How many oirclea can be drawn to touch two poraUet 
etraight lines and a third straight lino cutting them. 

llEx. 1273. How many circles can bo drawn to touch three stnught lines 
which intersect in a point ? 

liEx. ia74. How many circles can bo drawn to touch throe parallel 
strmght lines? 


Section V. CoHTAC?r of Cercleb. 




Oo 0 © 

III IV v 

fig. 230. 


"nie different relative positions which are possible for two 
<3rcles are shown in fig. 230. 

In Oases II and IV the circles aro said to toucli, externally 
in Case H, internally in Case IV, The formal definition of 
contact of circles is as follo\vs : — 

Def. If two circles touch the same line at the some polnti 
they are said to touch one another., 
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^Theorem 7. 

If two circles touch., the point of contact lies in the 
straight line through the centres. 



B B 

fig. 231. fig. 232. 


DoUa The Gs CMN, CPQ touchintemslly (fig. 231)orexteraally 
(fig. 232) at C. 

X, Y are the centres of the 0 s. 

AB is the common tangent at C. 

To prove that XY produced (fig. 231), or XY (fig. 232) passes 
through C. 

Construction Join XC, YC. 

Proof Since CA is the tangent at C to 0 CMN, and CX the 
radius through C, 

z. XCA is a rt. ^ , m. & 

Sim*^ Z- YCA is a rt. z. , 

if the 0 s touch internally, XYC is a straight line, 
and if the 0 s touch, externally, z. XCA + z. YCA = 2 rt. z. s. 

, • , XCY is a straight line. 2. 


I E. D. 
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Cob. If two circles touch externally tho distance between 
their centres is equal to the sum o£ their radii; if they touch 
internally the distance between their centres is equal to tho 
difference of their radii. 

^Ex- ia75. Draw a figure showing the different relative positions pos- 
Bihle for two equal circles. 

HEx. 1276. Describe in words each of the relative positions shown in 
fig. 230. 

HEx. 1277. Describe the relative position of the two circles in each of 
the following cases (d is the distance between the centres, H and r are the 
radii). Do this, if you can, without drawing the circles. 


(i) 

d=4*lcm., 

J2 = 2'l cm., 

r 8=1*4 cm. 

(ii) 

d=0*7 cm., 

Jl = 2-2 cm., 

r=l*2 cm. 

(ui) 

ds3’4cm.. 

Jl=2’0cm., 

r=l*4cm. 

(iv) 

d=0‘8 cm., 

J2=2*l cm., 

rail'd cm. 

(V) 

dssOcm., 

Ji = l‘9 cm.. 

r=l*2 cm. 

{vi) 

d=X‘5 cm., 

E=2*0 cm., 

r=l-5cm. 

(vii) 

d=:2*5 cm., 

i2=l‘7 cm,, 

r=l*7 cm. 


Ex. 1278 . What is the distance between the centres of two circles oi 
radii 15 and 14 in. (i) if they have external contact, (ii) if they have 
internal contact ? 

Ex« 1279. Show how to draw three circles having for centres the vertici*s 
of an equilateral triangle of side 2 in., so that each circle may touch the two 
others externally. 

Ex. 1260 . Three circles, of radii 1, 2, 3 in., touch externally, each 
circle touching the other two. What are the distances between the centres? 
Draw the circles. 

Construction op Circles to satisfy given ooNDiriONS, 

HEx. 1281. What U the locus of the centres of all dr^es of radius 
% in., which touch externally a fixed circle of radius 2 in.? Draw tho 
locus, and draw a number of the touchiae dr c l eo. 

UEx. 1282. If required to draw a circle to touch a given circle at a given 
point, where would you look for the centre of the touching micle? What 
is the loons of the centres of circles touching a eivea circle at a siven 
point? Draw a number of such circles, some enclosing the given oiicle^ 
some inside it, some external to it. 
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yRr Z2B3. 'Wliat i8 tlie locus of t2ie Centres Of circles wluca wocli 
a given line at a given point ? 

lIEx. 1284. "What is tlie locus of the centres of circles of radius liiu, 
touching a given circle of radios 2 in., and lying inside it? Draw a number 
of such circles. 

liEx. 1285. Eepeat Ex. 1284 with 1 in. radius for the touching circles, 
and 3 in. radius for the fixed circle. 

^TE-v. 128C. Draw a number of ^clea of radius 3 in. to touch a circle 
of radius 2 in. and enclose it 

ITEx. 1287. Draw a number of circles of radius 4 in. to touch a given 
cii'cle of radios 2 in. and enclose it 

HEx. 1288. Wliat is tHe locus of centres of circles of given radius 
passing throngh a given point P 

1289 . 'What is the locus of centres of circles (i) passing through, 
two given points, (ii) touching two given lines? 

Each o£ the following problems is to be solved by finding the 
centre of the required circle, (generally by the intersection of 
loci). Some of the group have been solved already; they are 
recapitulated below for the sake of completeness. In several 
cases a numerical instance is given wliich should be attempted 
first, tho radius of the resulting circle being measured. 


Ex. 1290 . Draw a circle (orcircleB) to satisfy the foUowing conditions 

(i) To pass through three given points (solved already). 

(ii) Of given radius, to pass through two given points (solved 
already). 

(iu) Of given radius, to pass through a given point and ® 
line e rtad^o ra^us 2 in. and a point distant 1 in. from the hne ^ 

the loci of centres of 2 in. circles passing through given point? touching 
given line ?) When is the general problem impossible 7 

(iv) To touch 0 given line AB at a given peint P 
a given point Q outside the line 

ing line at P? passing through P and Q? Let PQ 



■WITH GIVEN CONDiriONS 249 


CONSTOUCTION OF CIRCLES 

(v) To touch a given circle at a given point P, and to pass through a 
given point Gl not on the circle. In what case is this impossible? 

(vi) To touch a given line AB at P, and also to touch a given lino 
CD, not paraUel to AB. (What is the locus of centres of circles touching 

AB and CD ?) 

(vii) Of given radius, to pass through a given point P and touch a 
given circle. e.g. let given radius = 4 cm., radius of given circle = 3 era., 
distance of P from centre of given circle=5 cm. (Compare (iii).) 

(viii) Of given radius, to touch a given circle at a given point (how 
many solutions are there ?). 

(ix) To touch three given lines (solved already). 

(x) Of given radius to touch two given lines, o.g. lot the lines inter- 
sect at an angle of 60“, and radms=l in. (How many solutions are there?) 

(xi) Of given radius, to touch a given line and a given circle 
(6.g, given radios = 3 cm., radius of given circle = 5 cm., distauoo of line 
from centre of circle = 0 cm.). What is the condition that tbo general 
problem may be possible? 

(xii) To touch three equal circles (o) so as to enclose them all* 
<6) so as to enclose none of them. (Begin by drawing a circle through the 
three centres.) 

(xiii) Of given radius, to touch two given circles (e.g. lot given 
radiu3=2 in,t radii of given clrcles=:l in., 1*5 in., distance between centres 
»3*5 in.). 


£x. 1301 . In a semicircle of radius 5 cm. inscribe 
a circle of radios 2 cm. Measure the parts into which 
the diameter of the semicircle is divided by the point of 
contact. See fig. 233. 



Ex. 1293. Draw four <uroles of radios 2 in. , tooching 
a fixed circle of radius 1 in., and also touching a straight 
line 2 in. distant from the centre of the fixed circle. 


fig. 233. 


0 

Ex. 1293 . Show how to inscribe a circle in a sector of 60’’ of a circle 
■whose radius is 4 in. 


Ex. 1294. Show how to draw three equal circles, each touching the 
other two ; and how to oiiooxnscribe a fourth circle round the other thr ^ 


a. B. 


(iv) 
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fEx. 1295. Prove that, if circles are described with centres A, B, O 
(fig. 228) and radii AY, BZ, CX, the three circles touch. 

fEs. 1296. A variable circle (centre O) touches externally each of two 
fixed circles (centres A, B). Prove that the difference of AO, BO remains 
constant. 

tEx. 1297. If two circles touch and aline is drawn through the point of 
contact to meet the circles again at P and Q, the tangents at P and Q are 
paralleL (Draw the common tangent at the point of contact.) 

+Ex. 1298 . If two circles touch externally at A and are touched at P, Q 
by a line PQ, then PQ subtends a right angle at A. Also PQ is bisected by 
the common taugent at A. 

tEx. 1299 . Prove that, in Ex. 1298, the circle on PQ as diameter passes 
through A and touches the line of centres. 

fEx. 1300. Two circles Intersect at A, B ; prove tliat the line of 
centres bisects AB (tbe common cbord) at right angles. (See in. 1 Cor.) 

"What kind of symmetry has the above figure ? 

Ex. 1301 . Find the distances between the centres of two circles, their 
radii being 5 and 7 cm. and their common chord 8 cm. (There are two 

oases.) 

Section VI Angle Properties. 

Reflex angles. Take your dividers and 
open them slowly. The angle between the 
legs is first an acute angle, then a right 
angle, then an obtuse angle. "Wlien the 
dividers are opened out flat, the angle has 
become two right angles (180®). If the di- fig. 234- 

viders are opened still further the angle of 
opening is greater than 180“ and is called a reflex angla 

Def. a reflex angle is an angle 
greater than two right angles and less 
than four right angles. Pig. 235 shows two 
straight lines OA, OB forming a reflex 
angle (marked), and also an obtuse angle 

(unmarked). 




fig. 236. 
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ITEx. 1302. Account for tho necessity of the phrase ‘^lesathan four right 
angles ” in the above definition. 

ITEx. 1303 . Open a book to form a reflox angle. 

1304 . “NVliat is the sum of the reflex angle a 
and the acute angle b in fig; 230? If i6=36°- what 
ia /-fit? 

ITEx. 1306 . What kind of angle is subtended at the 
oentie of a circle by a major arc? 

HEx. 1306 . 3>raw a quadrilateral having one angle 
reflex. Prove that the sum of the four angles is 360®. 

f Ex. 1307. Is it possible for (i) a four-sided figure, (ii) a five-sided figure 
to have two of its angles reflex ? 




fig. 237. fig- 238. fig. 239. 


HEx. 1308. Draw a figure like fig. 237, making tho radius of the circle 
about 2 in. Measure angles x and y. 


^TEx. 1303. Do the same for figs. 238, 239, 240. 
What relation do you notice between the angle x and 
the angle y in the four experiments? 

ITEx. 1310. Draw a circle of radius 6 cm. : place in 
it a chord AB of length 9*5 cm. Mark four points 
P, Q, R, S in the major arc. Make the necessary joins 
and measure tho angles APB, AQB, ARB, ASB. What 
relation do you notice between these angles ? Can you 
oonnect tbia with the resnlts of Kx. 1308, 1309? 



IfEx. 1811 . In the figure of Ex, 1310 mark three points X, Y, Z in the 
minor arc; measure the angles AXB, AYB, AZB. 

HEx.' 1813. Draw a circle and a diameter. Mark four points on the 
oirole, at random. Measure the angle subtended by the diameter at each of 
these points. 

tEx. 1318. A side BA of an isosedes triangle ABC is produced, through 
the rectex A, to a point D. Prove that aDACs2^ABCss2aACB. 

d2 
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Theorem 8. 

The angle which an arc of a circle subtends at the 
centre is double that which it subtends at any point on 
the remaining part of the circumference. 



J)iUa The arc ACB of GACB subtends ^AOB at the centre Oj 
and subtends ^ APB at P, any point on the remaining part 

of the circumference. 


To prove that t- AOB — 2 z. APB. 

Construction Join PO, and produce to a 

Proof, Case l When the centre O is iyiside l APB. 

In A AOP, OA = OP (radii) 
^OPA=aOAP. 

Now L QOA is an exterior z. of A AOP, 
z.ClOA = ^OPA+ Z.OAP 


L 12. 
I. 8, Cor, L 


s2z.OPA. 


Sim^^AQOB = 2 aOPB, 

.•.Z.QOA+ ^qob = 2(z.opa + aopb), 

Z. AOB =s 2 Z- APB. 


Cask n. When the centre O is outside l APB. 

As before, z. QOB = 2 z. OPB, 
and L. QOA = 2 z. OPA, 
A^QOB- i.QOA = 2(i.OPB- aOPA), 
A z.AOB=2z.APB. 


Q. EL D. 
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"tEx. 1314. Trovo tba al)f>vo thcorom for tho caso in which ACB la a 
major arc, and tho angle subtended at tho centre a reflex angle (seo fig. 
240). What kind of angle is z. APB in this case? 

+Ex. 1315. Prove the above theorem for tho caso in which O lies on 
AP (see fig. 238). 

+Ex. 1316. Provo that in fig 243 

£.n=:^.h. 

tEx. 1317. If tho two circles in figs. 241 and 242 oro 
equal, and tho arcs ACB are cqnal, prove that tho angles 
APB are eqooL 

Ex. 1318. Draw a figure for the caso of in. 8 in 
which are ACB is a semicircle. What does ^AOB be- 
come in this case? What does ^APB becomo? 

Ex. 1319. Eind the magnitude of all the marked 
angles in fig. 244. What is the snm of the angles at the 
centre? of ACB and ADB? of Z-'CAD and CBD? 

Dex*. a segment .of a circle is the part of the plane 
bounded by an arc and its chord. 

MAJOR SEGMENT SEMICIRCLE MINOR SEGMENT 

fig. 245. 

Dep. An angle in a segment of a circlo is an anglo sub- 
tended by the chord of the segment at a point on tho arc 
(fig. 245). 

Def. a segment is called a major segment or a minor 
segment according as its arc is a major or a minor arc. It is 
obvious that a major segment of a circle is greater than the 
semi-circle (considered as an area) and that a minor segment is 
less than tho semi-circle. 

HEx. 1320. Show by a figure that a minor sector of a circle can bo 
divided into a segment and a tnangle. What is the corresponding 
theorem for a major sector? Is there any figure which ia at the some time 
a sector and a segment? 
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Theoreat 9. 

Angles in. the same segment of a circle are equal. 



fig. 246. fig. 247. fig. 24a 


Data L 3 APB, AQB are two /. s ia the same segment APQB of 
OAPB. (Three figures are drawn, for the three cases in 
which the segment >, = or < a semi-circle.) 


To 'prove that L APB — L AQB. 

ConstT'v^tion Join A, B to the centre. 

Let a; be the l subtended at the centre bv arc ACB. 


Droof In each figure A a: — 2 z. APB, 

for these angles are subtended by the same arc ACB. Ui. 8. 

Sim^ a: = 2 Z. AQB, 

Z.APB = Z.AQa 

Q. E. J>. 


Nom Since aU the angles in a segment are equal, we may 
in future speak of the angle in a segment when we mean the 

magnitude of any angle in the segment. 

HEX. 1331. Are / • PAQ, PBQ in fig. 248 equal? Give a reason. 

Ex. 1332. Find the angle in a segment of a circle, the chord of the 
segment being 6 cm. and the height 2 cm. 

Ex. 1333. Repeat Ex. 1322 with chord=4 ine. and height=2 ms. 

Ex. 1334 . Repeat Ex. 1322 with chord=6-43 cm., height=8-61 cm. 
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Theorem 10. 

The angle in a major segment is acute; the angle in 
a semi-circle is a right angle ; and the angle in a manor 

segment is obtuse. 



06 - 249 . 


0g. 250. 


0g. 251. 


Case l 
Data 

To prove tlwJt 
Proof 


/ 


Oasb lU 
Data, 

To prove that 
Proof 


Oase hi. 

Data 

To prove that 
Proof 


APB is a major segment. 

L APB is acute. 

Since APB is a major segment, 
arc ACB is a minor arc, 

.*. A a: < 2 rt. ^ s. 

But A APB = ^ A a:. 

A APB < 1 rt. A. 

APB is a semi-circle. 

A APB Is a rt. A . 

Since APB is a semi-circle, so also is ACB, 

A a; = 2 rt. a s, 

A APB = 1 rt. A . 

APB is a minor segment. 

A APB is obtuse. 

-flince APB is a minor segment, 

\ arc ACB is a major arc, 

A a; > 2 rt. A s, 
aAPB> 1 rt. a. 


% 

% 

f. 

M * 


a 


g. B. Sk 
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Ex. 1826. A regular hez^on is inscribed in a circle. What is the 
angle in each of the eegments of the circle which lie outside the hexagon? 

Ex. 1826. Bepeat Ex. 1325 for the case of (i) a square, (ii) an equU 
lateral a , (iii) a regular n-gon. 

fEx. 1327. A, B, C, D are points on a circle; the diagonals of ABCO 
meet at X; prove that a*ABX, DCX are equiangular; as also a* BCX» 
ADX. 


tEx. 132s. Through X, a point outside a circle, XAB, XCD are drawn 
to cut the circle in A, B; C, D. Prove that a* XAD, XCB are equiangular. 


Ex. 1323. Copy hg. 252 (on an enlarged scale); 
join BC. Find all the angles of the quadrilateral ABCD; 
and prove that two of its sides are equal. 

tEx. 1330. Prove the following construction for 
erectiug a perpendicular to a given straight line A8 at 
its extremity B. With centres A, B describe arcs of 
equal circles, cutting at C. With centre C and radius fig. 252. 

CA describe a circle. Produce AC to meet this circle 
again iu D; then BD is X to AB. 

tEx. 1331 . The circle described on a side of an isosceles triangle as 
diameter bisects the base* 



tEx. 1332 . The circles drawn on two sides of a triangle as diameters 
intei'scct on the base. 

tEx. 1333. The four circles drawn with the sides of a rhombus *.or 
diameters have one point in common. 

tEx 1334. Two circles intersect at P, C. Through P diameters PA, PB 

of the two circles are dra\vn. Show that AQ. QB are in the same straight 
line. (Join QP.) 

1Es 133S. AD is .L to the base BC of A ABC; AE is a diameter of to 
circumscribing circle. Prove that A’ ABD, AEG are equiangnlar; as also 

A'ACD, aeb. 

tEa. 1336. The bisector of A, the mo 

base in D and the oircmnacribing circle in E. Provo that A i 
equiangular. Also prove that A - ACD. AEB are equiangular. 

•SEx 1337. Draw four straight hues roughly in the shape of AC^ 
(hi 253, maling aC= AD=30». Drawn oircle roundACB; uoUoo whether 

it passes through D. 


CONCYCLIC POINTS 
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TlTKORIiM 11. 

[CoNVKUsK OP Tiikorkm 9.] 

If the line joining two points subtends equal angles 
at two other points on the same side of it, the four 
points lie on a circle. 




Dala The line joining AB subtends equal z.s at the points C, D, 
■which lie on, the saino. .side of AB. 

{To prove tJuU tlie four points A,' B, C, D lie on a ©. 

Construction Draw G to pass through A, B and C. 

It must be .shown that thi.s G passes through D. 

Proof If GABC does not pas.s through D, it must cut AD (or 
AD produced) in some other point D'. 

Join BD'. 

Then ^AD'B= z. ACB (in same segment), in. 9. 

But i. ADB = i- ACB, Data 

-Z. AD'B = z. ADB. 

But this is impossible, for one of the z. s is an exterior 
z. of ADD'B, and the other is an interior opposite z. of 
the same A . 

Hence G ABC must pass through D, 

ie. A. B, C, D lie on a ©. q. E. n. 

Def. Points ■which lie on the same circle are said to be 

ooncyclic. 

tBx. 1388 . BE, CF are altitudes of the triangle ABC; prove that 
B, F, E, C are oonoyclio. Sketch in the circle. 
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Theorem 11(a), 

The circle described on the hypotenuse of a right- 
angled triangle as diameter passes through the opposite 
veitex. 

Data, ABC is a triangle right-angled at A. 

To jrrove that the circle on BC as diameter 
passes through A. 

Co^istrvbction Draw the cii-cle on BC as 
diameter, and take any point P on the 
circle on the same side of BC as A. 

Join PB, PC. 

J*Toof As BC is a diameter of the circle, l BPC = a rt. z. . iii. 10. 

But L BAC = a rt , Data, 

^BAC = Z.BPC, 

B, A, P, C are concyclic, in. 11. 

A lies on the circle on BC as diameter, q. c. d. 

ITEs. 1339. Draw a circle (radius about 3 in.); take four points 
A, B. C, D upon it. By measurement, find the sum of the angles BAD, 
BCD; also of the angles ABC, ADC. 

Theorem 12. 

The opposite angles of any quadrilateral inscribed in 
a circle are supplementary. 


S 

fig. 265. fig. 256. 

Data PQRS is a quadrilateral inscribed in ©PQR*. 

To prove that (1) l. PQR + L. PSR = 2 rt. ^ s, 

(2) ^SPQ + Z.SRQ = 2rt.Z-S. 

* The two figures represent the two cases in which the centre is (i) inside, 
(ii) outside the quadrilateral The same proof applies to both. 





fig. 254(a). 


CYCLIC QUADRILATERALS 

ConslTuctio^ Join P and R to the centre o£ 0. 

Proof i a = I A a:, 

^ 6 = J i. y, 

^ a + 6 = J ( ^ ® ^ y)- 

But ^a: + z.y=4 rt. AS, 

A a + A 6 = 2 rt. A s, 

Le. A PQR + A PSR = 2 rt. A 8. 

Sim*^ it may be shown that a SPQ + a SRQ = 2 rt. i. s. 


Ex. 1840. From the given angles, find all the 
angles in fig. 257. 

Ex, 1341. Repeat Ex. 1340, taking l B = 71®, 

L BCOs:36®, L A00 = 108®. Prove that in this case 
AD is II to BC. 

fEx. 1342. Ttie side PQ of a quadrilateral 
PQRS, inscribed in a circle, is produced to T. 

Prove tliat the exterior 4 RQT — tne interior 
opposite 4 PSR. 

fEx. 1843. If a parallelogram can be inscribed in a circle, it most 
be a rectangle. 

i'Ex. 1844. If a trapeziom ca.n be inscribed in a oirole, it must be 
isosceles. 

fEx. 1343. The sides BA, CD of a quadrilateral ABCD, Inscribed in a 
circle, are prodooed to meet at O ; prove that a* OAD, OCB are equi- 
angular. 

tEx. 1846. ABCD is a quadrilateral inscribed in a cdrole, having 
4 Ass60®; O is the centre of the circle. Prove that 

4 OBD-I- 4 00Bs 4CBD+ 4CDB. 

HEx. 1347. What is the relation between the angles subtended by 
a chord at a point in its minor arc, and at a point in its major aro? 


Q. E. D. 
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llEx. 1848. Draw a quadrilateral ABCD, having 4 A -f z C = 180®. 
Draw a oirole to pass through ABC; notice whether it passes through D. 
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Theorem 13. 

[Coi^vERSE OP Theorem 12.] 

If a pair of opposite angles of a quadrilateral are 
Bupplementary, its vertices are concyclic. 



fig. 258. 



Data The L 8 ABC, ADC o£ the quadrilateral ABCD are eupple* 
mentary. 

To prove that A, B, C, D are concyclic. 

Construction Draw © to pass through A, B, C. 

It must be shown that this 0 passes through D. 

Droof If ©ABC does not pass through D, it must cut AD (or AD 
produced) in some other point D'. 

Join CD^ 

Then z. AD'C + z. ABC = 2 rt. z.s. iii. 12. 

But L ADC + L ABC = 2 rt. z. s, Data 

Z. AD'C + L ABC = z. ADC + L ABC, 
z. AD'C= z. ADC. 

But this is impossible, for one of the z. s is an exterior l. 
of A DD'C, and the other is an interior opposite z. of the 

same A. 

Hence ©ABC must pass througlx D, 
ie. A, B, C, D axe concyclic. 

Q. £. D. 


CYCLIC QU-ADRII^TERALS 
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Def. If a quadrilateral is such that a circle can bo circum- 
scribed round it, the quadrilateral is said to be cyclic. 

+Es. 1349. BE, CF, two altitudes of a ABC, intersect at H. Prove 
that AEHF is a cyclic quadrilateral. Sketch in the circle. 

Ex. 1360. ABC, DBC are two congruent triangles on opposite eidoo of 
tho base BC. Under what circumstances arc A. B, C, D concyclic? 

fEx. 1361. ABCD is a parallelogram. A circle drawn through A, B, 
cnls AD, BC (produced if necessary) in E, F respectively. Provo that 
E, F, C, D are concyclic. 

tr. V. 1352. ABCD is a quadrilateral inscribed in a circle. DA, CB are 
produced to meet at E ; AB, DC to meet at F. Prove that, if a circle can bo 
drawn through AEFC, then EF is the diameter of this circle; and BD is the 
diameter of ©ABCD. 

+IIx. 1363 . The straight lines bisecting the angles of any convex 
quadrilateral form a cyclic quadrilateraL 

I'oi' further exercises on the suhject-maiter of the above section 
see end of section ix. 

Section VIL Construction of Tangents. 

ITEx. 1364. Stick two pins into the paper 2in. apart at A and B; placo 
the set.square on the paper so that tho sides 
containing the GO^ arc in contact with the pins; 
mark the point where the vertex of tho angle 
rests. Now slide the set-square about, keeping 
tho same two sides against the pins, and plot 
the locus of tho CO^ vertex. Whatisthe locus? 
are A, B points in tho loous? Complete the circle, 
and measure tlm angle subtended by AB at a 
point in the minor arc. 

llEx. 1365. Bopcat tho experiment of Ex. 1354 with tho 30® vertex. 

I^Ex. 1366. Bepeat the experiment of Ex. 1354 with the 90® vertex. 

^iEx. 1367. 'What is the locus of points at which a given lino subtends 
a right angle? 

Ex. 135B. O is the centre of a circle and Q is a point outside tho 
circle. Construct the l.>oas of points at which OCt subtends a right angle. 
Find two points A, B on the first oirclo, so that AOAGt=:Z.OBQ=90®* 
Prove that CIA is a tangent to the first circle. 
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To draw tangents to a given circle ABC irom a given 
point T outside the circle. 



CoTisi/ruciioTt Join T to O, the centre of © ABC, 

On OT as diameter describe a © cutting the given circle 

in A, B. 

Join TA, TB. 

These lines are tangents. 

pTOof Join OA, OB. 

Since OT is the diameter of © OAT, 

L OAT is a right angle, 

AT, being x to radius OA, is the tangent at A. 
Similarly BT is the tangent at a 


Ex- ISfiO. Draw tangents to a circle of radius 2 ins. from a point lln. 
outside the circle ; calculate and measure the length of the tangents. 


Ex. 1360 . Draw a circle of radios 3 cm. and mark a p(^t T 
from the centre. Find where the tangents from T meet the oiwle (») by th 
method of p. 240, (ii) as above. Calculate the length of the tangents, an 
asc^rtftin which method gives greater accuracy* 

Ex. 1361. PiDd the angle between the tangents to a oiicle Irom a point 
whose distance &om the centre is equal to a diameter. 


Ex. 1363. Through a point 2 in. outside a circle of radios 2 ui- 
line to pass at a distance of 1 in. from the centre. Measore an 
the part inside the circle. 


CONSTRUCTION OF TANGENTS 
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Common Tangents to Two Circles. 

Def. a straight line which touches two circles is called 
a common tangent to the two circles. 

Fig. 2G2 shows that when tho circles do not 
intersect there are four common tangents. 

If the two circles lie on the same 3 

Bide of a common tangent, it is called 
an exterior common tangent ; thus 
AB, CD (fig. 262) are exterior common 
tangents. If the two circles lie on 
opposite sides of a common tangent, 
io is called an interior common tangent; 
thus EF, GH are interior common tangents. 

Ex. 1363 . Draw sketches to show how many common tangents can be 
drawn in cases n. , m. , rv. , v., of fig. 236 ; in each cose state tho number of 
exterior and of interior common tangents. 



HEx. 1364 . Draw the tangents to a circle 
(centre A ; radius 1 in.) from a point B 
(AB=s3 in. fig. 263). Draw, parallel to each 
tangent, a line ^ in. from the tangent, these 
lines not to cut the circle, ”With centres A and 
B draw circles touching these two lines. Show 
that the difference of the radii of these circles 
is eqnal to the radius of the original circle. 
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To construct an exterior common tangent to two 
unequal circles. 



fig. 264. 


\Analysit let A, B be the centres of the larger and smaller 
circles respectively j R> t their radiL 

Suppose that ST is an exterior common tangent, touching 

the ©• at S, T. 

Join AS, BT. Then L “ AST, BTS are right angles, 

AS is II to BT. 

Through B draw BP || to TS, meeting AS in P. 

Then BTSP is a rectangle. ("Why^) 

PS = BT = r. 


And AP=^AS-PS = R-r. 

Also Z. APB is a right angle. (Why?) 

/. BP is a tangent from B to a circle round A, whose 

radius is R—r. . 

The foregoing analysis suggests the foUowing construcUon. 1 

Comlru.ctum With centre A describe a circle having for radius 

the difference of the given radm 

From B draw a tangent BP to this circle. 

Join AP and produce it to meet the larger O m a • 
Through 8 draw BT || to AS to meet the smaller cmcle m T. 

Join ST. 

Then this line is a common tangent to the two O . 


CONSTRUCTION O^ COMMON TANGENTS 
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Proof PS is equal and || to BT (whyl), 

•% ST BP is a paBallelogram, 
and u SPB is a right angle (whyl), 
/. STBP is a rectangle, 
angles at S and T are right angles, 
ST is a tangent to each circle. 


Ex. 1365. Draw two circles of radii 1*5 in. and 0*5 in., the centres 
2-5 ins. apart. Draw the two exterior common tangents. 

Measure and calculate the length of these tangents (i.e. the distance 
between the points of contact). [Use right-angled A APB.] 


tEx. laee. Where does the above method fail when tbo two circles are 
equal ? Give a oonstructioa (with pcooi ) for the exterior common tangenta 
in this case. 
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To construct an interior common tangent to two 
circles. 



fig. 26 & 


[A^ial^ais Suppose that XY is an interior common tangent. 

touching the O* X, Y. 

Join AX. BY. Then i.’ AXY, BYX are right angles. 

.*, AX is II to BY. 

Through B dra^r BQ \\ YX, meeting AX produced in a 

Then BYXQ is a rectangle. 

/.ax = BY=r. 

And AQ = AX + XQ = R + r. 

Also z. AQB is a right angle, 

BQ is a tangent from B to a circle round A, whose 

radius is R + r. 

Hence the following construction. ] 

Comtruclion, With ^ntre A describe a circle having for radius 

the sum of the given radu- 

From B draw a tangent BQ to this circle. 

Join AQ; let this line cut the (A) circle in X. 

Through B draw BY |1 QA to meet the (B) circle m Y. 

Join XY. 

Then this line is a common tangent to the two O'. 
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Proof (i) Prove that BYXQ is a rectangle. 

(ii) Prove that XY is a tangent to the (A) circle at X, 
and to the (B) circle at Y. 

Es. 1387. Draw the two circles of Ex. 1365, and draw the interior 
common tangents. Measure and calculate the length of these tangents. 

^TEx. 1368. Draw two equal circles, not Intersecting. Draw the interior 
common tangents by the above method. Can you suggest an easier method 
for this special case? 

Ex, 1369. In the following exercises R, r denote the radii of the circles, 
d the distance between their centies. For each pair of circles calculate the 
lengths of possible common tangents. {Freehand . ) 


(i) 

R=5cm., 

r=3cin.. 

dssSom. 

(ii) 

R=5 cm., 

r=3cm., 

<i=7 cm. 

(iii) 

R=3 in.. 

r*l in,. 

d=2m. 

(iv) 

Rss3 in., 

r=l in.. 

d=l in. 

(y) 

R=3‘52 cm., 

r=l’41 cm.. 

<J=6-29 cm. 


HEx. 1370. If the radius of the smaller circle diminishes till the olrole 
becomes a point, what becomes of the four common tangents? 

Ex. 1371. The diameters of the wheels of an old-fashioned bicycle ore 
4 ft, and 1 ft., and the distance between the points where the wheels touch 
the ground is 2^ ft. Calculate the distance between the centres of the 
whe(^; check h'^ drawing. 
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Section VIII. Constructions oependino on 

Angle Properties. 


^Es. 1372. Draw a line of 2 ins.; on thia line as base draw a 
triangle with a vertical angle of 40'^. 

(You will £nd that it is practically impossible to draw the vertical angle 
directly : first draw the angles at the ends of the base. What is their sum? 
Kotice that many different triangles may be drawn with the given vertical 
angle.) 


liEx. 1373. Draw a line of 2 ins. ; cn this line as base, and on the same 
Bide of it, draw a number of triangles (about 10) having a vertical angle of 
40’. What is the locus of their vertices? Complete the curve of which this 
locus is a part. Is it possible for the vertex to coincide Nvith an end of the 
base, in an extreme case? Poes the curve pass through the ends of the base? 


HEx. 1374. Bepeat Ex. 1373 with base 2 in. and vertical angle 140®. 
Compare this with the locus obtained in Ex. 1373. 

HEx. 1376. What locus would be obtained if Ex. 1373 were repeated with 
aa angle of 90® ? 

ITEx. 1376. (Tracing paper.) Draw, on tracing paper, two straight 
lines intersecting at P. On your dr'awing paper mark two points A, B. Move 
your tracing paper about so that the one line may always pass through A, 
and the other through B. Plot the locus of P by jricking through. 


The foregoing exercises will have prepared the reader for the 
following statement : — 

The locus of points (on one side of a given straight 
line) at which the line subtends a constant angle is 
an arc of a circle, the given line being the chord of 

the arc. 


HEx. 1377- Upon what theorem does the truth of this statement 
depend? 

tEx. 1370 . What kind of arc is obtained if the angle is (i) acute, (ii) » 


right angle, (iii) obtuse? 

llEx. 1379. If the constant angle is 45° what angle iB_ subtend^ ^ 
the given line at the centre of the circle? Use this suggestion m «d« to 
tJ the locus of points at which a line of 6 cm. subtends 46°. without 

actually determining any of the points. 
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Ex. 13 BO. Show how to coostraot the locus of points at which a given 
line subtends an angle of 30». Prove that in tins case the rad.us the 
circle is eqaai to the given line. 


Ex. lasi. Show how to construct the locus of points at which a given 
line subtends a given angle. 

+Ex. 1382 . On a chord of 3-5 ins. construct a segment of a circle to 
contain an angle of 70®. Measure the radius. 

Ei. 1383 . Repeat Ex. 1382 with chord of 7 24 cm. and angle of 110*". 

Ex. 1384. Repeat Ex. 1382 with chord of 3 in. and angle of 120’. 

+Ex. 1385 . Prove that the locus of the mid-points of chords of a circle 
Mvhich are drawn through a fixed poiut is a circle. 


tEx. 1386 . Of all triangles of given base and vertical ftngle» the 
isosceles triangle has greatest area. 

+Ex. 1387 . P is a variable point on an are AB. AP is produced to ft 
so that Pft= PB. Prove that the locus of ft is a circular arc. 


To construct a triangle with, given base, given alti- 
tude, and given vertical angle. 

Xict the base be 7 cm.; tbe altitude 6*5 cm.; i'he vertical 
angle 46“. 


Draw the given base. 

Draw the locus o£ points at which the given base sub- 
tends 46“. 

Draw the locus of points distant 6*5 cm. from the given base 
(produced if necessary). 

The intersections of these loci will be the required positions of 
the vertex. 

How many solutions are there to this problem ? 

Measure the batse angles of the triangle. 


Ex. 1388. Construct a triangle having 

(i) hase=4m., aUitade=l in., vertical angl6=90®. 

(ii) base = 10cm., altitude =2 cm., vertical angle =120^* 

(iii) basesfSem., altitude =5 cm., vertical angle=90®. 

(iv) base=3'5in., altitude=l in., vertical angles 54^ 

In each case measure the base angles. 
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Es. 1389. (Without protractor.) Construct a triaugle, given tiie baso, 
vertical angle and altitude. 

Es. 1390. Show how to construct a triangle of given base, vertical 
angle and mcdtau. 

Es. 1391. Show how to construct a triangle, given the base, the vertical 
angle and the area. 

Ex. 1392. Show how to construct quadrilateral ABCD, given 
AB = 5-4cm., AC = 9*5cm., AD=5-6cm., ^BAD = 113“, ^BCD = 70®. 

Es, 1393 . Show how to construct a cyclic quadrilateral ABCD, given 
AB = i 3m.. BC = 3-0in., CD=4-<lin., Z.B = 125°. 

Why are only four measurements given for the construction of this 
qnadrilateral ? 

Ex. 1394. Show how to construct a quadrilateral ABCD, given that 
AB = r> l cm., BC = ll-4 cm., CA=11'7 cm., AD = 5*1 cm., z.BDC=76®. 

Ex. 1395 . Show bow to construct a parallelogram with base 2'8'm. 
and height 2 in., the angle (subtended by the base) between the diagonals 
being 80®. (Try to find the centre of the parallelogram.) 

To inBcribe in a given circle a triangle with given 
angles. 

Let the radius of the circle be 2 in. and the angles of the 
required triangle 40**, 60“ and 80“. 

lA 7 t 4 il^sis Draw a sketch of the required figure; join ^0 
vertices of the triangle to the centre of the circle. What are 
angles subtended at the centre by the three sides 1 

Knowing these three angles at the centre, it is easy to dra 

the required figure.] 

Ex. 1398 . Draw the figure described above; measure the sides of the 
triangle. SUte the construction formally, and give a proof. 

Ex. 1397. Inscrihe in a circle of radius 6 cm. a triangle of angles 
80®, 80®, 70®. Measure the sides. 

Ex. 1393 . Inscribe in a circle of radius 3*5 in. a triangle with angle® 
80®, 40®. Measure the sides. 
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Ex. 13&9. Inscribe in a circle of radios 4 era. an isoscolea triangle 
having each of the angles at the base double the angle at the vertex. 

Measure the base. 

Ex, 1400 . Inscribe in a circle of radios 2-5 in. a triangle having two 
of its angles 35'’ and 40°. Measore the sides. 

Ex. 1401. (Without protractor.) Inscribe in a 
Circle of radios 6 cm. a triangle eqniangular with a 
given triangle. 

Ex. 1402. Copy fig. 266 on an enlarged scale; 
making the radios of the clrclo 2 in. Check the 
angles marked, and measure AC. 

To circuxoscribe about a given circle a triangle Yrith. 
given angles. 

Xieb the radius of the given circle bo 2*4 in.; the angles of 
the required triangle 45“, 70“, 65“, 

Analysis Draw a sketch of the required figure (fig. 267). 

Join the centre O to L, M, N the points 
of contact of the sides. 

If the angles at O can be calculated it 
•will be easy to draw the figure. 

How L. s AMO, ANO are right angles, 

Z.S MAN, MON are supplementary. 

Hence calculate z. MON, and similarly 
the other angles at O,] fig. 267. 

Ex. 1403. Draw the figure described above. Measure the longest side 
of the triangle. State the construction formally, and give a proof. 

Ex. 1404. Circomsoribe about a circle of radius 6 cm. a triangle of 
angles 30°, 60°, 90°. Measure the longest side. 

Ex. 1405. Circomsoribe about a circle of radius 3 ora. an isosceles 
riglit'angled triangle. Measore the longest side. 

Ex. 1403. Circomsoribe about a circle of radios 4 cm. a parallelogram 
having an angle of 70°. Measure the sides of the parallelogram, and prove 
that it is a rhombus. 

Ex. 1407. (Without protractor.) Circomsoribe about a oirolo of radius 
2*6 m. a triangle eqniangular to a given triangle, 

E*. 140S. (Without protractor.) Circumscribe about a circle of radioB 
6 om. a triangle having its sides parcel to three given straight bnaa- 
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Section IX “Alternate Segment.” 

Theorem 14. 

If a straight line touch a circle, and from the point 
of contact a chord be drawn, the angles which this chord 
makes with the tangent are equal to the angles in the 
alternate segments. 

Data A B touches GCDEinC; tlio chord CD is drawn through 
C, meeting O again in D. 

To prove that (1) u BCD = A in alternate segment CED, 

(2) L. ACD = A in alternate segment CFD (fig. 269). 


E 



fig. 268. 


(1) Construction Through C draw CE x to AB, meeting Om E. 

Join DE. 

Proof Since CE is drawn X to tangent AB. at its point of 

““*^E pLes through centre of G , and is a diameter^^ 

, III. 10. 

/.CDE IS a rt, _ 

.-.inACDE, xCED+ xDCE=lrtx. 

Kow L. BCD + 1. DCE = 1 rt. iL . 

/. A BCD+ A DCE = A CED + A DCE, 

aBCD = aCED. 
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(2) Construction Take any point F in arc CFD; join CF, OF. 

L. BCD + i- ACD = 2 rt. ^ s. 

Aldo, since CFOE is a quadrilateral inscribed in a circle, 

^ CEO + z. CFD = 2 rt. i. s, 111.12. 

i. BCD + L. ACD = i. CED + l. CFD. 

But z. BCD =.^ CED, Proved 


^ACD= Z.CFD. 


Q. E. D. 


liEx. X4O0. la fig. 269 point out au angle equal to A fecF. 


tEx. 1410 . Taking CE as the chord (fig. 969), what U the segment 
alternate to U ACE? 


HEx, 1411. Find all the angles of fig. 269, supposing that L. BCD = 60®, 
and that L. FCD=20®. What angles do the chorda ED, CD, FC subtend at 
the ooutro? 

0 

Ex. 1412. Find all the angles of fig. 270. 




fig. 270. 

Bx. 1418. Find all the anglea of fig. 271. 

YBx. 1414. Draw the tangent at a giyen point on a oirole ^thout finding 
(oc using) the centre of the circle. 

(For^rt^ exercUUM on ** Alternate segment** see Hx, 1434 — 1438.) 
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iiL 14 provides alternative methods of dealing "with the 
constructions of section Vlll, 

On a given straight line AB to construct a segment oi 
ft circle to contain a given angle 



Construction At A make L BAG = ^ X. 

Construct a circle to pass through A and B, and to 

touch AC at A. 

The segment ADB is the segment required. 

Proof CAB (between tangent AC and chord AB) 

* ^ in alternate segment ADB. 

Ex. 141S. Show how to constrnct on a given straight line a segment 
-of a circle to contain a given obtuse angle. {Freehand.) 

Ex. 1416 . Show bow to construct on a given base an isosceles triangle 
with a given vertical angle. {Freehand.) 

TTv 1417 Show how to construct on a given base a 
^bc^i ::gl!'anf^:cn nredian. Is this always possible J 


. 
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In a given circle to inscribe a triangle equiongiolar to 
a given triangle XYZ. 


fig. 273. 

Analysis Suppose that the problem has been solved; and that 
ABC is the required A. 

Xjet PAC he the tangent at A. 

Then L. PAB = A ACB (in alternate segment) 

= AZ, 

and A CAC = a ABC (in alternate segment) 

« AY.] 

Hence: — 

CoTiatruciion At any point A on the given circle draw the 
tangent PAQ. 

Make A PAB = A Z; let AB cut O in B. 

Make A QAC= a Y; let AC cut G in O. 

Join BC. 

Then ABC is a triangle equiangular to A XYZ, inscribed 
in the given circle, 

tEx. 1418. Give the proof of the above construction. 

Ex. 1410. (Without protractor.) In a circle of radios 8 in. insorib© 
a triangle equiangular to a given obtuse-angled triangle. Test the aoouraoy 
of the fl-Tigiflg, 

Ex. 1420. In a circle of radius 2 in. inscribe a triangle bavins ks 
<ades parallel to three given straight 
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Tangekt as limit of Choed. 



!Figs. 274 (i— iv) show four positions of a chord AB (produced 
both ways). Looking at the figures from left to right, the chord 
is seen to be turning about the point A; as it turns, the second 
point of intersection, B, comes nearer and nearer to A until in fig. v, 
B has coincided with A, and the chord has become the tangent 

at A. 

A tangent therefore may be regarded as the limit of a 
chord whose two points of intersection with the circle have come 

to coincide. 

Fig. 275 suggests another way in which the chord may ap- 
proach its limiting position — the tangent. 



B 

fig. 276. 


Looking at. the tangent from thU point of 
interesting to see that the angle in a segment of 


view, it is 
a circle de- 
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Telopa into the angle between the chord and the tangent at ita 
extremity. This is shown by fig. 276. 





ITEx. 14 ai. In fig. 275, what becomes of the theorem that “ the 
perpendionlar from the centre on a chord bisects the chord ** when B comes 
to coincide with A? 

ITEx- 14aa« Prove m. 6 by means of fig. 276. 

ITBx. 1423. In fig. 276, if O is the centre of dm cirde, what do the 
angles OAB, OBA become in the limiting case? 

IFBx. 1424. 'What is the limiting form of Ex. 1300 when the circles 
tonoh? 


Miscellaneous Exercises on Sections VL, VIII. and TX. 

tEz. 1426. Through P, Q, the points of intersection of two circles, are 
drawn chords APB, CQD ; prove that AC is || to BD. [Join P^] 

What does this theorem become if A, C are made to coincide? 

tEx. 1426. Throngh P, Q, the points of intersection of two circles, are 
drawn parallel chorda APB, CQD ; prove that AB=CD. 

tEz. 1427. If two opposite sides of a cyclic qoadrilateral are equal, the 
other two are paroUd. 

tEz. 1428. Each of two equal circles passes through the centre of the 
other : AB is their common chord. Through A is drawn a line cutting the 
two circles again in C, D ; prove that A BCD is equilateral. 

tEx. 1429. ABC is an equilateral triangle inscribed 
in a circle ; P is any point on the minor arc BC. Prove 
that PA=PB + PC. [Make PX=PB, Then prove XA= 

PC.] 

tEx. 1430. In fig. 229, B, C, Ij, and the centre of the 
insozibed oirde are oonoyolio. 
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fEz. 1491. From a point on the diagonal of a sqaare, lines PR, QS an 
drawn parallel to the sides, P, Q, R, S being on the sides. Prove that these 
four points are ooncjclic. 

fEz. 1432. O is the centre of a circle, CD a diameter, and AB a chord 
perpendicular to CD. If B is Joined to any point E in CD, and BE pro* 
duced to meet the circle again in F, then A, O, E, F are concyclic. 

Ez. 1433. Show bow to constrnct a right-angled triangle, given the 
radius of the inscribed circle, and an acute angle of the triangle. 

tEx. 1434. Two circles touch at A. Through A are drawn straight 
lines PAQ, RAS ; cutting the circles in P, Q and R, S. Prove that PR ia 
parallel to QS. (Draw tangent at A. Compare Ex. 1425.) 

tEx. 1436. Two circles cut at P, Q. A, a point on the one circle, is joined 
to P, Q; and these lines are produced to meet the other circle in B, C. 
Prove that BC is parallel to the tangent at A. (Compare Ex. 1425.) 

tEx. 1436. A chord AB of a circle bisects the angle between the 
diameter through A, and the perpendicular from A upon the tangent at B. 

tEx. 1437. ABCD is a cyclic quadrilateral, whose diagonals intersect at 
E : a circle is drawn through A, B and E. Prove that the tangent to thifl 
circle at E is parallel to CD« 

tEx. 1438. AB, AC are two chords of a circle; BD is drawn parallel to 
the tangent at A, to meet AC in D ; prove that Z.ABD is equal or supple- 
mentary to L BCD. Hence show that the circle through B, O and u 

touches AB at B. 


Section X Arcs and Angles at the Circumferenok. 

KEx. 1439. Draw a circle of radius 2‘5 in.; draw a diameter OP^ an 

a tangent AOB as in fig. 278. Divide A AOP^ ^to ^v© 
equal parts; also A BOPj. Measure the cho^ OPj, 

P,P«, ... etc. What angle does PgP, subtend at the centre 
of lie circle? Prove that OPiP^.^etc. are the vertices 
of a regular decagon. 

ITEx. 1440. In the fig. of Ex. 1439 draw any Btrai^t 

line cutting across the set of lines OPj, OPj, OP 3 , etc. 

Is this lino divided into equal parts? 

ITEx 1441 . Take a point O. 1 in. from the centre of a c^le of ra^^ 
2-5 in.; draw throngh O a ^ameter and a 

Iff’ with one another. Find by measurement whether these ono 
the circumference into equal aros. 



fig. 278. 
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ANGLES AT THE CIUCUMFERENCE 

llEx. 1442 , Would the circumferenca bo divided into equal ar(» ii the 
pomt O in Ex, 1441 -were taken at the centre? How many arcs would there 

be? 

+Ex. 1443. Provo that •equal area or chorda of a drole ^btend 
equal (or Bupplementary) anglos at a point on tho ronco. 

Draw a figure to iUostrate the case of Bupplemontary angles. 

Prove the converse, 

Kotk. In the follotuiiig ejceraises (Ex. 1445 — 1462 ) thx studen^ 
is advised to make use of^Hhe cmgh subtended at the cwcumference.^ 

tEx. 1444 . Draw a regular pentagon ABODE in a oirole. Provo that ' 
the angle A ia trisected by AC, AD. 

tEx. 1445. ABODE is a regular pentagon. 

(i) Prove that AB is parallel to EC. (Join AC.) 
fii) At what angle do BD, CE, intersect? 

(iii) Prove that A ACD is isosceles, and Hmt each of Us base angles 
is double its vertical angle. 

(iv) If BD, CEmeet at X, prove that a'CXD, ODE are equiangular. 

(v) Provo that the tangent to the circle at A is parallel to BE. 
[Use ni. 14.] 

■iEx. 1446. AB, CD are parallel chords of a cirole. Prove that 
arc AC=:arc BD. 


tEx. 1447. On a circle are marked ofi equal arcs AC, BD. Prove that 
AD is parallel or equal to CB. 

tEx. 1446. AOB, COD are two obords of a circle, intersecting at right 
angles. Show that arcAC+aroBDsaroCB + aroDA, 

tEx. 1449. Through a given point draw a chord of 
a given circle so that the minor segment cut off may bo 
the least posable. 

tEx. 1460. Prove that in fig. 278 

aroOPj=arc PiPj. 

Ex. 1461. In fig. 279 what fractions of the oiroom* 
ference are the arcs AB, BC, CD, DA. BCD? 



D 

fig.m 
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Es. 1462. In fig. 280 what fractions of the oiromn- 
ference are the arcs AB, BC, CD, DA? 

Ei. 1453. ABC and ADEFG are respectively an 
equilateral triangle and a r^nlar pentagon in^ribed in a 
circle. What fraction of the circumference is the arc BO ? 

Ex. 1454. PGRS is a quadrilateral inscribed in a 
circic ; the two diagonals intersect at A. PG is an arc 
of SO® (see p. 233), QR 100®, RS 70®. Find aU the angles fig. 280. 
in the figure. 

Ex. 1455 . In the figure of Ex. 1454 find two pairs of equiangular 
triangles. 



Ex. 1466. If in fig. 268 arc CD=2 arc DE, what is ^BCD ? 
tEx. 1457 . In fig. 268, the bisector of z. BCD bisects arc CD. 

Ex. 1458. If in fig. 268 arc ED were i arc DC, what would be tha 
magnitude of BC D ? 

Ex. 1459 . The two tangents OA, OB from a point O are inclined at 
an angle of 48®. How many degrees are there in tha minor and^jor arc 
AB respectively ? What is the ratio of the major to the minor arc ? 
lEx. 1460. P is a variable point on an arc AB. Provo that the 

bisector of l APB alwovs posses through a fixed point. 

[Begin by finding the probable position of the fixed point by expen- 


ment.] 

lEx. 1461 . A. B, C are three points on a circle. ° 

/ ABC meets the circle again at D. DE is drawn U to AB and meets 

circle &g&in £• PrOTC that DE=BC. 

tEx. 1462. A tangent is drawn at one end of an arc ; and from the im 
point of Sie arc perp^diculars are drawn to the tangent, and the chord of 

tiie sirco Proye they &re e^u^L 


Begulak Polygons*. 

Dei^ a polygon which is both equilateral and equiangular la 

ii: - rr irr: rir::. 

eit'- r (i) equilateral, or (ii) equiangular ? 

: Ltiou on regular polygons ehould be ooutted at a firs, rcatog. 
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Theouem 15. + 

If the circumference of acircle bo divided into «. equal 
arcs, (1) the points of division are the vertices of a regular 
«.gon inscribed in the circle; (2) if tangents be drawn 
to the circle at these points, these tangents are the aides 
of a regular 7i-gon circumscribed about the circle. 



(I) J)aia The circumference is divided into tk equal arcs at 
the points A, B, C, D, E, F, G. 

The chords A8, BC, etc. are drawn forming the inscribed 
W“gon ABCDEFQ. 

To prove that ABCDEFQ is regular. 

Proof Since arcs AB, BC, etc. are equal, 

•*. chords AB, BC, etc. are equal, in. 4. 

•*. ABCDEFQ is equilateral 
Again, arc GAs=aroBC, Data 

adding arc AB to both, 
arc GAB = arc ABC, 

»% L GAB = L. ABC, these angles being contained in equal arcs. 

Sim*^ it may be shown that all the s of the p<^ygon are 
equal ; ie. that ABCDEFG is equiangular. 

ABCDEFG, being equilateral and equiangular, is regular. 

G. s. fivl » 
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fig. 28a 


(2) Data The tangents at A, B, C, etc. are drawn forming 
the circumscribed 9^-gon PQRSTUV. 

To prove tfiai PQRSTUV is regular. 

Consiructicni Join P, Q, R, etc. to the centre O. 

Proof Show that 

(i) adj^vcent As, similarly numbered, are congruent. 

(U) adjacent A s, differently numbered, are congruent 

(by (i) L POB = J z. AOB, L QOB = J z. COB, 

L. POB L. QOB). 

(iii) all the numbered As are congruent. 

(iv) PQRSTUV is equilateral 

(v) PQRSTUV is equiangular. 

PQRSTUV is regular. 


fEr. 1465 (a). (Alternativ© proof of Tin 16 (2),) 

Join ED, DC. 

Prove that 

(1) as ESD, DRC are isosceles, 

(2) I EDS= z CDR (by means of angles in alternate segments), 

(3) as ESD, DRC are congruent 


etc. 
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Ex. 1466. Constxuct a regular pentagon of aide 2 in, (see Ex. S98); 
dra\r the circumscribed and inscribed circles and measor© thoir radii. 

Ex. 1467. JRcpeat Ex. 1466 with a regular octagon of side 2in. (Without 
protractor.) 

Ex. 1466 . Find the perimeter and area of a regular 6-gon ciroumscribed 
about a circle of radios Gem. 

tEx. 146©. Prove that an equilateral polygon inscribed in a circle mu 
also bo equiangular. 

Ex. 1470. Is the converse of Ex. 1469 true? 

tEx. 1471 . Prove that an equiangular polygon circumscribed about h 
circle must also be equilateral 

Ex. 1472. Is the converse of Ex. 1471 true? 

Ex. 1473. The area of the square circumscribed about a circle is twice 
the area of the square inscribed in the same circle. 

Ex. 1474. Prove that the area of the regular hexagon inscribed in 
a circle is twice tlio area of the inscribed etjuilateral triangle. Verify this 
fact by cutting a regular hexagon out of paper, and folding it. 

Ex. 1476. The side of an equilateral triangle circumscribed about a 
circle is twice the side of an inscribed equilateral triangle. 

tEx. 1476. The exterior angle of a regular u*gon is equal to the angle 
which a side subtends at the centre. 

t£x. 1477. The lines joining a vertex of a r^ular n>goa to the otb' « 
Tertices divide the angle into (n - 2) equal parts 
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Section XI. Area op Circle. 


S 

fig. 283. 

Let PQRST be a polygon (not necessarily regular) circum- 
scribing a circle. 

Join the vertices of the polygon to the centre of the circle. 
The circle is thus divided into a number of triangles, having for 
bases the sides of the polygon, and for vertex the centre of the 

circle. 

Draw perpendiculars from the centre to the sides of the 
polygon. These meet the sides at their points of contact and are 
rail of the circle. Thus the triangles OPa. OQR, etc. are all of 
height equal to the radius of the circle. 

Let r be the radius of the circle, a, b, c, d, e the sides of the 
polygon (PQ = «, GlR = 6, etc.). 

Theareaof AOPQis J«r; AOQR = i&J*, etc. 

/. area of polygon = Jar + + Acr + Jc?!* + 

= Jr(a + i» + c + ^ + ^) 

= J radius x perimeter of polygon. 

This is true for any polygon circumscribing the circle. 
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If we draw a polygon of a very great number of sides, it 
is difficult to distinguish it from the circle itself. The area of 
the polygon approaches closer and closer to the area of tlic circle; 
and the perimeter of the polygon to the circumference of the 
circle. Hence we conclude that 

area of a circle = h radius x circumference of circle 

X 2717* 

= TTT^. 

[/a the JoUowinij excrciecs it tcill generally be tujficient if ansxcere are 
given correct to three significant figurcs.'\ 

1478. Calculate the area of a circle whose radius is 1 Inch. Also 
di'aw the circle on inch paper and find the area by counting the squares. 

F.x. 1479. Repeat Es. 1478 for a circle of radius 2 in. Check your 
result by squared paper. 

Ex. 1480. The r.adius of one circle is twice the radius 
of another; how many times docs the area of the greater 
contain the area of the smaller? Fig. 284 shows that the 
area of the greater ts more than double the area of the 
smaller. Find the area of the shaded part of fig. 284, taking 
the <li;imctcr of the small circles to be 1 cm. gg, 284. 

Ex. 1481. Find the ratio of the ai'ea of a circlo to tho area of the 
cu-cumscribing square, 

E.x. 1482. Squares are iuscribed and chcumscribcd to 
a circle (fig. 235); how many times does the circumscribed 
square contain the inscribed square? 

Ex. 1483. \Vliat is the ratio of the area of tho circle to 
tlio area of the inscribed stiuare? 

Ex. 1484. Find the area of a circle, given (i) radius=5'72 cm.^ 
(U) diameter=lin. (the size of a halfpenny), (iii) r=0*59m. 

1-486. Find, iu square inches, the area of one side of a penny. 

Ex. I486. Err.w an equilateral triangle of side 10 cm. and its circum- 
Bcnbing circle ; make tho necessary measurements and calculate the area of 
the circle. Find the ratio of the area of tho circle to that of the triangle. 
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Ex. 1487 . Find the ratio of the area of a circle to the area of the in- 
scribed regolar hexagon. ^Compare result ^Tith those of Ex. 1483 and 1486.) 

Ex. 1488 . In the centre of a circular pond of xadiue 100 yards is a 
circular island radius 20 yards. Find the area of the surface of the water. 

Ex. 1489. Find whether the area in Ex. 1488 is greater or less than the 
area of a circular sheet of water of 80 yards radius. 


Ex. 1490. The radius of the inside edge of a circular running track is 
a feet ; and the width of the track is b feet ; find the area of the track. 

Ex. 1491. From a point P, on the larger of two concenmo circles, 
a tangent PT is dra^vn to the smaller. Show that area of the circular ring 
between the circles is ir . PT*. 

Ex, 1492 . Show how to draw a circle equal to (i) the sum, (ii) the 
dificrence of two given circles. 


Ex. 1493. Calculate the radios of a circle whose area is 1 sq. in. 

Ex. 1494 . Calculate the diameter of a circular field whose area is 
1 acre ( = 4840 sq. yards). 

Ex. 1495. Let A=area of circle, c=ciroumforence, T=radiu 0 . d=dia* 

meter. ^ ^ . 

(i) Express c m terms of Ti 


(ii) c ^ 

(iii) A r, 

(iv) A ^ 



Ex. 1499. 



(vii) 

(viii) 

(ix) 


r 

d 

A 


c, 

A. 

A. 



(x) 

Find the 


radius and ciicumferenco of a circio whose area is 


(i) 6 sq. in., (ii) 765 sq. cm.. 

Ex. 1497. Calculate the area of a 
26,000 miles. (Find r first) 


circle whose cinmmferenoe i» 
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Ex. 140 S. Froxe that in fig. 224 the three portions into 'which the circle 
is divided by the curved lines are of equal area. 

tEx. 1499. Prove that if circles axo described with the hypotenuse and 
the two sides of a right-angled triangle for diameters, tbo area of the greatest 
is the sum of the areas of the other two. 

tEx. 1500. In fig. 286 U BAC is a right angle, and 
the curves are semicircles. Prove that the two shaded 
areas are together equal to the triangle. 

fig. 280. 

Area of sector of circle. 

If through the centre of a circle were drawn 360 radii making 
equal angles with one another, 360 angles of 1 degree would be 
formed at the centre of the circle, Tlie area of the circle would 
be divided into 360 equal sectors. A sector of angle 1“ has 
therefore of the area of the circle; and a sector of angle, 
say, 53* contains of the area of the circle. 

Ex. 1501. Find the area of a sector of 40^ in a circlo of radius 5 in. 

Ex. isoa. Find the area of a sector of in acirde of radius 12*4 cm. 

Ex. 1503. Find the areas of the two sectors into which a circlo of 
cUameter 12*5 inches is divided by two radii Inclined at an angle of C0°. 

Ex. 1504. Calculate the area of a sector whose chord is 3 in. in a 
&rcle of radius 4 in. (find the angle by measurement). 

Ex. 1505. Prove ttiat the area of a sector of a circle Is balf the 
product of the radius mki the arc of the sector. 

Area of segment of circle. 

In fig. 287, 

segment AGB = sector PAGB — triangle PAB. 

Ex. 1606 . Find the areas of the two segments 
into which a circle radios 10 cm. is divided by a chord 
of 10 cm. 

Ex. 1607. Eepeat Ex. 1506 with the same circle and a chord of 
20 cm. 
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Sz. 1508 « Repeat Cs. 1506 vrith a chord that subtends 90^ at tbc 
centre. 

Ex. 1609. Find the area of a s^ment \ 7 b 0 se chord is 12 cm. nod 
height 3 cm. Also find the ratio of the segment to the rectangle of the 
same base and height 

Ex. 1 6 10. Find the area of a segment of base 10 cm. and height 5 cm. 

Ex. 1611. Find the area of a segment of base 4 cm. and height 8 cm. 

Ex. 1612. A square is inscribed in a circle of radius 2 in. Find the 
area of a segment cut off by a side of the square. 

Ex. 1513. From a point outside a circle of radius 10 cm., a pair of 
tangents arc drawn to the circle; the angle between the tangents is 120®. 
Find the area included between the two tangents and the circumference. 


SEcno^f XIL Pur.TnER Examples of Locl 


Ex. 1614. Plot the locus of points the sum of whose distances from 
two fixed points remains constant 

{Mark two points S, H, say, 4 in, apart. Suppose that the point P 
mores so that SP+ HP=5 in. Then the following arc among tho possible 
pairs of values: 


SP 

4*5 

4-0 

3-5 

3 0 

2*5 

2-0 

1-0 

' 1-0 

• 

0-5 

HP 

0*5 

1*0 

1*5 

2-0 

2 '5 

3 0 

3*5 

1 " ^ 

! 40 

•1*5 


Plot all tho points corresponding to aU these distances by moans of 

socting arcs. Why were not values such as SP=4-7, 

the above table? Draw a neat enrve, free-hand, through aU these po 

The locus is an oval curve called an elUpso.) 



ITEx. 1516. What kinds of symmetry are possessed 
by an ellipse? 

Ex. 1510. Describe an ellipse mechanically os 
follows. Stick two pins into the paper about 4 in. apart ; 
make a loop of fine string, gut or cotton and plt^it round 
the pins (see fig. 288).. Keep the loop extend^ by rne^ ^ 

of the point of a pencil, and move the point round the pins. 

course, describe an ellipse. 


fig. 288. 
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Ex. 1517. Bot tlio loons of points tlie difference of -whose distenoeB 

from two fixed points remains constant. , , . 

rFor example, let the two fixed points S, H be 4 in. ajjart. and let the 
constant difference be 2 in. Make a table as in Ex. 1514. Bemember to 
make S P > H P for some points, H P S P for other points.) 

This curve is called a hyperbola. 

Ex. 1618. Blot the locus of points the product of whoso distances from 
two fixed points remains constant. 

(For example, mark two points S, H exactly 4 in. apart. First, to plot 

tho locus SP*HP— 5. 

Fill up the blanks in the following table: 


SP 

5 

4-8 

4 

3 

^6 

2 





HP 







3 

4 

4*8 

5 


Bocondly, plot the locus SP . HP=4; thirdly, plot the locus SP . HP=3. 
^1 three loci should be drawn in the same figure. 

The first locus wUl be found to resemble a dumb-bell, the second a 
£guro of 8 j the third consists of two separate ovals.) 

X 619 , Blot the locus of a point which moves so that the ratio of 
its distances from two fixed points remains constant. 

(For example, let the two fixed points S, H be taken 3 in. apart ; and let 


SP 

HP 


= 2 .) 


Ex. 1520. OP is a variable chord passing through a fixed point O on 
n circle} OP is produced to O so that PGl = OP; find the locus of G. 


Ex. 1621 . A point moves so that its distance fiom a fixed point S 
is always equal to its distance from a fixed line MN : find its locos. 

(This is best done on inch paper. Take the point S 2 in. distant 
from the line MN. Then plot points os follows. What is the locus of 
points distant 3 in. from MN? distant 3 iu. from S? The intersection of 
tlicse two loco gives two positions of tbe requirod point. Similarly find 
other points.) 

The curve obtained is called a parabola. It is the same curve as 

woxdd be obtained by plotting the graph y—~^ taking for axis of x 

tbe line MN, and for axis of y the perpendicular from S to MN. It is 
remarkable as being the curve described by a projectile, e.g. a stone or a 
crioket-ball. Gert^ comets move in parabolic orbits, the sun being aituated 
at the point S. 
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Ex. 1639. A point moves in a plane sabjeci to the condition that ite 
distance from a fixed point S is always in a fixed ratio to its distance from 
a fixed straight line MN. Plot the curve described. 

(i) Let the distance from S be always half the distance from MN. 
Take S Sin. from MN. 

(ii) Let the distance from S be always twice the distance from MN. 
Take S 3 in. from M N . 

These curves will be recognized as having been obtained already. 

Ex. 1623. Plot the locus of a point on the connecting-rod of a steam- 
engine. 






fig. 289. 

(The upper diagram in fig. 289 represents tho cylinder, piston-rod (AB), 
connecting-rod (BC), and crank (CD) of a locomotive. In the lower 
diagram the different parts are reduced to lines. B moves fro 

along a straight line, C moves round a circle. Take BC - 10 cm., C cm. 
Plot the locus of a point P on BC, where BP is (i) 

(iii) 9 cm. This may bo done, either by dra^g a largo 

positions of BC; or, much more easily, ^ 

bmw BD and the circle on your drawing pap^. BC on 

tho two ends of BC on the straight lino and circle respectively, and pnet 
through the different positions of P.) 

1634. A rod moves so that it always passes throueh a 
whS ono end always Ues on a fixed oirole. Plot the loons of the other oni 

(Tracing paper should be used. A great variety of 

taiued by varying the position of point locus of a point on 

rnd It will be seen that this exercise apphes to the 

the piston-rod of an oscillating cylinder; also to the locus o a pom 

the stay^bar of ft casement window#) 
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Ex. 1636 . The ends of a rod slide on two wires wHch cto^ at right 
angles. Find the locos of a point on the rod. 

(Represent the rod by a line of 10 era-; take the 
point 3 cm. from one end of the rod; also plot the 
locos of the mid-point. Use tracing paper.) 

Ex. 1626 . Two points A, B of a straight line 
move along two lines intersecting at right angles. 

Plot the locaa of a point P, in AB produced. [Tracing 

- 6g. 290. 

paper.] 

Ex, 1637. Draw two intersecting lines. On tracing paper mark three 
points A, B, C. Make A slide along one line and B along the other ; plot 



the locus of C« 

Draw two equal circles of radius 4cixi«, tteir ceotres boiiig 
10 cm. apart. The two ends of a line PQ, 10 cm. in length, slide one 
along each circle. Plot the loons of the mid-point of P^; also of a point 
Icm. from P. 

(Most quickly done with tracing paper. It ia easy to constmet a model 
machine to describe the curve.) 


Ex. 1639 . Draw two circles. On tracing paper mark three points 
A, B, C. Make A slide along one circle, B along another, and plot the locus 
of C. (Experiment with different circles and arrangements of points. You 
will find tliat in at least one case the loous-curvo shrinks to a single point.) 


Ex, 1630 . OA, AP are two rods jointed at A. OA revolves about a 
hinge at O, and AP revolves twice as fast as OA, in the same direction. Find 
tbepathof apointonAP. (Make OA=2 in., AP— 2in.* Plot the looxis of 







fig. 291. 

P ; also of Cl and R, taking AQ=: 1 in., AR = i in. To draw the different 
positions of the rod, notice that when OA has turned throogh, say, 80°, APhas 
tamed through 60° and therefore makes an angle of 30° with OA prodnoed.) 

The lorn are different forms of the litnaynn ; the locos of O is heart- 
ahaped, and is called a cardlold. The locos of P has a small loop in it. 
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£z. X631. Bepeat Cz. 1530, with tlie difference th&t, as OA revolve^ 
AP remains parallel to its original position. 

Ez. 1532. Two equal rods OA, AQ, jointed as in Ez. 1530, revolve in 
opposite directions at the same rate. Find the locus of Q. and of the mid> 
point of AQ. 

Ez. 1533. O is a ff^cd point on a circle of radius 1 in. OP, a variable 
chord, is produced to Q, PQ being a fixed length; also PQ' (= PQ) is marked 
off along PO. Plot the locus of Q and Q' when PQ is (i) 2^ in., (ii) 2 in., 
(iii) li in. 

(Draw a long line on tracing paper, and on it mark P, Q and Q'.} 


Ex. 1534. Through a fixed point S is drawn a variable line SP to meet 
a fized line MN in P. From P a fixed length PQ is measured off along SP 
(or S P produced). Find the locus of Q. 

(Use tracing paper. Take S 1 in. from MN. Plot the locus of Q 

(i) when PQs=l in., measured from P awaj from S, 

(ii) when PQ = 1 in., measured from P towards S, 

(iii) when PQ=2in., measured from P towards S.) 

The curves obtained are different forms of the conchoid. 


Ex, 1535. A company of soldiers are extended in a straight line. At a 
'given signal, they all begin to move towards a certain definite point, at the 
regulation pace. Are they in a straight line after 3 minutes ? If not, what 
curve do they form ? 


Ex. 1536. XOX', YOY' are two fixed straight 
lines, C is a fixed point (see fig. 292). A variable 
lino PQ is drawn through C to meet XOX', YOY' 
in P, Q respectively. Plot the locus of the mid* 
point of PQ. 

(Let XOX', YOY' intersect at 60®, and take C 
on the bisector of Z.XOY, 5 cm. from O.) 

Ex. 1637. (Inch paper.) Draw a ^le of 
radius 2 in. and a straight line distant 6 in. from 
the centre of the circle. P is a variable pomt on 
the cMe ; Q is the mia-point of PN. the perpendicular from P upon tne 

line. Plot the locus of Q. 



fig. 292. 



LOCI — ^ENVELOPES 


293 


Envelopes. 


"We have seen that a set o£ points, plotted in any regular 
■way, marks out a curve which is called the locus o£ the points. 

In a rather similar manner, a set o£ lines (straight or curved) 
drawn in any regular way, marks out a curve which is called the 
envelope of the lines. Each o£ the lines touches the envelope. 


Let a piece of paper bo cut 
out in the shape of a circle, and 
a point S marked on it. Then 
fold the paper so that the circum- 
ference of the circle may pass 
through S, If this is done many 
times, the creases left on the paper 
will envelope an ellipse (fig. 293). 



fig. 203 . 


Ex, iSda. Take a piece of cardboard with one edge straight; drive 
a pin tUroogh the cardboard into the paper underneath ; then turn tho 
cardboard ronnd the pin, and in each position use the straight edge of the 
cardboard to rule a line. What is the envelope of these lines? 


Ex. 1639. One edge of a fiat ruler is made to pass through a fixed 
point, and lines are dravm with the other edge. Find their envelope. 

Ex. 1640. Prove that the envelope of stnught Unee which lie at a 
constant distance from a fixed point is a <nrole. 

Ex. 1641. Find the envelope of equal mxoles whose oentrea lie on a 
fixed straight line. 

Ex. 1643. Find the envelope of a set of equal oiicles whose centres are 
on a fixed circle when the radius of the equal circles is (1) less than, (ii) equal 
to, (iii) greater than, the radius of the fixed circle. 
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Ez. 1643. Draw a straight line M N and drive a pin into your paper at 
a point S ^ in. from MN (see fig. 294). 

Keep the short edge (AB) of jonr set-square 
])rcsscd against the pin, and keep the right 
angle (B) on the lino MN. Rule along BCj 
and thus plot the envelope of BC, as the 
set-square slides on the paper. (Lines must 
of coarse be drawn with the set-square 
placed on the left of S, as well as on the right.) 



fig. 294. 


Ex. 1644. Repeat Ex. 1543 using the 30^ angle Instead of the right 
angle, and putting the pin 1 in. from MN. 

Ex. 1546. Draw a circle of ratlius 5 cm, and mark a point S 4 cm. from 

the centra Let a variable line SP meet the circle in P and let PQ he 
drawn perpendicular to SP. Find the envelope of PQ. (The part of PQ 
iiiside the circle is the important part.) 


Ex. 1646 . Repeat Ex. 1545 with the point S on the circle. 

Ex. 1547. Find the envelope of circles passing through a fixed point 
O, and having their centres on a fixed circle, 

(i) Take radius of fixed circle=4cm., distance of O from centre of 
fixed circle = 3*2 cm. 

(ii) Take radius of fixed circle=4 cm., distance of O from centre of 
£zcd circle =4 cm* 

(iii) Take radius of fixed circle=3cm., distance of O from centre of 
£ 2 cd circles: 5 cm* 

Ex. 1548 . Find the envelope of circles posing through a fixed point, 
and haNung their centres on a fixed straight line. 

Ex. 1549. Plot the envelope of a st^ht line of constant length 
whose ends slide upon two fixed lines at right aufiles. 
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MISCELLANEOTJS EXERCISEa 

Ex. 1560. (Without protractor.) Trisect an arc of 90®. 

Ex. 1551. (Without protractor.) Trisect a given Beraicirculat ara. 

tEx. 1653. There are two fixed concentrio circles; AB U a variable 
diameter of the one, and P a variable point on the other. Prove that 
AP^+BP^ xemAins constant. 

[Use Apollonius* theorenii Ex, 1133.] 

1663. lu a circle of radius 2*6 in. inscribe tux leoeceles triangle of 
vertical angle 40^* Measure its base. 

tEx. 1554 . Points A, P. B. Q, C. R are taken in order on a circle 
fio that arc AP=arc BQ=aro OR. Prore that the triangles ABC, PQR are 
congruent. 

Ex. 1556 . The railway from P to ft consists of a circular arc AB and 
two tangents PA, BQ. AB is an aro of 28® of a circle whose radius is J mile ; 
PAsslmUe, BO = i mile. Draw the railway, on a scale of 2 inches to the 
mile, and measure the distance from P to O as the crow flies. Also calculate 
the distance as the train goes. 

tEx. 1656. From a point P on a circle, a line PQ of constant length is 
drawn parallel to a fixed line. Plot the locus of Q, as P moves round the 
circle. Having discovered experimentally the shape of the locus, prove it 
theoretically, 

tEx, 1667. YZ is the projeotioa of a diameter of a dicle upon a chord 
AB ; prove that AY = BZ. 

tEx. 1668 . Through frwo given points P, Q on a circle draw a pair of 
e<iual and parallel ohor^ Give a proof. 

tEx. 1668. AOB, COD are two variable chords of a circle, which are 
always at right angles and pass through a fixed point O. Prove that 
AB-+CD^ remains constant. 

tEx. 1660. Throngh A, a point inside a circle (centre O), is drawn a 
diameter BAOC ; P is any point on the circle. Prove that AC>' AP>' AB. 

Ex. 1661 . What is the length of (i) the shortest, (ii) the longest 
chord of a circle of radios r, drawn through a point distant d from the 
centre? 
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Ks. 1669. Two chords of a circle are at distances from its centre 
equal to f and ^ of its radius. Find how many times the shorter chord 
is contained in three times the longer chord. 


Ex. 1563. The 6tar>bexagon in fig. 295 is formed by 
pTodaoing the sides of the regular hexagon. Prove that the 
area of the star-hexagon is twice that of the hexagon. 

tEx. 1664. Chords AP, BQ. are drawn ± to a chord AB 
at its extremities. Prove that AP= BQ. 



fig. 295. 


iEx. 1666. The line joining the centre of a circle to the point of inter- 
section of two tangents is the perpendicular bisector of the line joining the 
points of contact of the tangents. 

tEx. 1666. Find the locus of the point of intersection of tangents to a 
circle which meet at an angle of 60^ 


Ex- 1567. Show how to construct a right-angled triangle, given that 
the radius of the inscribed circle is 2 cm. and that one of the sides about the 
right angle is 5 cm. 

Ex. 1668 . Construct an isosceles triangle, given the radius of the in- 
scribed circle, and the base. 


tEx, 1669. A is a point outside a given circle (centre O, radius r). 
"With centre O and radius 2r describe a circle ; with centre A and radius AO 
describe a circle; let these two circles intersect at B, C. Let OB, OC cut 
the given circle at D, E. Prove that AD, AE are tangents to the given 

circle. 


tEx. 1670 . A circle is drawn having its centre on a side AC (produ^) 
of an isosceles triangle, and touching the equal side AB at B. BC is 
produced to meet the circle at D. Prove that the radius of the circle 

through D is perpendicular to AC. 

Ex. 1571. Find the angles subtended at the centre of a circle by the 
three segments into which any tangent is divided by the sides (produced if 

nocessary) of a circumscribed square. 

!Ex. 1679. An interior common tangent of two circles cute the 
oxLnor coLon tangents in A, B. Prove that AB s eqo^ ^ length 
intercepted on an exterior tangent between the points of contact. 

tEx. 1673. The radius of the circumoircle of an equilateral triangle ia 
twice the radius of the in-circle. 
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Ex. 1674. Show how to insoribe three equal circles 
to touch, one another in an equilateral triangle, o£ side 
6 in. (fig. 296), 

Ex. 1576. Show how to inscribe in a square, of side 
6 in., four equal circles, each circle to touch two others. 

tEx. 1576. Two circles touch externally at E ; 
AB, CD am parallel diameters drawn in the samo sense 
(see page 78, footnote) ; prove that AE, ED arc in the 
same straight line ; as also are BE, EC. 



fig. 293. 


tEx. 1577. Two circles touch at A; T is any point on the tangent ai 
A; from T are drawn tangents TP, TQ to the two circles. Prove that 
TP=TCh "What is the locus of points from which equal tangents can be 
drawn to two circles in contact? 


tEx. 1678 . S is the circumccntre of a triangle ABC, and AD is an 

altitude. Prove that ^BAD = ^CAS. 

tEx. 1578 . Through a given point on the circumference of a circle 
draw a chord which shall be bisected by a given chord. Give a proof. 


Ex. 1580. Prom the given angles, find 
all the angles of fig. 297. 

Draw the figure, making the radius of the 
circle 2 in. Check the marked angles, and 
measure CD. 

tBx. 1681 . Two circles intersect at B, C; 

P is a variable point on one of them. PB, 

PC (prodneed if necessary) meet the other 
circle at Q,« R. Prove that GIR is of constant 
length. 

[Show that it subtends a constant angle at B.] 


B 



fig. 207. 


Ex. 1582. Show how to find a point O inside a ABC so that 

^.AOB=150®, i- AOC = 130“. 

Ex. 1583. Show how to find a point O inside a ABC, such that the 
three sides subtend equal angles at O. 

Ex. 1584. Show how to construct a triangle, having ^ven the vertical 
angle, the altitude and the bisector of the vertical angle (terminated by the 


t£x. 1586. A is one of the points of intersection of two circles whose 
centres are C, D. Through A is drawn a line PAQ, cutting the circles again 
in P, Q. PC, OD are produced to meet at R. Prove that the locus of R is 
a circle through C and D. 

G. S. (iv) 


o 
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tEx. X686« A, C are two fixed points, one npoit each of two circles 
which intersect at B, D. Throngh B is drawn a Tariable chord PBQ, 
cntting the two circles in P, €L PA, QC (produced if necessary) meet at R. 
Prove that the locus of R is a circle. 


tEx. 1607. Two equal circles cut at A, B ; a straight line PAQ meets 
the circles again in P, CL Prove that BP=BQ. [Consider the angles sub- 
tended by the two chords.] 

tEx. 1688 . C is a variable point on a semicircle whose diameter is AB, 
centre O; CD is drawn X to AB; OX is the radios X to AB. On OCa 
point M is taken so that'OMasCD. Prove that the locus of M is part of a 
circle whose diameter is OX. 


tEx. 1680. ABC, DOB are two congruent triangles on the same side of 
the base BC. Prove that A, B, C, D are concyclic. 

tEx, 1680. D, E, F are the mid-points of the sides of BC, CA, AB of 
AABC; AL is an altitude. Prove that D, E, F, L are concyclio (see 

Er. 1589). 

tEx. 1691. Prove taiat tlie circle tbroagb the mid-points of the 
sides of a triangle also passes throngh the feet of the altitudes (see 

Ex. 1590). 

tEx. 160 a. The altitudes BE, CF of aABC intersect at H ; prove 

(i) that AEHF is a cyclic quadrilateral, 

(ii) that xFAHsXFEH, 

(iii) that XFEH = X.FCB, 

(iv) that, if AH is produced to meet BO in D, 

AFDC is cyclic, 

(v) that AO is X to CB. ■ 

Hence ! The three altitudes of a t riangl e meet In a point; which ifl 
called the orthoeentre. 

tEx. 1693 . In fig. 208 AD is i to BC and 
BE is X to CA; S is the centre of the circle* 

Show that 

BF = AH, 

and that AB, FH bisect one another. 

[Prove AHBF a parallelogram.] 

tEx. 1694 . BE, CF, two altitudes of aABC, intersect at H. BE 
produced meeU the circmncircle in K. Prove that E is e nu -pom 

[Show that BFEC is a cyclic quadrilateral, aFCE=^FBE. Bat 
i.KCE=^FBE (why?), .-.etc.] 



fig. 298. 
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tEx- X605. I is the centre of the inscribed circle of A ABC ; \i is tho 
centre of the circle escribed outside BC. Prove that BICIj is cyclic. 

tEx. 1696. An escribed circle of aABC touches BC externally at D, and 
touches AB, AC produced at F, E respectively ; O is tho centre of the circle. 

Prove that ^ 

(i) aBOC=5aFOE=90®--^, 

(ii) 2AE=2AF=BC + CA+AB. 
fEx. 1597. Prove that 

aBIC=90=’+^, 

■where 1 is the inscribed centre of a ABC. 

Hence find the locus of tho inscribed centre of a triangle, whose base and 
-vertical angle are given. 

tEx. 1698. I is the centre of the inscribed circle of aABCj AI pro- 
duced meets the circnmcircle in P; prove that PBs=PC=PI. 


tEx. 1599. P is any point on circnmcircle of 
A ABC. PL, PM, PN are ± to BC. CA, AB »o- 
npectl7ely. Prove tixat 

(i) aPNL=1S0®-APBC, 

(u) aPNM = aPAM, 

(iii) aPNL+aPNM=180*, 

(iv) LNM is a straiglit line. 

Verify this result by drawing. 

LNM is called Simeon’s line. 



fig. 299. 


tEx. 1600 . ABCDEF is a regolar hexagon; prove that BF is trisected 
hy AC. AE. 

tEx. 1601. In fig. 800. BC is J. to PA. 

Prove tiiat PA bisects aQPR. 

tlla:. 1602 * Through A. a point of interseo 
-tion of 'two oiicles, lines BAC. DAE are dra'VTn. 

B. D being points on the one circle. C, E on the 
other. Prove that the angle between DB and 
CE (produced if necessary) is the same as the 
angle between the tangents at A. 

tEx. 1603. Two circles touch internally at A; BC, a chord of the 
larger circle, touches the smaller at D ; prove that AD bisects ABAC. 

[Iiet BC meet the tangent at A in T.] 

tEx. 1604. A radius of one circle is the diameter of another; prove 
that any straight line drawn from the point of contact to the outer circle ia 
bisected by the inner circle. 
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tKx. 1605. In fig. 301 AB is a tangent; 

OD = DA = AB. 

BD cuts the circumference at E. Provo that aro AE is ^ 
and aro EF ^ of the circumference. 

tEs. 1606. Join O, the circumcentro of a triangle, 
to the vertices A, B, C. Through A draw lines 1| to OB, 

OC; through B lines || to OC, OA; through C lines || to OA, OB. Provo 
that these lines form an equilateral hexagon; that each angle of tho 
hexagon is equal to one other angle, and double an angle of the trlanglo. 

Ex. 1607. Power is being transmitted from one shaft to another parallel 
shaft by means of a belt passing over two wheels. The radii of tho wheels 
aro 2 ft. and 1 ft. and the distanco between the shafts is G ft. Assuming the 
belt to be taut, find its length (i) when it does not cross between the shafts, 
(ii) when it does cross. 

tEx. 1608. PQ is a chord bisected by a diameter AB of a circle 
(centre O). PQ bisects the ^OPGL Prove that it bisects the semi-circle on 
which Q lies. 



tEx. 1609. If through C, the mid-point of an arc AB, two chords are 
drawn, the first cutting the chord AB in D and the circle in E, the second 
cutting the chord in F and tho circle in G, then the quadrilateral DFGE is 
cyclic. 

tEx. 1610. P is a point on an arc AB. Prove that tho bisector of 
^APB and the perpendicular bisector of the chord AB meet on tho circle. 


+Ex. IGll. P, Q are two points on a circle; AD is a dhimeter. AP, 
AQ are produced to meet the tangents at B in X, Y. Provo tiiat A‘ APQt 
AYX are equiangular; and that P, Q, Y, X are concyclic. 

+Ex. 1612 . In fig. 302 the angles at O are 

all equal; and OA = AB = BC=:CD=DE. Prove 
that O, A, B, C, D, E arc concyclic. 

tEx. 1613. From a point A on a circle, two 
chords are drawn on opposite sides of the diar 
meter through A. Prove that tlie lino joining 
tho mid-points of the minor arc of these chords 
cuts tho chords at points equidistant from A. 

tEx. 1614. Two equal chords of a circle intersect; 
prove that the segments of the one chord are respectively 
etiual to the segments of the other. 

Ex. 1015 . In fig. 303 O is the centre of the arc 
AB; and Q is the centre of the arc BC; A ADC is a 
right angle. DA = 3, DC = 5. DQ = .3. Find OA and 
QC; and draw the figure. (Let OD— x) 



fig. 302. 
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Ratio and Proportion. 


To measure a, length is to find how many times it) contains 

another length called the unit of length. 

Tha unit of length may be an inch, a centimetre, a ^ 

a light-year', or any length yon choose. Hence tha importance of always 

■stating your unit. 

If you have two lines, one 4 In, long, the other 5 in., you say 
that the first is of the second- 

The ratio of a length XY to a length PQis the quotient 

meas ure of XY 
measure of PQ * 

the two measurements being mode with respect to tho same umt 
of length. 

The practical way then, to find the ratio of two lengths, is to 
measure them in inches or centimetres or any other convenient 

unit, ancL^^^^ 

The ratio of a to 6 is written^ , or a/6, or a : 6, or a-^6. 


I Astronomers sometimes express tho distances of the fixe'd stars in terms 
cf the distance traversed by light in a year. This distance is called a light- 
year, and is 63,368 times the distance of the earth from the sun. Tho 
nearest star is a Centami, whoso distance is 4*26 light-years. 

G. S. (v) ® 
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* 

pQ 

HEx. 1616. Find the ratio ^ (fig. 304); measure (i) in inches, (u)in 

Ki> 

centimetres. Work oat the ratios to three eignificant figures. Why might 
you expect your results to differ? 




fig. 304 


1617. Find the ratio as in Ex. 1616. 

If the lengths are determined approximately, the ratios can. 
he calculated only approximately. 

If you measure two lines and find their lengths to be 6*82 in., and 
3*65 in., the last figure in each case is doubtful; you are not sure, for 
example, that the second length is not nearer to 3*64 in. or 3 *66 in. 

you see that the results differ in this instance by *016 (Le. about 1 %)• 

As a general rule, work out ratios to three significant 
figures, 

Ty. 1618 . Express the following ratios as decimals:— 

<“>W’ (iv)9M0:3-3S, (V) K)m : 00637. 

Hitherto we have only considered the ratio of two lengths. 
In the case of other magnitudes, ratio may be defined as 

follows : — 

Dep The ratio of one m^nitude to another of the same 
kind is the quotient obtained by dividing the numerical measiii« 
of the first by that of the second, the unit being the same m each 


case. 
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The ratio of two magnitudes is independent of the 
tinit chosen. 

For example, the ratio of a lengtli of 5 yds. to a length of 2 yds. is 5 : 2 ; 
if these lengths are measured in feet the measures are 15 and 6, and the 
ratio is 15 : G. Now we know that 5 : 2=15 ; 6. 

Dep. If a : 5 = c : c?, the four magnitudes a, 6, c, d are said 

to be in proportion. 

ITEx. 163.9. Are the following statements correct? 

(i) 3 yds. : 1 yd. =3 shillings : 1 sh illi ng. 

(ii) 3 yds. : 3 shillings =1 yd. : 1 shilling. 

HEx. 1690. Fill in the missing terms in the following; — 

(i) 5=,. (iv) 6:2=7: » 

(ii) (V) ^ = |. 

(iii) 7: =3:11, (Vi) ? = 

The follo^ving algebraical processes will be used in the course 

of Book rv. 


L If 


then 


6 “5* 


o a ■ 


n. 


tiien 


ad=bc 

[e.g. |='^, 3x15=5x9], 


Conversely if 

ad=bc, 

ad__ be 
bd~bd* 

a _e 

**• 6“a' 


A ad = bCy 
ad he 

a b 

• _ ^ 

• • ■ • 

c d 


I' 5 = 5’ 

.'. ad=bc, 

^ ad ^he 
" 

d b 

♦ _ 

• • • 

tf a 


V. If 


a _ c 
b~d' 



^ a±b Ctiad 



then 



tt_6 

x~y 



a + b + e+... 

©+y+*+..« 


b2 


BOOK IV 


S04) 


Ex. 1621. Draw two straight lines SVT and XZY. 

SV XZ 

Prove fully that, if ST“ XY* 

ST XY VT ZY VT ZY 

SV"XZ’ ST"XY' 

What rectangle properties can be obtained from the above results by 
clearing of fractions? 

Ex. 1622. State and prove the converses of the properties proved 
in Ex. 1621. 

^ Ex. 1623 . From each of the following rectangle properties dedooo a 
xatio property: 

(i) AB.CD=PQ.QR, 

(ii) XY^^XZ.XW. 


1624. In fig. 4, find what fraction AC is of AB. 


Internal and External Eivision*. 


I£ in a straight line AB a point P is taken, AB is said to be 

divided internally in the ratio ^ (i-e. the ratio of the distances 

of P from the ends of the line). In the same yay, if in AB 
produced a point P is taken, AB is said to be divided externally 

in the ratio — (he. the ratio of the distances of P from the ends 


of the line), 

1 AB 

In the latter case, it must be earefoUy noted that the ratio is not gp . 

Suppose tho points A, B connected by “ i^°sS^fli^ 

string at a point P and, always hoping ‘^o the^Uo in 

vaiytbe position of P; whether P - two parts 

■which AB is divided is always the ratio ot me 

of the string. 

. disenaaion of cases of external diviaion may be postponed. 
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ITEx. 1826 . In fig. 305, name the ratios in which (i) H diviOea AB, 
(ii) A divides BH, (iii) C divides KA. 

lIEx. 1626 . In fig. 317, what lines are divided (i) by D in the ratio 
(ii) by Z in tbe ratio , (ii!) by B in the laOo gg? 


Proportional DmsiOK of Straight Linrs. 

Eeviso pp. 142, 143. 

^Ex. 1627. Draw a triangle ABC and draw HK parallel to BC (aeo 
fig. 305). What fraction is AH of AB? What fraction is AK of AC? 

[Express these factions as decimals.] 

Ex. 1628. In the figure of Ex. 1627, calcclate 

AH AK .... HB KC 
HB* KC’ AB* AC* 

IfEx. 162S. (On inch paper.) Mark A (1,2), B (1,0), O (2,0); draw 
the triangle ABC. In AB mark the point H (1, 0*7), throngh H draw HK 
parallel to BC catting AO at K. The horizontal lines of paper di?idc 
AC into 20 eqnal parts (why are they eqaal?); how many of these parts 

AK AH 

docs AK contain? What are the values of -^7 

Ex. 1630. (On inch paper;) fiepeat Ex. 1629 with A (1, 1), B (1, 0), 
O (8. 0), H (1, 0*3). 
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Theorem 1. 


If a straight line HK drawn parallel to the base BO 
of a triangle ABC ' cuts ab, AC in h, k respectively, 


then 


AH _ ^ 
AB " AC ‘ 



Vroof Suppose that ^ 1 P integers. Then 

if AB is divided into q equal parts, AH contains p of these 


parts. 

Through the points of division draw parallels to Ba 

ITow AB is divided into equal parts. 

• these parallels divide AC into equal parts; i- 24. 
AC contains q of these parts, and AK contains p oi these parts. 


. ^-P 

* * AC 

ab“ac* 


Q. B.B. 
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Coa. 1. If a strai^t line i 
Mde of a triangle, the other 

proportionally. 

AH AK 

To prove that Hb" KC 


1 the figure, AB is divided into q equal parte 
AH contains p of these equal parte; 


HB 


Second proof * 


q-p 

M p 

' HB~q-p 


Sim'' — = 

- P 

KC 

q-p 

. AH 

AK 

••hb 

~KC- 

AH 

AK 

Since — 


AB 

AC* 

. ab 

AC 

'*AH 

"AK* 

. AB . 


"AH 

"AK 

. AB-AH 

AC-AK 


AH AK 

HB KC 


La 


AH AK* 


Q. s. n. 

Proved 


. AH _ AK 

q. aiK 

* Those proofo epply to the first figure : see Ez. 1631. 
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OoR. 2. If two straight lines are cut by a series of 
parallel straight lines, the intercepts on the one have to 
one another the same ratios as the corresponding inter- 
cepts on the other. 


t£z. 1631. Write out the two proofs of Cor. 1 for the second and third 
figiues of page 30G. 


tEz. 1632. Triangles of the same height are to one another as their 
bases, 

[Suppose one base is | of the other.] 

Ex. 1633. Divide a given straight line so that one part is | of the 
whole line. 


Ex. 1634. Divide a given straight line in the ratio f (i.e. so that the 
ratio of the two parts=|). 


Ex. 1635. Show how to divide a given straight line AB in the 
ratio of two given straight lines p, q. 

[Through A draw AC, from AC cut off AD=p, DE = ?; join BE j draw a 

line through D to divide AB in the ratio ; in what direction must this 
line be drawn ?] 

Ex. 1636. Find the value of r, when = (0 eraphically, 

(ii) by calculation. 

[Make an^POQ; from OP cut off OD = 4-2in., DE=2-5 in.; from OQ 
cut off OF = 3-7; draw EG || to DF. Which is the required length?] 


Ex. 1637. Find, both graphically 
in the following cases: 

... 2-25 305 

3-05 X ’ 

(iii) r: 2-63 =5-05; 2-84, 


and by calculation, the value of x 

-935 1-225 

(“J X ~ 6-75 * 

(iv) 8-36 : •025=x : ‘037. 


Def. If a: is such a magnitude that ? = ? (or a : 6 - o : x), 
a; ie caUed the fourth proportional to the three magnitudes 
a, b, c. 
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To find the fourth proportional to three given straight 
lines. 




Let a, hy c be the three given straight lines. 

Construction Make an angle POa 

From OP cut off OD = o, and 
From OO cut off OF = c. 

Join DF. 

Through E draw EG H to DF, cutting OQ in Q. 
Then FG (x) is the fourth proportional to a, 6, c. 


JProof 


Since FD is || to EG, 

a c 

• • 6 


IV. 1. 


Def. If a; is such a magnitude that r “ ~ (^** « : i = & s 
xe is called the third proportional to the two magnitudes a, b. 

Note. If a: is the third proportional to a, 6, it is also the 
fourth proportional to a, 6, h. 

Ex. 1638. Bbow how to find the third proportional to two given 
straight lines. 

[See note above.] 

Ex. 1639. Find graphically the foorth proportional to 3, 4, 5. Oheck 
by calculation. 

Ex. 1640. Find graphically the third proportional to 6*32, 6*95. Che^ 
hy. calculation. 
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fEx. 1641. <TTi8tiiV tlio following construction fop th» 

fourtli ppt^wtional to p, q, r Make an ^BAC; from AB cut off 
AX=_p, AY = g ; from AC cut off AZ =r ; join XZ, and draw YW 1| to XZ. 
Then AW is the fourth proportional 

Ex. 1642. Using the construction of Ex. 1641, find the fourth proper- < 
tional to 1, 1*41, 4*23. Check your result. 

Ex. 1643. Explain and justify a construction, analogous to that of 
Ex. 1641, for finding the third proportional to p, q. 

Ex. 1644. Using the construction of Ex. 1643, find the third propor- 
tional to 1, 1*73. Check your result. 

Ex. 1645. Given that the circumference of a circle of 1 in. radios is 
6'28 in., find graphically the circumferences of circles whose radii are 

(i) 3*28 cm., (ii) 16'7 in., (iii) 8*37 miles, (iv) 4*28 km. 

Also find the radii of circles whose circumferences are (i) 3'36 m.> 

(ii) 12*35 in., (iii) 8*66 cm., (iv) 11 yarda 

Ex. 1646. (On inch paper.) Mark four points A (1, 1), B (1, 4), 
C (4, 1), D (3, 3); join AB, and mark P (1, 2). Produce AC, BD to meet 

AP CQ 

at V ; join VP ; let it cut CD at Q. Find ^ and are they equal? 


Ex. 1647. Make a copy of the points A, B, C, D, P in Ex. 1646, by 

AP CR 

pricking through. Divide CO at R so that ^ s . 


[Begin by dividing CB in the required ratio.] 

Ex. 164a. Draw a straight line AB, on it take two points P, Q; draw 
another straight line CD ; divide CD similarly to AB, {Freehand} 
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Theorem 2. 

[Converse op Theorem 1,] 

If H, K are points in th.© sides ab, AC of a triangle abc, 

such that — ^ , then HK is parallel to BC. 

AB AC 



Const^^uciion 


Draw HK' parallel to BC, 


To prove that 


H K and H K' coincide 


Troo/ 


\ 


Since HK' is \\ to Ba 

. AH AK' 

• * ^ ” AC * 



rv. 1. 
J)<Ua 


AK' = AK, 

K and K' coincide, 

HK and HK' coincide, 

HK is parallel to BC. 

AB AC 

Cob. 1. ^ , then HK and BC are parallel. 

AH AK 

Cor. 2. If a straight line divides the sides of a trian^e 
proj>ortionalIy, it is parallel to the base of the triangle. 
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fEs. 1640. Prove Cor. 1 'without assuming iv. 2. 

tEs. 1650. Prove Cor. 2 without assuming xv. 2. 

tEx. 1651. O is a point inside a quadrilateral ABCD; OA, OB, OC, 
OD are divided at A', B', O'. O' 

, OA' OB' OC' OD' ^ 

OA“OB"OC"OD 

Prove that A'B' is parallel to AB. 

Also prove that Z-D'A'B' — ^DAB. 

tEs. 1652. Draw a large quadrilateral ABCD; in it take a point 0, 
and join OA, OB, OC, OD ; in OA take a point A', through A' draw A'B' 

parallel to AB to cut OB at B', through B' draw B'C^ parallel to BC to cat 

OC at C', through C' draw C'D' parallel to CO to cut OD at O'. Prove that 
D'A', DA are parallel. Are they parallel in your figure ? Keep your figoi© 
lor Ex. IGfiS. 

Ex. 1653. In the figure of Ex, 1052, calculate 

A'B' B'C' C'D' EXA' 

AB"* “B^* CD * DA * 


Ex. 1664. Eepeat Ex. 1652 for (i) a triangle, (ii) a pentagon. 


tEx. less. A variable line, drawn through a fixed point O, cuts two 
fixed parallel straight lines at P, Q; prove that OP : OQ is constant. 

tEx. 1656 . O is a fixed point and P moves along a fixed line. OP » 
divided at Q (internally or externally) in a fixed ratio. Find the locus of 


tEx. 1657. D is a point in the side AB of A ABC; is 

parallel to BC and cuts AC at E ; EF is drawn paraUel to AB and cuts B 
at F. Prove that AD s DB = BF : FC. 


tEx. 1658. D is a point in the side AB of aABC; DE is 
paiaUel to BC and cuts AC at E ; CF is drawn parallel to EB and cuts AB 

produced at F» Prove that AD ; AB— AB : AF. 


+Ex. 1«59. AD. BC .re flie pareUel eides of a trapezium ; i^re that a 
line drawn paraUel to these sides cuts the other sides proportionaUy. 

tEx. 1660 . From a point E in the common base AB of 
ACB, ADB, straight lines are drawn parallel to AC, AD, meeting , 

F. Q ; show that FG is parallel to CO. 
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tEx. 1661. In three straight lines OAP, OBQ, OCR the points are 
chosen BO that AB is paraUel to PO, and BC parallel to QR. Prove that AC 
is parallel to PR. 

tEx- 1662. AB, DC are the parallel sides of a trapezinm. P, Q. are 
points on AD, BC, so that AP/PD= BQ/QC. Prove that PQ is H to AB and 
DC. (Use reduetio ad absurdtim,) 


SiuiJLAB Triangles. 

Def. Polygons which are equiangular to one another and 
have their corresponding sides proportional are called similar 
polygons. 


^Ex. 1603. Draw a quadrilateral ABCD; draw a straight line parallel 
id CD to cut BC at P and AD at Q. Prove that ABCD, ABPQ are equi- 
angular. Are they similar ? 

HEx. 1664. Draw a quadrilateral ABCD having AB = 3in., BCs2in., 
CD = 3in., DAs=2in., iLB = 30®; draw a quadrilateral PQRS having PQ 
=6cm,. QR = 4cm., RS=6cm., SP = 4 cm., i.Q=90^ Are ABCD. PQRS 
similar? 

^Ex. 1665. Draw a quadrilateral XYZW having XY = 3in., YZ=2in., 
ZW=lin., WX=4in., Z.Y=120®. Outside XYZW describe a quadri- 
lateral X'Y'Z'W' liavlng its sides parallel to the sides of XYZW and 1 in. 
away from them. Are the two quadrilaterals similar? Piud 

X'Y' Y'Z' ZW' W'X' 

XY ’ YZ ’ ZW ’ WX • 


liEx. 1666. Draw two equiangular triangles; find the ratios of their 
corresponding sides. 

Bevise Ex. 146 — 152- 
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Theorem 3. 

% 

If two triangles are equiangular, their corresponding 
sides are proportionaL 

A O 




DatOt ABC, DEF are two triangles which have 

Z.A=:^D, Z.B = ^E, and UO-I.V, (See I. 8, Cor. 5.) 


To -prove that 


BC _ CA _ ^ 
EF“ FD“ DE 


Conatraction From AB cut off AH = DE, 

From AC cut off AK s= DF, 
Join HK. 

Troof In the As AHK, DEF, 

AH= DE, 
AK=DF, 

A A = z. D, 

/, AAHK=ADEF, 

AZ.AHK = Z.E, 

= Z.B. 


Conatr, 

Constr. 

Data 

L 10. 

Data 


BIWiLAR TRIANGLES 

815 

/. HK is il to BC, 

L 4. 

AH AK 

IV. 1. 

■*AB AC* 


. DE DF 


“AB AC* 



Sim’y by cutting off lengths from BA, BO, 

ED _ EF 
BA- BC* 


, EP 

' * BC* 


FD 

CA’ 


DE 

AB 


are all e<^ual. 


. BC _ CA ^ 
•• EP- Fd" DE* 


q. K. r>. 


ED EF 

Ex. 1667. Write out tlio complete proof that “ bc 


Ex. 1668 . ABC is a triangle having BC=3 in., CA=4 in., AB = 6 in.; 
DEF is an equiangular triangle having EF— 2*2in. Calculato DE, DF and 
check bf measurement. 

Ex. 1669. EepeatEx.iCC8withBC=5‘8om., CA=a7*7om., AB=8*3om., 
EF = 1-Sin. 


^Ex. 1670. If P is any point on either arm of an angle XOY, and PN 

PN 

is drawn perpendicalar to the other arm, has the same valne for all 
positions of P. 

PN P N 

[Take several different positions of P and prove that as 'Qpr = • • •! 

PN 

is the alno of Z.XOY; this exercise might have been stated as 
follows: — the sine of an angle depends only on the m^nitude of the angle. 

ON\ 


IfKz. 1671. Prove that the eostne 


( 


opy 


and tansent 




aa 


angle depend only on the ncu^nitude of the angle. 
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Ex« 1672. On a base 4 in. long diaw a qoadrilateral j on a base 8 in. 
long construct a similar qnadrilatcral. Calculate the ratio of each pair of 
corresponding sides. 

[Draw a diagonal of the first qoadrilateraL] 

tEz. 1673. PQRS is a quadrilateral inscribed in a olrcle whose diagonals 
intersect at X ; prove that the a* XPS, XQR are equiangular. 'Write down 
the three equal ratios of corresponding sides. 


PO XP 

tEx. 1674. In the figure of Ex. 1673, prove that 

[If jou colour PQ, SR red, and XP, XS blue, you will see which two 
triangles you require.] 

tEx. 1675. XYZW is a cyclic quadrilateral; XY, WZ produced inter- 

PY PZ 

5ect at a point P outside the circle ; prove that . 


tEx. 1676. ABC is a triangle right-angled at A j prove that the altitude 
AD divides the triangle into two triangles which are similai' to a ABC. 
Write down the ratio properties you obtain from the similarity of a* BDA, 
BAC. 

[See Ex. 132—134.] 

tEx. 1677. The altitude QN of a triangle PQR right-angled at acute 

, QN PN 
RP in N; prove that 

[Find two equiangular triangles ; colour the given lines ; see Ex. 1074,] 

tEx. 1676. XYZ is a triangle inscribed in a circle, XN is an altitndo 
of the triangle, and XD a diameter of the circle ; prove that 

XY:XD = XN:XZ. 

tEx 1679. XYZ is a triangle inscribed in a circle ; the bisector Of /-X 
meets YZ in P, and the circle in Q; prove that XY : XQ = XP:XZ. 

tEx. 1680. PQRS is a quadrilateral inscribed in a 

circle; PT is drawn so that L SPTs= L QPR. (See fig. 

310.) Prove that (i) SP;PR = ST;QR, 

(ii) SP:PT = SR;TQ. 

tEx. 1681. Three straight lines are drawn from a 
point O ; they are cut by a pair of parallel lines at X, Y, Z 
and X', Y', Z Prove that X Y : YZ = X'Y' : Y'Z '. 


p 
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On a given straight line to construct a figure similar 
to a given rectilinear figure. (First Method-) + 


D 



SIL 



Let ABCDEbethe given 6gure and A'B'th© given straight Una 

Construction Join AC, AD. 

On A'B' make AA'B'C' equiangular to AABC. 

On A'C' make AA'C'd' equiangular to AACD. 

On A'D' make AA'D'E' equiangular to AADE. 

Then A'B'C'D'E' is similar to ABODE. 

Proof This may be divided into two parts ; 

(i) the proof that the figures are equiangular; this is 
left to the student. 



the proof that 


AB BC CD 
A^' ~ B'C' “ C'd' 


DE 

D'E' 


EA 


Since A* ABC, A'b'c' are equiangular, 

Cotxstr. 

. AB BC AC 

IV. 3. 

** A'B'''B'C' A'C'* 

Since A“ ACD, A'C'd' are equiangular. 

Constr. 

. AC CD AD 


•* A'C' C'D' A'D'' 

rv. 3. 

Agun since A* ADE, A'D'E^ are equiangular, 

Constr. 

.AD DE EA 

IV. 3. 

* * A'D' D'E' ~ E'A' ’ 

, AB BC CD DE EA 

* ' A'B' B'C' 5^ ~ E'A'* 



e. a (v) 


o 
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Es. 1683. On ixicb>paper> mark the points O (0, 0), P (3^ 0)} Q (3, 2)i 
R (4, 5), S (1, 4); join OP, PO, QR, RS, SO. On plain paper, dmw 
0'P'=l*5m.; on O'P' describe a similar polygon. Check by measuring the 
angles and finding the ratios of corresponding sides. (Keep yonr figures for 
the next exercise.) 

Ex. 1683. On inch-paper, describe a polygon similar to OPGtRS 
of Ex. 1682, having its base 0'P'=l*5in. Do this by halving the co- 
ordinates of the points O, P, O, R, S. Make a copy on tracing paper of Ihe 
smaller polygon obtained in Ex. 1682, and compare wth the polygon 
obtained in the present exercise. 

Ex. 1684. On inch-paper, mark the points A (1, 0), B (4, 0), C (1, 3), 
D (3, 4) ; join AB, BC, CD, DA. On plain paper draw A'B'=2-6 in.; on 
A'B' describe a figure similar to ABCD. Check by calculating the ratios of 
corresponding sides. 

Ex. 1686. Draw a pentagon ABODE; draw A'B' (I to AB; on A'B' 
construct a pentagon similar to ABCDE. (This should be done with set- 
square and straight edge only.) 


Bevise Ex. 146. 

Ex. 1686. Draw four parallel lines AP, BQ, CR, DS ; draw two strm^t 
lines ABCD, PQRS to cut them. "With AB, BC, CD as sides, describe 
a triangle; with PQ, QR, RS describe a triangle. Meaaure and compare 

the angles of the two triangles. 
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Theorem 4. 

[Converse op Theorkm 3,] 

BC CA 

in two triangles abc, def, 
triangles are equiangular. 

A 


AB 


then the 


EF FD DE 




Oonstniclion Make i. FEX := A B and L EFX = ^ C, X and D being 
on opposite sides o£ EF. 


Proof 


{ 


In the As ABC, XEF, 

/. B = FEX, 
/_C^z_EFX, 
the third angles are equal, 
and tne triangles are equiangular. 
BC _ CA _ AB 
'*EF“ FX“ 

BC _ CA _ AB 
EF“ FD“ DE* 

CA 


But 

CA 


lY. 3. 


Data, 


FX 


FD XE “ DE* 


FX ~ FD and XE * DE. 
In the As XEF, DEF, 



IS common, 

.'. A XEF = A DEF. 

But the As ABC, XEF are equiangular, 
•*. the As ABC, DEF are equiangular. 
11 


h 14. 


Q. B. n. 
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tEx. 1687. Diaw a qoadri-* 
lateral ABCD ; join AC.’ 
an angle XOY from OX out off 
OP=AB, OQ=BC, OR=CD, 
03 = DA, OT = CA; throngh P, 
Q, . . . draw a set of parallel lines 
cutting OY in P', O', .... Con- 
struct a quadrilateral A'B'C'EX 
having A'B' = OP, 

Prove and verify that ABCD and 
A'B'C’D' are equiangular. 

The diagonal Bcale (fig. 
313), depends in principle on 
the properties o£ similar tri- 
angles. 

ITEz. X68B. Are the triangles 
who^e comers are marked 0, d, 10 
and 0, c, C equiangular? 

liEx. 1688. What fraction is 
the distance between the x>oints 6, 
c of the distance between 10, d ? 

The distance between 10, d is 
•1 in. ; what is the distance between 
6. c? 

IfEx. 1690. What are the dis- 
tances between the points (i) a, 6» 
(ii) 0, c, (iu) c, 6? 

What is the whole distance be- 
tween a, 6? 


ITEx. 1691. Draw a triangle 
ADC; makeanZ.XOY=z,A; from 
OX. OYcut off OP = gAB, OQ= 
I AC ; join PC; measure L* P, Q, 
and compare them with z.* B, C. 



fig. 813.' 
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Theorem 5. 

If two triangles have one angle of the one equal to 
one angle of the other and the sides about these equal 
angles proportional, the triangles are similar. 

A 0 




Data 


2'o prove that 
Construction 


DrooJ' 


ABC, DEF are two triangles which have z. A= z. D, and 

DE " DF' 

the As ABC, DEF are similar. 

From AB cut off AH = DE. 

From AC cut off AK = DF, 

Join HK. 

In As AHK, DEF, 

AH = DE, 

AK=DF, 

Z.A= Z.D, 

/.A AHK =ADEF, 

DE“ DF‘ 

, AB _ AC 

HK is II to BC. 

Z. H = z. B and z. K = z C, 

As AHK, ABC are equiangular. 

Hence As DEF^ ABC are equiangular, 
and therefore have their corresponding sides 
proportional!. IV. 

As DEF, ABC are similar. 


Constr. 
Constr. 
Data 
L 10. 


Now 


IV. 2, Cor. 1. 


Q. E. D. 
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Note. In. iv. 3 and 5, i£ DE>AB and DF>AC, H, K lie in 
AB, AC produced; the proofs hold equally well for these cases. 

tEx. 1692* S is a point in the side PQ of A PQR ; ST is drawn 
parallel to QR and of such a length that ST : QR = PS : PQ. Prove that 
T >!es in PR. 

[Prove A S PT = A QPR.] 

Ex. 1693. (Inch paper.) Prove that the points (0, 0), (2, 1), (5, 2*5) 
are in a straight line. In what ratio is the line divided? 

tEx. 1694. In a triangle ABC, AD is drawn perpendicolar to the base j 
if BD : DA s DA : DC, prove that A ABC is right-angled. 

tEx. 1695. AX, DY are medians of the two similar triangles ABC, DEF; 
prove that they make equal angles with BC, EF, and that AX t DY= AB : DE. 
(Compare Ex. 411.) 

■lEs. 1696. The bases, BC, EF, of two similar triangles, ABC, DEF, 
are divided in the same ratio at X, Y. Prove that AX : DY=sBC • EF. 


I^g. 315 represents a pair of proper- 
tional compasses. AB — AC and AH = AK, 



— , and A BAG = A HAK, 
AC* 


A® ABC, AHK are similar. 


Hence ^ , which is constant for any 

BC AB * 

fixed position of the hinge. In fig. 315 the 
hinge is adjusted so that — = thus, what- 
ever the angle to which the compasses 
opened, H K = ^ BC. 



are 
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1697 . On bases of 5 in. and 3 in. describe two similar triangles; 
calculate their areas, and find the ratio of their areas. In it 5 ; 37 

Wlrat is the ratio of their altitudes? 


In fig. 



AABD = J K®*™™ ABCD, and AA'Q'D' = J J|<»8«a A'B'C'iy, 

The parallelograms ABCD, A'd'c'D' are divided up into con- 
gruent parallelograms; the squares are divided up into congruent 
squares. 


. AABD _ _JABCD _ ABCD 25 small H®****" 25 

A A'B'D' ^A'B'C'D' “ A'D'^' ~ 9 small ^ T ‘ 

sq. AE _ 25 small square s _ 25 
sq, A'E' 9 small squares ~ 9 * 

. AABD _ square on AB 
AA'B'd' square on A'B' * 

^ +Ex. 1698. The ratio of corresponding altitudea of similar triangles 
IS eqaal to the ratio of cone^K>nding sidea 
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Theorem 6. 

The ratio of the areas of similar triangles is equal 
to the ratio of the squares on corresponding sides. 



Data 

To ‘prove that 
Construction 

Proof 


fig. 317. 

ABC, XYZ are t-wo similar triangles. 

A ABC _ BC* 

AXYZ " YZ*' 

Draw AD X to BC, 
and XW X to YZ. 

AABC = JBC. AD, 
and A XYZ = JYZ . XW, 


AABC _ B C. AD 
* ' AX'^” YZ.XW 


[ AD 

It remains to prove that 



Now in the As ABD, XYW, 

J'XB=XY, 

tz.D=xW(rt. xs), 
the third angles are equal, 
and the As are equianguUr, 
. AD _ ^ 

* * jw'XY’ 


But 


XY YZ’ 



Data 

IV. 3. 
Data 


• • 
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But 


AABC 

BC 

AD 

AXYZ 

“ YZ * 

XW 


BC 

BC 


“yz * 

YZ 


BC* 



i*ro^d 


Q* E» 


liEx- 1609. “WLat is the ratio of the areas of two Bimilar triangles ott 
bases of 3 la. and 4 in.? 

HEs. 1700. The area of a triangle with a base of 12 ozxl is 60 sq. cm. ; 
find tho area of a similar triangle with a base of 9 cm. 

'What is the area of a similar triangle on a base of 9 in.? 

HEs. 1701. The areas of two similar triangles are 100 sq. cm. and 
64 sq. cm. ; the base of the greater is 7 cm. ; find the base of the smaller. 

Ez. 1702. The areas of two similar triangles are 97*5 sq. cm. and 
75'3 sq. cm. ; the base of the first is 17*2 cm.; find the base of the second. 

ITEx. 1703. The sides of a triangle ABC are 7*2 in., 8*5 in., 5*7 in.; the 
mdes of a triangle DEF are 7*2 cm., 3*5 cm., 5*7 cm.; find the ratio of the 
area of the first triangle to that of the second. 


llEz. 1704. Find the ratio of the bases of two similar triangles one of 
which hfta donble the area of the other. 

Show how to draw two such triangles, without using a graduated ruler. 

Ex. 1705. Describe equilateral triangles on the side and diagonal of a 
square; find the ratio of their areas. {Freehand,) 

Ex. 1706. Show how to draw a straight line parallel to the base of 
a triangle to bisect the triangle. 
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Bz. 1707« Describe equilateral triangleb on the sides of a right-angled 
triangle 'whose sides are 1*5 in., 2 in., 2*5 in. What connection is there 
between the areas of the three equilateral triangles ? (Freehand) 

tEx. 170B. Prove that, if eimilar triangles are described on the three 
sides of a right-angled triangle, the area of the trian^e descHibed on the 
hypotenuse is equal to the sum of the other two triangles. 

f£z. 170d. ABC, DEF are two triangles in which ^B=^E; prove that 
A ABC: aDEF=AB.BC:DE.EF. 

[Draw AX X to BC, and DY X to EF.] 

Ex. 17 lO. What is the ratio of the areas of two circles whose radii are 
R, r? 3 in,, 2 in. ? 

IfBx. 1711. Draw two similar quadrilaterals ABCD, PQRS; calculate 
their areas (join AC, PR) ; find the ratio of their areas, and compare this 
with the ratio of corresponding sides. 


B.ECTANOLR PBOPERTIES. 


fEx. 1712. XYZ is a triangle inscribed in a circle, X^ is^n altitude of 

the triangle and X D a diameter of the circle ; prove that = 1 ^^* Express 

this as a result clear of fractions. What two rectangles are thus proved equal ? 


tEi. 1713. With the same construction as in Ex. 1712, prove that 

XZ . NY=XN . ZD. 


[You will have to pick out two 
triangles. If you colour XZ, NY red 
are the triangles.] 


equal ratios from two equiangular 
and XN, ZD blue you will see which 


+Ex. 1714. 

in ter sect at X* 


ABCD is a quadrilateral inscribed 
Prove that (i) AX . BCsAD . BX, 


in a circle ; its diagonals 
(ii)AX. XCssBX.XD. 
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' tEx. 1716. ABCD is & quadrilateral inscribed in a circle; AB, DC pro- 
duced intersect at Y. Prove that 

(i) YA . BD = YD . CA, (ii) YA . YB = YC . YD. 

t£x. 1716. Tbe rectangle contained by two sides of a triangle is equal to 
the rectangle contained by tbe diameter of tbe circnmcircle and tbe altitude 
drawn to the base. 

[Draw the diameter through tbe vertex at which tbe two sides intersect.] 

flUx. 1717. Tbe bisector of the angle A of a ABC meets the base in P 
and tbe clrcumcirclo in GL Prove that the rectangle contained by the sides 
AB, AC=rect. AP. AC. 

tEx. 1718. In Ex, 1G80, prove that PC. SR^PR . TC. 

tEx. 1719. The stun of tbe rectangles contained by opposite sides 
of a cyelie quadrilateral la equal to tbe rectangle contained by Ito 
diagonals. (Ptolemy^ s tboorem.) 

(TTse the oonstmction of Ex. 1680.] 


ITEx. 1720. Draw a circle c£ radius 7 cm.; mark a point P 8 cm. from 
the centre O; through P draw five or six chords APB, CPD, .... Measure 
their segments and calculate the products PA.PB; PC. PD;.... Take 
the mean of your results and estimate by how much per cent, eac h result 
difiers {rom the mean. (Make a table.) 

Draw a circle of radius 7 cm. and mark a point P 10 om 
from the centre O; through P draw a number of chords of the circle, and 
proceed as in Ex. 1720. 

[^ember that U P is in tbe chord AB produced, PA, PB ore still 
'regarded as the segments into which P divides AB; you must calculate 
PA . PB, not PA . AB.] 

HEx, 1722. What will be the position of the chord in Ex. 1721 when tha 
two Bogments are equal t 
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Theorem 7 (i). 

If AB, CD, two chords of a circle, intersect at a point P 
inside the circle, then pa. pb = PC. pa 


D 



fig. 3ia 


Construction Join BC, AD. 

Proof In the As PAD, PCB, 

[ L. APD = L. CPS (vert, opp.) 

( ^ D = /. B (in the same segment), 

the third angles are equal, 
and the As are equiangular, 


• PA ^ 

*' PC “PB* 


PA.PB=PC.PD. 


To calculate the area of the rectangle 

PA . PB in IV. 7 (i). 

Suppose EPF is the chord bisected at P. 
Then PA. PB = PE. PF = PE® = OE*-OP=. 


IV. S. 


Q. E. D. 
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Theorem 7 (ii). 

If AB, CD, two chords of a circle, intersect at a point P 
outside the circle, then PA . pb = PC . po. 



fig. 330. 


Construction Join BC, AD. 

^Toof In tliG PAD, PCB, 

f z. P is common, 

i z. D = ^ B (in the same segment) 
the third angles are equal, 
and the As are equiangular, 

. PA _ ^ 

‘ ' PC"' PB’ 


IV. 3. 


PA, PB= PC. PD. 


q. £. D. 


Note:. Theorems 7 (i) and 7 (ii) are really two different 
cases of the same theorem; notice that the proofs are nearly 
identicaL 
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fEx. 1723t Zf PT l8 a tangent to a circle 
and AB a chord of the circle passing through 
P, then PTa= PA . PB. (See eg. 321.) 

To calculate the area of the rect- 
angle PA . PB in IV. 7 (ii). 

Use the fact that 

PA . PB = PT=‘= OP2 - OU. 

HEx. 1724. Wliat becomes of iv,7 when P ia 
a point on the circle? When P is the centre? 

Ex. 1726. Calculate (and check graphically) the areas of the rectangles 
contained by the segments of chords passing tluongh P when (i) r=:5 in.* 
OP=3 in., (ii) r=5 cm., OP=13 cm., (iii) r=3‘7 in., OP=2*3 in., 
(iv) r=2-9 in., OP=3-3 in. 

Ex. 1726. Find an expression for the areas in Ex. 1725, r being the 
radius, and d the distance OP (i) when d<r, (ii) when d>r. Explain folly. 

Ex. 1727. Draw two straight lines APB, CPD intersecting at P; make 
PA=4cm., PB= 6 cm., PC=3cm. Describe a circle through ABC, catting 
CP product in D. Calculate PD, and check by measurement. 

What would be the result if the exercise were repeated with the same 
lengths, but a different angle between APB, CPD? 

Ex. 1728. From a point P draw two straight lines PAS, PC; make 
PA=4 cm., PBss9 cm., PC=s6 cm. Describe a circle through ABC; let it 
out PC again at D. Calculate PD, and check by measurement. 

fEx. 1729. APB, CPD intersect at P; and the lengths PA, PB, PC, 
PD are so chosen that PA . PB= PC . PD. Prove that A, B, C, D aro cou- 
cyclic. (Draw O through ABC; let it cut CP produ^ in D'.J Make ap 
a numencal instance, and draw a figure. What relation does this exercise 
hear to rv. 7 (i)? 

fEx. 1730. State and prove the converse of iv. 7 (ii). 

tEx. 1731. P is a point outside a circle ABC and strmght Imes PAB, 
PC are drawn (A, B, C being on the circle); prove that, if PA. PB-Pt/ , 
PC is the tangent at C. 



fig. 321. 


[Use reductio ad db8urdu‘nu\ 

fEx. 1732. ABC is a triangle right-angled at A; AD is drawn perpen- 
dicular to BC; prove that AD*=BD. DC. 

[Produce AD to cut the oircumcircle of A ABC.] 

tEx. 1703. H the common Chora of two intersMting circlea be prodarea 

to Iy%!nt T, the tangents to the circles from T are equal to one aootter. 
fEx. 1734. The common chord of two interscctmg circles bieeota their 

“’^riTsT^The altitndee BE, CF of a triangle ABC interseot at H, 
^TbH^HE^CH.HF, (u)AF.AB.=AE.AC. (iii)BH.BE=BF.BA. 
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fEs. 1736. Two circles intersect at A, B; T is any point in AB, or AB 
produced; TCD, TEF are drawn cutting tlie one circle in C, D, tLo other in 
E, F. Prove that C, D E, F are coucyclic. 


Tukokem 7 (iii). 


If a perpendicular is drawn from the right angle of a 
right-angled triangle to the hypotenuse, the triangles on 
each side of the perpendicular are similar to the whole 
triangle and to one another. 


Data ABC is a triangle right- 
angled at A. 

AD is the perpendicular from 
A to BC. 

To prove that As ABC, DBA, DAC are 
similar to one another. 

Proof In As ABC, DBA 
^ B is common and 
u BAC= i. BDA (rt. ^ s). 

.*. As ABC, DBA are equiangular with one another. 
Similarly As ABC, DAO „ „ „ „ „ 

AS ABC, DBA, DAC „ „ „ 

. . As ABC, DBA, DAC are similar to one another, 

Q. E. n. 

tEx. 1737. ABC ia a triangle right-angled at A; AD is an altitude of 
the triangle. Theorem 7 (iii) proves that a s ABD, CAD are similar. Write 
down the three equal ratios; and, by taking them in pairs, deduce the 
corresponding rectangle properties. 

Dep. If X is such a quantity that a:x~x : then x is 
called the mean, proportional between a and 6. 


A 



HoTE. If -= a:^ = ai, and therefore x = thus the 

mean proportional between two numbers is the square root of the 
product. 

^Ex. 1738. Prove that, if « is the mean proportional between a and 6 

ITEx. 1738. Find the mean proportional between 

(i) 4 and 9, (ii) 1 and 100, (iii) ^ and 2, 

(iv) londj, (V) land 2, (vi) 2 and 4. 


22—2 


332 


BOOK lY 


To find the mean proportional between two given 
straiglit lines. 



Let ( 2 , 6 be the two given straight lines. 

Construction Draw a straight line PQ. 

From PO cut off PR = a, and RS » 5. 

On PS as diameter describe a semicircle. 

Through R draw RT x to PS to cut the semicircle at T. 
Then RT (x) is the mean proportional between a, 5. 
Proof Join PT, TS. 

A* PRT, TRS are equiangular. (Why?) 

RP : RT= RT : RS, 
a X ^ X \ by 

X is the mean proportional between <s and h, 

lEx. 1740. Prove tho above consfcmotioa b 7 completing the oirole, and 
l^oducing TR to meet the oirole in T^ 

Ex. 1741. (On inch paper.) Find graphioallj the mean proportionala 
between (i) 1 and 4, (ii) 1 and 3, (iii) 1*6 and 2*6, (iv) 1*3 and 1*7. 

Check by calculation. 

Note. If - = ?, and therefore a;= thus tho 

X 0 

mean proportional between two numbers is the square root of tho 
product. 

Ex. 1742 , (On inch paper.) Find the Bqnare roots of (i) 2, (ii) 8, (ui) 6, 
(iv) 7. 

(Find the mean proportionals between (i) 1 and 2, (iii) 2 and 3.] 

Ex. 1743. Draw a triangle; and constractan equivalent rectangle. 
(What is the formula for tho area of a triangle?] 
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To describe a square equivalent to a given rectilinear 
figure. 

ConstnictUm (i) Seduce the figure to a triangle (see p. 178). 

(ii) Convert the triangle into a rectangle. 

(iii) Find the mean proportional between tho sides 

of the rectangle. 

This will be the side of the required square. 

Proof If a, 6 are the sides of the rectangle, x the side of the 
equivalent square, then 

area of rectangle = 06 = 0 ^. 


Ex. X744. (On inch paper.) Find the side of the square equivalent to 
the triangles whose angular points are 

(i) (1, 0), (5, 0), (4, 3), 

(ii) (fi. 0). (0. 2), (6, 0-5), 

(iii) (0, 0), (3, 1). (2, 9). 

Ex. 1746. Construct a square equivalent to a regular hexagon of 
side 2 in.; measure the side of the square. 

Ex. 1740. Bepeat Ex. 1745 for a regular ootagon of ude 2 in. 


Ex. 1747. Find the side of a square equivalent to the quadrilateral 
ABCD, when 

(i) DA=1 in., AA=100S AB=2-3 in., aB= 64®. BC=1*6 in. 

(ii) AB=:5*7 om., BCs5’2cm., CD— 1*7 om., DA— 3*9 cm., AA— 76^. 


iEx. 1740. In fig. 822, prove that (i) P'P=PR . PS, (ii) ST»*SR . SP. 

tEx. 1740. Prove Pythagoras* theorem by drawing the altitude to the 
hypotenuse and tiaing RimiUr triangles (see Ex. 1748). 


HEx. 1760. Draw a large scalene triangle ABC; draw the bisector of 
^ A and let it out 6C at D. Caloulate AB : AC and DB : DC. 

TEx. 1761. Bepeat Ex. 1760 with a triangle of different shape. 

'FiX. 1762. Draw a large scalene triangle ABC; draw the bisector of 
the external angle at A; let it cut the base produced at D. CalooLate 
AB : AC and the ratio in which D divides the base BC (see p. 304). 

lIEx. 176a. Bepeat Ex. 1752 with a triangle of different shape. 

0 . 8 . (v) 


D 
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Theorem 8 (i). 

The internal bisector of an angle of a triangle divides 
the opposite side internally in the ratio of the sides 
containing the angle. 



£g. 323. 

Data ABC is a triangle, 

AD bisects l. BAG internally and cuts BO at D. 

To proroe that 5? = ^ , 

^ DC AC * 

Construction Through C draw CE 1| to DA to cut BA produced 
at E. 

Proof Since DA is |j to CE, 

DB _ AB 
' ■ DC“ AE' 

pt remains to prove that AE— AOj. 

' *.• DA is |j to CE, 

L. BAD = corresp. l AEC, 
and ^ DAC = alt. z. ACE. 

ButABAD=i.DAC, 
z.AEC=z.ACE, 

AE = AC, 

DB _ AB 
AC * 


IV. 1. 


j. 6. 
I. 6. 

Data 

L 13. 


DC 


tE*. X764. State and prove the converse of this t h e o r e m . 
[Use reductiond absurdum.'] 


Q. K.n. 
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TnEOREai 8 (ii). 

Tlia external bisector of an angle of a triangle divides 
the opposite side externally in the ratio of tlie sides 
containing tbe angle. 

F 



Data, ABC is a triangle, 

AD bisects l. BAG externally (i.e. AD bisects A CAF) and 
cuts BC produced at D. 


To prove that 


E?- — 

DC “ AC * 


Construction Through Cdraw CE |1 to DA to cut BA at E. 
IDroof Since DA is H to CE, 

DB _ AB 
*' DC“ AE' 

[It remains to prove that AfE =s ACj. 

/ '/ DA is [| to CE, 

/. L. FAD ~ coiresp. z. AEG, 
and ^ DAC = alt. ACE. 

But L. FAD = i. DAC, 
i. AEG = i. ACE, 

^ AE = AC, 

. DB _ AB 


IT. 1. 


I. 5. 
I. 5. 

Data 

L 13. 


Q. £. D. 

Note, There is a very close analogy between theorems 8 (i) 
and 8 (ii) ; notice that the proofs are nearly identicaL 
tEx. 1756. State and prove the oonverea of this theorem. 
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Ex. 1799. In a aABC, BC = 3'5in., CA~3in., AB=4is. and the 
internal bisector of /.A cats BC at D; calculate BD, DC; check by 
drawing. 

Ex. 1757. The internal bisector of z. B of aABC cuts the opposite 
«idein E; find EA, EC when BC=8‘9cm., CAs=ll*5cin-, AB=4*7cm4 

Ex. 1768. In a aABC, BC=3-5in., CA = 3in., AB=:4in. and the 
'«xtemal bisector of A A cats the base produced at D; calculate BD, DC. 

Ex. 1759. Bepeat Ex. 1758 with 

(i) BC=6‘2in., CA=4-lin., AB=4-5in., 

(u) BC = ll*5cm., CA=4*7cm.. AB=8*9cm. 

Ex. 1760. Calculate the distance between the points In which AB, 
-a side of a a ABC, is cut by the bisectors of AC, having given that 
.BC=6*9cni., CAs=ll*4cm., AB=5‘8cm. 

'lEx. 1761. The base BC of a triangle ABC is bisected at D. DE, DF 
bisect A* ADC, ADB, meeting AC, AB in E, F, Prove that EF is U to BC. 

tEi- 1762. Prove that the bisectors of an angle of a triangle divide 
the base internally and externally in the same ratio. 

Ex. 1763. The internal and external bisectors of the A P of a aPQR 
cut the base at X, Y respectively; what is aXPY? 

tEx. 1764. A point P roovea so t2xat tJio ratio of Ita distances from 
two fixed points Q, R is constant ; prove that the locus of P is a 
' gl rol e . (The Circle of Apollonios.) 

[Draw the internal and extemai bisectors of AP, and use Ex. 1763. J 

HEx. 1766 . O is a point inside a triangle ABC. The 
.A« BOC, COA, AOB meet BC, CA, AB in P, Q, R respectively. Prove that 

BP CQ AR - 
PC^QA^RB"=^- 


Revise Ex. 1651. 
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^ THEOREit 9. + 

If the straight lines joining a point to the vertices of a 
given polygon are divided (all intemaJly or all extema^y) 
in the same ratio the points of division are the vertices 

of a similar polygon- 



fig. 325 . fig- 226 . 

Dala, ABODE is a polygon j the st. lines joining a pt. O to 
its vertices are all divided in the same ratio at A , B , C , 
E'. 

To prove thnt z. A = z. A', z. B = z. B', . . . , 


and 


aV 

AB 


B'C' 

BC 


Proof Since OA, OB, ... are divided at A', B', ... in. the same 
ratio, it follows that 




In the As OA'B', OAB 

OA' _ OB' 

• OA ~ OB ’ 
and z. AOB is common, 

As OA'B', OAB are similar, IV. 5. 

/. Z. OA'B' = Z_ OAB. 

Sim^ z_ OA'E' = z_ OAE, 
z.B'A'E'=Z.BAE. 

Sim*^ the other z_s of A'b'c'd'E' are equal to the corre-^ 
sponding z. s of ABODE. 
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^Again, since As CA'B^, OAB are siinilar, 

, A'B' OA' 

‘ OA “ ■ 

. B'C/ C'D' , , 

Ic’ CD 


A'B' B'C' C'D' 

'bc'” W 




ABODE, A'B'C'D'E' are similar. 


Proved 


Q. n o. 


Note. This theorem is the principle of the magic lantern; 
-every part of the figure is magnified outwards from a point. 

ITEx. 1766. Draw a figure to show that equiasgular pentagons are not 
necessarily sunilar. 

liEIx. 1767 . Draw a figure to show that a pentagon whose sides ta^n 
in order are halves of the sides of another pentagon is not necessarily similar 
to the other pentagon. 

lIEx. 1768 . A rectangular picture frame is made of wood 1 in. wide; are 
the inside and outside of the frame similar rectangles? 

lIEx. 1769 . Draw a figure for iv. 9 for the case in which O coincides 
with B. 

HEx. 1770. Draw a figure for iv. 9 for the case in which O is on AB. 

tEx. 1771. ABBmnmg that the polygons ABODE in figs. 326 , 826 are 
csongruent, and that the ratio of division is the same for the two figures, prove 
.^hat the two polygons A'B'O'D'E^ are congment. 
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On a given straight line to construct a figure similar 
to a given rectilinear figure. (Second Method.) t [See 
p, 317.] 



A* . 



fig. 327. 


Construction Let ABODE be the given figure, A'B' the given, 
straight line (see figs. 325, 326, 327.) 

Place A'B' parallel to AB, and produce AA', BB' to meet, 
at O; join OC, OD, OE. 

Divide OC, OD, OE at C', D', S' in the same ratio as OA 
and OB are divided. [This is most easily done by drawing 


parallels.] 


Join B'C', C'D', D'E', E'A'. 


Then A'B'O'D'E' is similar to ABODE. r7. 9. 


Note. The method (used in “Plv- 1683) of dividing coordinates 
in a given ratio is substantially the same as the above. 

Er. 1773. (On inch paper.) Mark the points (0, 0), (3, 0), (3, 8), (1, 4), 
> joki them in order. On the line (1, 1), (2, 1) descril^ a similar 
pentagon by the method jnst explained. From your hgore, read off the 
coordinates of its vertices. 

Ex. 1773. Bepeat Ex. 1772, with (0, 0), ('S, 0), (*7, *3), (•!, *0) os the 
eomers of the given figure, and (1, 1), (8*2, 1) as the ends of the given line. 

Ex. 1774. Bepeat Ex. 1772, with (-2, -2), (2, -2), (3. 3), (- 1, 2) as 
the comers of the given figure, and (»1, -1), (1, -1) as the ends of the 
.given lina 

Ex. 1775. (On inch paper.) Draw the triangle ABC, A (l; 0), B (2, S), 
C (0, 1) ; on PQl^ P (3, 8), Q (3, 0*2), as base describe a triable similar io 
^ABC. Find the coordhiates of the vertex. 

(Tske O as the point of intersccUon of AP, BG.] 
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Theorem 10 . + 

If a polygon is divided into triangles by lines joining 
a point to its vertices, any similar polygon can ba 
divided into corresponding similar triangles. 


D 



S 



Data ABODE, PQRST aro two equiangular polygons which 
have 

(say). 

AB bo CD DE EA 

ABODE is divided into As by lines joining ita vertices to 

a pt. O. 

To prove that there is a point X such that the As 

joining X to the vertices of PQRST are sinular to the corre- 
sponding As into which ABODE is divided. 


Construction 


Divide OA, OB, ... at A', B', ... so that 



Join A'B', B'C', .... 
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Proo/ fPirsb to prove A'B'C'D'eT, PQRST congruent} 

Since|^=?® C<n,str. 

As OA'B', OB'C', ... are similar to As OAQ, OCC, ... 
respectively. f’rowrf in iv 9. 

For the same reason A'b'C'd'E' is equiangular to 

IV. 9. 

Data 


ABODE, 

bub ABODE is equiangular to PQRST, 
A'B'C'D'r „ „ PQRST. 

Again, since 

OA' _ OB'_ 

• ...« 




OA' OB' 
OA ' 


OB 

A'^ _ 5^' 

AB “ OA 


^k. 


IV. 9. 






PQ 


• • 


A3 AB' 

A'B' ^ pa 

Sim'' B'C'=QR, C'D'^RS, 

A'B'C'D'E', PQRST liave all their corresponding angles 
and sides equal and are therefore congnient. 

Apply A'B'C'D'E'O to PQRST ; since A'b'C'D'E', PQRST 
are congruent, they must coincide j let X be the point on 
which O falls. 

Join XP, XQ, .... 

Then AXPQs AOA'B'. 


But Ab OA'B', OAB are similar, 

As XPQ, OAB are similar. 

likewise the other paiis of corresponding A s in the two 
polygons are similar. 


g. r.dl 
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Note. The practical way to find the point X is to make 

L. QPX = L. BAO and ^ PQX = z. ABO. 

O and X are called corresponding points. 

Cor, If in two s imil ar figures wliose sides are in the 
ratio O3 correspond to X^, X^, then : x^x* = l:k 

Ex, 1776. (Inch paper.) O is a point inside a triangle ABC. A is 
(—3, 3), B is ( - 2, —1), C is (2, —2), O is (-1, 0). POR is a similar 
triangle; P is (-1-5, 1-5), Q is <-l, -0-5), R is (1, -1). Find the co- 
ordinates of the point X which corresponds to O. 

tEx. 1777, O is the circumcentre of a ABC ; X is the “corresponding® 
point in a similar triangle PQR. Prove that X is the circumcentre ol 

apqr. 

Ex. 1778. Construct aABC, given aAs:70% aB=45% aC= 65^, andi 
altitude AO s 8 cm. Measure BC. 

[First construct aA^B'C' having its angles equal to the given angles; 
draw the altitude Magnify a ABC in the ratio AO : A'D^] 

Ex. 1779. Construct aABC, given aA=45®, AB=26®, aC= 110®, and 
median BMs 57*5 om. Measure BC. [See note to Ex. 1773.] 

Ex. 1780. Show how to describe a triangle, having given its angles 
and its perimeter. 

Ex. 1781. Show how to describe a triangle, having given its angles 
and the difference of two of its sides. 

Ex. 1782 , Show how to inscribe in a given triangle a triangle which 
has its sides parallel to the sides of a given triangle.. 

Ex. 1783. Show how to inscribe a square in a given triangle. 

Ex. 1784. Show how to inscribe a square in a given sector of a circle,. 

Ex. 1785 . Show how to inscribe an equilateral triangle in a given 
triangle. 

Ex. 1786 . Show how to descri^ a circle to touch two given straight 
lines and pass through a given point. 

Ex. 1787. Show how to inscribe a regular octagon in a given eqoare. 
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Theorem 11. t 

The iratio of the areas of similar polygons is equal to 
the ratio of the squares on. corresponding sides. 




eg. 329. 


ABODE, PQRST are two similar polygons; let ^ 




To prove that 


area of ABODE AB* 


area of PQRST PG* ' 

Conatniction .In ABODE take any point O, 

Let X be the corresponding point in PQRST. 
Join OA, OB, ... ; XP, XQ 

Proof Since O, X are corresponding points, 

As OAB, XPQ are similar, 

. A OAB AB^ 


IV. 10. 


A XPQ PQ- 




Sin,., 

. AXQR QR^ 


AOAB=it*. AXPQ, 
and A0B0 = A?.AXQR, 


A AOAB +AOBO +..,=/:* {AXPQ + AXQR + 

ABODE = A* . PQRST, 

. ABODE AB“ 

PQRST “ ” PQ®* 


q. B. TK 
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IfEs. I78G. What is the ratio of the area of a room to the area by which 
it is represented on a plan whoso scale is 1 in. to 1 ft.? 

ITE^ 1769. On a map whose scale is 1 mile to 1 in., a piece of land is 
represented by an area of 20 sq. in. ; what is the area of the land? 

UEx. 1790. On a map whose scale is 2 miles to 1 in., a piece of land is 
represented by an area of 24 sq. in. ; what is the area of the land? 

Ex. 1791. 'What is the acreage of a field which is represented by an 
area of 3 sq. in. on a map whose scale is 25 in. to the mile? (640 acres 
eq. mile.) 

Es. 1792. VvTiat areas represent a field of 1 acre on maps in which. 
1 mile is represented by (i) 1 in., (Li) J in., (ui) 6 in, , (iv) 2*5 in. ? 

If the field were square, what would be the length of a line representing 
a side of the field ? 

Ex. 1793. Two similar windows are glazed with small losenge-shaped 
panes of glass, these panes being all identical in size and shape. The 
heights of the %Tindowa are 10ft. and 15ft. The namber of panes in th& 
smaller window is 1200 ; what is the namber in the larger ? 


Ex. 1794. A figure described on tho hjTXjtenuse of a right*angled 
triangle is eqnal to the sum of the similar figures described on the sidefl 
of the triangle. (This is a generalisation of Pythagoras’ theorem.) 

Ex. 1796. Similar figures are described on the side and diagonal of 
a square ; prove that the ratio of their areas is 1 : 2. 

Ex. 1796 . Similar figures are described on the aide and altitadfl of 
an equilateral triangle; prove that the ratio of their areas is 4: 3. 

To construct a figure equivalent to a given figure A 
and similar to another figure B. f 

OimstTucOtm Eeduce both figures to squares (see p. 333). 

Let a and 6 be the sides of these squares. 

Let ^ be a side of the figure B. 
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Construct a length x so that b \ a, — I \ x. 

On X describe a figure C similar to B ; the side a: of C 
corresponding to the side I of B. 

Proof The area of C : area of B = ar : P 

= 0^1 

= area of A : area of B, 
area of C = area of A. 

Ex. 17S7. Show how to construct an e«iuilateral triangle equivalent 
to a given square. 

Ex. 1798 . Show how to construct an equilateral triangle equivalent 
to a given triangle. 

Ex. 1799. Show how to construct a rectangle having its sides in a 
giv^ ratio and equivalent to a given square. 


MISCELLANEOUS EXERCISES. 

+Ex. 1800. One of the parallel sides of a trapezium is double the other; 
show that the diagonals trisect one another. 

fEx. 1801. A straight line drawn parallel to the parallel sides of a 
tra.pfl7.i nm divides the other two sides (or those sides produced) pro- 
portionally. 

fEx. 1809 . Find the locus of a point which moves so that the ratio of 
its distances &om two intersecting straight lines is constant. 

Ex. 1803. Show how to draw through a given point within a given 
angle a straight line to he terminated by the arms of the angle, and divided 
in a ^ven ratio (say at the given point. 

tEx. 1804. Prove that two medians of a trianslo trisect one 
another. Bence prove that the three medians pass through ono point, 

tEx. 1006. The bisectors of the equal angles of two similar triangles are 
to one another as the bases of the triangles. 
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tEz. le06. In two similar triaDgles, the parts lying \ 7 ithin thd 
triangle of the perpendicular bisectors of corresponding sides have the 
same ratio as the corresponding sides of the triangle. 

t£x. 1807. ABC, DEF are two similar triangles; P, Cl are any two 
points in AB, AC; X, Y are the corresponding points in DE, DF. ProTO 
that PQ:XY=AB:DE. 

t£x. 1808. The sides AC, BD of two triangles ABC, DBC on the same 
base BC and between,the same parallels meet at E ; prove that a parallel to 
BC through E, meeting AB, CD, is bisected at E. 

tEx. 1809. Show how to divide a parallelogram, into five equivalent 
parts by lines drawn through an angular point. 

+Ex. 1810. Show how to divide a given line into two parts such that 
their mean proportional is equal to a given line. Is this always possible? 

Ex. 1811. Show how to construct a rectangle equivalent to a given 
square, and having its perimeter equal to a given line. [See Ex. 1810.] 

+Ex. 1812 . A common tangent to two circles cuts the line of centres 
externally or internally in the ratio of the radii. 

Ex. 1813 . Show how to construct on a given base a triangle having 
given the vertical angle and the ratio of the two sides. 

Ex. 1814. Show how to construct a triangle having given the vertical 
angle, the ratio of the sides containing the angle, and the altitude drawn to 

the base. 

tEx. 1815 . TP, TQ are tangents to a circle whose centre is C, CT outs 
PQ in N ; prove that CN , CT =CP^. 

tEx. 1816. In fig. 318, prove that aPBC: aPAD=sBC’: AD®. Isth© 
same property true for fig. 319 ? 

tEx. 1817. In fig. 318, prove that PB . PC : PA , PD=BC®; AD®. 

tEx. 1818. ABCDE is a regular pentagon; BE. AD intereeefc at F; 
prove that EF is a third proportional to AD, AE, 

Ex. 1819. fig. 295, the area of the regular hexagon obtained by 
joining the vertices of the star is three times that of the small hexagon. 

tEx. 1830. In fig. 320, PQ is drawn parallel to AD to 
duoed in Q ; prove that PQ is a mean proportional between QB, QC. 
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+Ex. leai. The angle BAG of a a ABC ia bisected by AD, which cute 
BO in D; DE, DF are drawn parallel to AB, AC and cut AC, AB at E, F 
respectively. Prove that BF : CE=AB* : AC-. 

tEx. 1822. ABC is a triangle right-angled at A; AD ia drawn perpen- 
dicular to BC and produced to E so that DE is a third proportional to 
AD, DB ; prove that aA6D= aCDE, and aABD ia a mean proportional 
between a* ADC, BDE. 

tEx. 1823. Two circles touch externally at P ; Q, R are the points of 
contact of one of their common tangents. Prove that QR is a mean propor- 
tional between their diameters. 

[Draw the common tangent at P, let it cut GtR at S; join S to the 
centres of the two circles.] 

tEx. 1824. Two church spires stand on a level plain; a man walks on 
the plain so that he always sees the tops of the spires at equal angles of 
elevation. Prove that his locus is a circle. 

tEx. 182S. The rectangle contained by two sidesof a triangle is equal to 
the square on the bisector of the angle between those sides together with the 
rectangle contained by the segments of the base. [See Ex. 1717.] 

tEx. 1826. The tangent to a circle at P cats two parallel tangents at 
Gl, R ; prove that the rectangle QP . PR is equal to the square on a radios of 
the circle. 

tEx. 1827. ABCD is a quadrilateral. If the bisectors Of A* A, C meet 
on BD, then the bisectors of A* B, D meet on AC. 

Ex. 1828. Prove the validity of the following method of solving a. 
<xnadratio equation graphically: — 

Suppose that or* -f- hx -j- c =0 is the equation ; on squared paper, mark 
the origin, from OX out off OP — a, tiom P draw a perpendicular PQ 
upwards of length 6, from O draw to the left QR ;= c (rega^ must be paid 
to the signs of a, 6, c ; e.g. if 6 is negative PQ will be drawn downwards) ; on 
OR describe a semicircle catting PQ at S, T ; the roots of the equation are 

PS „ , PT 
OP OP* 

[Consider A» OPS, SQR,] 
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Ex. 1829. Solve'the foUomng eqaations graphicallj as in Ex. 182^ 
and oheck by calculation : — 

(i) 21® + 6a; + 1 = 0, 

(ii) :r® + Si - 2 = 0, 

(ui) 2a:® - a: + I = 0. 

+Ex. 1830. A Btraigbt line AB is divided internally at Cj equilateral 
triangles ACD, CBE are described on the same eido of AB; DE and AB 
produced meet at F. Prove tiiat FB : BC=FC : CA. 

+Es. 1831. ABC is an eqxiilateral triangle and from any point D in AB 
straight lines DK and DL are dravNTi parallel to BC and AC respectively. 
Find the ratio of the perimeter of the parallelogram DLCK to the perimeter 

of the triangle ABC. 

+Ei- 1832 . If from each of the angular points of a quadrilateral perpen- 
diculars are let fall upon the diagonals, the feet of these perpendiculars are 
the angular points of a similar quadrilateral. 

+Ex. 1833 . ABCD is a parallelogram, P is a point in AC produced; 
BC, BA are produced to cut the straight line through P and D in ^ R 
respectively. Prove that PD is a mean proportional between PQ and PR. 

+Ex. 1834 . ABCD is a quadrilateral inscribed in a circle of which AC 
ia a diameter; from any point P in AC, PQ and PR are ^wn perpendicular 
to CO and AB respectively. Prove that DQ ; PR— DC : BC. 

tEx. 1836 . Two circles ABC, ADE touch internally at A; throngh 
A straight lines ABD, ACE are drawn to cut the circles. Prove that 

AB . DE=AD . BC. 

+ET. 1836. Jn the Bidee AD, CB of a *®°bPC-ABCD® 

are taken so that AP: PD = CQ:QB. Pro-re that aADQ+ aBPC_A 

tEx. 1837 . Find a point P in the are AB of a oirclo such that chord AP 

ia threo times the chord PB, 

.?^nrAB?rBS rore^tr* r;c rp‘^d%rp::^n^ 

in Q so that PQ is twice DP. 

iEx. 1839. Show how to draw ® 6*’®“ ^r^so^a/oP^’ PQ *3 

to cut two given straight Unes in P and Q respectively so that OP . P'Q 

equal to a given ratio. . 

tEx. 1340. O is a fixed point inside a oirclo P is a variable pomt 

the circle; what is the locus of the mid-point of OP? 
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i-Ex. 1041. ABCD is a quadrifateral ; through B draw parallel straight 
lines to cut CD in X , Y 60 that OX = D Y. [X and Y aro both to be between 
C and D, or one in CD produced and the other in DC prodnced.] 

+Er. 1842. Show how to construct a triangle having given the lengtlia 
o£ two of its sides and the length of the bisector (terminated by the base) of 
the angle between them. 

tEs. 1843. From any point X in a chord PR of a circle, XY is drawn 
perpendicular to the diameter PC, prove that PX : PY — PC t PR. 

tEx. 1844. Through the vertex A, of a triangle ABC, DAE is drawn 
parallel to BC and AD is mada equal to AE; CD cuts AB at X and BE cuts 
AC at Y ; prove XY parallel to BC, 

tEx. 1846. ABCD is a parallelogram; a straight line through A cuts 
BD in O, BO in P, DC in C. Prove that AO is a mean proportional 
between OP and OC. 

t£x. 1846. A triangle PCR is Inscribed in a circle and tbo tangent to 
the circle at tbo other end of the diameter through P cuts the sides PC, PR 
produced at H, K respectively; prove that the as PKH, PCR are similar. 

tEx. 1847. Two circles ACB, ADB intersect at A, B; AC, AD touch, 
tho circles ADB, ACB respectively at A; prove that AB is a mean pro* 
portional between BC and BD. 

i'Ex. 1048. A variable circle moves so as always to touch two fixed 
circles; prove that the straight line joining the points of contact cuts the 
line of centres of the fixed circle in one of two fixed points. 

tEx. 1849. ABC is an equilateral triangle and D is any point in BC. 
On BC produced points E and F are taken such that AB bisects the angle 
EAD and AC bisects the angle DAF. Show that the triangles ABE and ACF 
are similar and that BE. CF=: BC^. 

tEx. 1050. (i) In a a ABC, AB— '|AC, CX is drawn perpendicular to 
the internal bisector of the z BAC ; prove that AX is bisected by BC. 

(li) State and prove an analogous theorem for the external bisector of 
the Z BAC, 

tEx. 1851. Two circles touch one another externally at A, BA and AC 
are diameters of the circles ; BD is a chord of the first circle which touches 
the second at X, and CE is a chord of the second which touches the first 
ntY. Prove that BD.CE=4DX. EY. 

G. S. (v) 


E 
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fEz. 1862. Two Straight lines AOB» COD intersect at O; prove thatt 
if OA : OBssOC : OD, then the as AOD, BOC are eqoivalent. 


tEx. 1363. The sides AD, AD of the rhombus ADCD are bisected in 
E, F respectively. Prove that the area of the triangle CEF is thiee*eighths 
of the area of the rhombus. 

tEx. 1864. ABC is a triangle right-angled at A, the altitude AD is 
produced to E so that DE is a third proportional to AD, DC; prove that 
A B BDE, ADC are equal in area. 


+Ex. 1866 . Two circles ABC, AB'C', whose centres are O and O', touch 
externally at A; BAB' is a straight line; prove that the triangles OAB, 
O'AB are equal in area. 


fEx. 1866 . ABC is a triangle, and BC is divided at D so that 
BD2= BC . DC. A line DE parallel to AC meets AB in E. Show that the 

triangles DBE, ACD are equal in area. 


+Ex. 1867. PA, PB are the two tangents from P to a circle whose centre 
is O; prove that A PAB : aOAB = PA® : OA®. 

tEx. 1068. Two triangles ABC, DEF have z A and 1 D aupptoenl^ 
and the sides about these angles proportional, prove that the ratio o 
areas of these triangles is equal to AB® : DE®. 


-lEx. 1860. Through the vertices of a triangle ABC, parcel straight 
lines arc drawn to meet the opposite sides of the triangle in pomta o, 7* 
prove that Afl/37=2AABC. 

Ex 1860. Through the vertices A, B, C of an equilateral triangle 

straight lines are drawn perpendienlar to the ridea AB, 

60 as to fonn another equilateral triangle. Compare the areas 

triangles. 

+Ei. 1861. A square BCDE is described on the 

ABC, and on the side opposite to A. If AD, AE “ j AB^ 

prove that FG is the base of a square inscribed m the tnang 

+EX. 1862. Prove that the rectangle contained 
two similar right-angled triangles is equal to e 
contained by the other pairs of corresponding sides. 

tEx. 1863 . The sides AB, AC of a triangle an^P be 

respectively; prove that, if the circle ADE BP and CP. 

a point of intersection, then AP is a mean proportional between or an 
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+T< > 1 RA 4 Circles are described on the sides of a right-angled tnanglo 

..M a„,e A ^ 

dra%vn cutting the three circles m P, Q, K respectively. 

+E.V 1066 The bisector of the cnglc BAG of a triangle ABC meets the 
at d' Tte circle described about the triangle BAD meets CA agam 
a^f to cWo described about the triangle CAD meets BA agam a. F. 

Show that BF is equal to CE. 

tEs. 1866 . D. E, F are points in the f.®' OP O^Q 

ouch that AD = BE = CF. From any point O witlnn A ABC OP, OQ 

OR are dravm parallel to AD. BE. CF to meet BC. CA. AB m P. «, 
respectively. Show that OP + OQ + OR-AD. 

+Vx 1067 ABCD is a quadrilateral with the angles at A ^ r^ht 

angles. If BK and ON are drawn perpendicular to AC. prove that AN _C . 

tEx, iseo. The angle BAG of a triangle is bisected by a ^t^ght line 
y,Lh meets the BC in D; a straight hue 

angles to AD meets AB in E and AC m F. Prove that EB . CF _ B D . DC. 

tEx. iB60. If the tangents at the ends of one diagonal of a cydic 
quadrilateral intersect on the other diagonal produced, the 
tained by one pair of opposite sides is equal to that contamed by the other 

pedr. 

+Ex. ao70. Two circles ABC, APQ (of which APQ is the smaller) touch 
internally at A ; BC a chord of the larger touches the smaller at R 5 
cut the circle APa at P and Q respectively. Prove that AP : A^- BR : RC. 


fEs. 1071» AB is a fixed chord of a circle; CD is the diameter per- 
pendicular to AB; P is a variable point on the circle; AP, BP cut CO 
(produced if necessary) in X, Y ; if O is the centre of the circle, prove that 

OX . OY is constant; 

tEx. X07a. Any point P is taken within a parallelogram ABDC; PM 
and PN ore drawn respectively parallel to the sides AC and AB and ter- 
minated by AB and AC ; N P produced meets BD in E ; AE is joined mating 
PM iu P'; P'Q is drawn parallel to AB meeting the diagonal AD in Q. 
Prove that AQ : AD = parallelogram AMPN : parallelogram ABDC. 


tEx. 1876. A straight line HK is drawn parallel to the base BC of a 
triangle ABC to cot AB, AC in H, K respectively; BK, HC intersect at X, 
AX cuts HK, BC at Y, Z respectively. Prove that YX : XZ = AY ; A2. 

+Ex. 1874. ABCDEFG is a regular heptagon; BG cute AC^ADin X, Y 
xeepectively j prove tbat AX » AC=AY • AD« 
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fEz. 1876. P, Q, R, S are four consecutive comers of a regular polygon; 
PR, QS intersect at X ; prove that QR is a mean proportional between PR 
and RX. 

fEz. 1876. Two straight lines BGE, CGF intersect at Q so that 
GE = ^6E and GFs^CF; BF and CE are produced to meet at A; prove 
that BFsFA and CE=sEA. 

fEx. 1877. In two circles ABC, DEF, ZBAC= Z EOF, prove that the 
ratio of the chords BC, EF is equal to Ae ratio of the diameters of the 
circles. 

tEx. 1878. ABCDEF is a hexagon with its opposite sides parallel, CF 
is paraUel to AB (and DE), and AD is paraUel to BC (and EF)j prove that 
BE must be parallel to CD (and AF). 


APPENDIX L 
Euclid ii. 14*. 

To describe a square equal to a given rectanglo Abod. 


Cfynstmction Produce AB to E, so that BC. 

Bisect AE at F. 

With centre F and radius FA describe a semicircle AGE. 
Produce CB to meet the semicircle at G. 

Then, if a square is described on BG, this square is 
equal to rect. AC. 

Proof Since F is the centre of O AGE, 

FA= FG = FE = ai 
liet FB = ^, BQ=S. 

Then AB = a; + y, 

BC= BE = x — y, 

area of rect. AC = AB . BC = (a: + y) (x - y) - ar*— y*. 

Again, since A FBG is rt. ^ ^ at B, 

/. 05* = y® + P^hagoras 

rect. AC = square on BQ. 

For Extrci*e» tee p. 833. 

* The two propositions giTen bdow have been treated, in the present 
work, as applications of the theory of aimnn-r fignres. For examinations 
in which only the first three books are required, an independent proof of 
these propositions is deurable : the proofs in the Appendix are substantially 
those of Euclid. 
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Euclid iil 35, 36. 


If two chords of a circle intersect, the rectangle 
contained by the segments of the one is equal to the 
rectangle contained by the segments of the other. 

Ca3e l 2^6 the ck&rds AB, CD intersect at P, a point imide 
the circle. 



C 

eg. 331. 


To prove that rect. PA . PB = rect. PC , PO, 

Construction From O, the centre of the O, draw OM X to AR 

Join OA, OP. 


Proof 


Since OM is X to chord AB, 

AM = BM=a;, say. 

Let PM=y, OA=r, OP=t 

Then PA = rc + y, PB = a:-2^, 

/. rect. PA . PB (« + y) {x - y) 

Now A OMA is rt. z. ** at M, 
a* + 5* = r*. 


nx. 1. 


Pythagoras 


Sim^y* + 

.2. subtracting, a;“ ~ y® - r* - 
rect PA. PB=r*-^ 

= radius" -OP^. 

arawing a perpendicular to chord CDit may beehown 


th2.i 


V % 


rect PC. PO = radius=-OP", 

PA . PB = rect PC » PO, . 


' rect 


o. E.O- 
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Case il 

the circle. 


Let the chw'de A8, CO iflUersect cU Pt a p<nrU outside 



recfc. PA . PB = rect, PC . PO. 

Draw OM i. to AS. 

Aa in Case i., AM — BM = 

PA = y + a:, PB = y-a:, 

/. rect. PA . PB = (i/ -4- a;) (y - «) 

.» ^ 

= y--x-. 

Affain^ as in Case L, 

y* + 5* = ^", 

rect. PA . PB = f' - r* 

= OP' — radius^. 

Sim^ it may be shown that 

rect. PC . PO = OP* - radius*, 
rect PA . PB = rect. PO . PD. 

Q. B. D. 

For the dieeuesion of the case tn tphieh C, D infig. 332 coincide, and PCD 
hecomes a tangent, tee £«. Exerciue on the above theorem tnll be/(wnd 

on page &30l 


To prove that 
Con.^trucOxirs 
proof 
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The Pentagon. 

To divide a given straight line into two parts such 
that the square on the greater part may be equal to the 
rectangle contained by the whole line and the smaUer 

part. 

[Analysis, Let the -whole line contain a units of length 
Let the ratio of the greater part to the -whole line be a: : L 
Then the greater part contains ox units; and the smaller 
a~~ax units. 

The square on the greater part contains oV umts of ar» 
and the rectangle contain^ by the whole line and the smaller 

part contains a {a — ax) units of area, 

ar» = l-x. 

x^ + X — 1 = (1 

Solving this equation, we find 

4 

For the present* we reject the lower sign, which would give 
a negative value for x ; and we are left with 

a.-^-i = 0 * 618 ....] 

2 2 

* It will be Been below (p. 358) that a meaning can be found for the 
negative value of 


the pentagon 
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s 

la order to construct this length with xmgraauftted ruler and 
compass only, wo proceed as follows : — 



Let AB be the given straight line. 

Construction At A erect AC j. to AB, and equal to jAa 
Join Ca 

From CB cut off CO = CA. 

From BA cut off BE = BD. 

Then AB is divided as required. 

Proof BC’ = AB’ + AC’. 

But AB = a and AC = 

/. BC’ = a’ + ia* 




BC = Vi 

BEsBD 



To verifii that this length satisfies the given conditions. 

= (h - «. 


2 J 


aE. AB=^lJ-^^axa = BE?. 


a. 
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Extreme and mean ratio. The relation AE . AB ^ BE* may 
be written AE : BE = BE : AB. Thus the straight line AB has been 
divided so that the larger part is the mean proportional 
between the smaller part and the whole line. In other 
words, the larger part is the mean, while the smaller part and 
the whole line are the extremes of a proportion. For this reason, 
a line divided as above is said to be divided in extreme and 
mean, ratio. This method of dividing a line is also known as 
medial section. 

Kote. The solution rejected Strictly 

speaking, however, it is a second solution of the problem. The 
fact thrt this value of a: is negative indicates that BE must be 
measured from B in the other direciwnr—ar9tB.y from A rather than 

towards A — as BE' in fig. 334, 


fig. S34. 

Ex. IB90 With rnler and compass, divide a BtmighUme one 

long “mme and mean laiio. Calculate the eorreot lengths for the t,o 
pans, and estimate the percentage error m your drawing. 

Ex. 1891. Devise a geometrical constmetion for dividing a line ex- 

ternally as in the above note (fig. 334). 

TV- 4 .v.<vt ?f E' is constructed as in the note (fig. 834), then 

iadivided 

and mean ratio. 

Ex. 1884. Show how to divide a straight toe AB at C so that 
(i) AB.AC=2CB2, 

(U) 2AB.AC = CB“, 

AC''=2CB3. 
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To construct an Isosceles triangle such that each of 
the base angles is twice the vertical angle, 

A 



Ccmsfructicm. Draw a straight line AB of any length. 

Divide AB at C so that AB . BC = AC". 

With centre A and radius AB describe a circle. 

In this circle place a chord BD = AC. 

Join AD, 

Then ABO is an isosceles A having z_B~z-D=s2a.A. 


Proof Join CD. 

Since BC . BA = AC’* = BD^ 

bC:BO = BD:BA. 

Thus, in the A" BCD, BDA, the ^ B is co 
udes about the common angle are proportional, 

A“ are similar. 

But A BDA is isosceles (*,* AB — AO), 
A BCD is isosceles, 

CD = BD = CA. 


III4I 


.on and the 


IV. 6. 


Z.CDA- 

Now A BCD (ext. ^of ACAD) 
= 4.A+ Z.CDA 
= 2<lA, 

z.B = 2z.A. 
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Bx. 1896. Perform the aboTO coDBtrnction. Calcnlate what should be the 
magnitudes of the angles of the triangle, and verify that your figure agrees 
•with your calculation. (To save time, it will be best to divide AB in the 
required mamner arithmetically, i.e. by measuring off the right length.) 

tBz. 1896. Show that, in fig. 335, BD is the side of a regular decagon 
inscribed in the circle. 

tBz. 1897. Show that, if 0 ACD is drawn, BD will be a tangent to that 
circle. 

tEz. 1898. Prove that AC and CD are sides of a r^ular pentagon in- 
scribed in OACD. 

lEz. 1899. Let DC be produced to meet the circle of fig. 835 in E. 
Prove that BE is the side of a regular 5-gon inscribed in QA. 

fEz. 1900. Prove that AEsEC. (SeeEz. 1899.) 

tEz. 1901. Prove that A E is II to BD. (See Ez. 1899.) 

tEz. 1909. Prove that AS AED, CAD are similar. (See Ez. 1899.) 

tEx. 1903. Prove that DE is divided in extreme and mean ratio at C. 
(See Ex. 1899.) 

tEx. 1904. Prove that, if G ABD is drawn, BD is the side of a regular 
pentagon inscribed in the O. 

fEz. 1905. Let the bisectors of As 6 , D meet qABD in F> G. Prove 
that AGBDF is a regular pentagon. 
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To describe a regular pentagon. 

A 



fig. 336. 

Constructwn Construct an isosceles A ABC with each of its 
base angles twice the vertical angle. 

Draw the circumscribing O of A ABC. 

Then BC is a side of a regular 5-gon inscribed in © ABa 
Proof Since i. ABC = i. ACB = 2 z. BAC, 

.*. z. BAC = ^ of 2 rt. z. 5 == 36*. 

BO subtends 36* at the circumference and 72* at the 

centre. 

BC is a side of a regular 5-gon inscribed in the © 

The pentagon may now bo completed. (How i) 

Practical method of describing a regular pentagon. 

The above method is interesting theoretically, but inconvenient 
in practice. The practical method is as follows. 



O 

fig. 837. 


Draw AOB, COO, two perpendicular diametors of a circle. 
Bisect OA at E. 

With centre E and radius EC describe a © cutting OB in F* 
Then CF is equal to a side of a regular pentagon inscribed 
in the © O. 

(The proof of this needs some knowledge of Trigonometry.) 
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tEx. 1806. Prove that in fig. 336 AB, CE divide each other in extreme 
and mean ratio. 

tKx. 1907. In fig. 336, show that A DCX is eunilar to a ABC. 

t£x. 1908. Show that aCXY is similar to a ABC. 

t£x. 1908. Prove that BY is divided in medial section at X. 

t£x. 1910. Prove that BY is the mean proportional between BX and BD. 

4 

To prove that sin 18“ = *. 

A 



Let ABD be an isosceles A having aB = aD = 2aA (sw 
page 359) ; let AC = BD as in fig. 336, and let AE be drawn to 

bisect BD at rt. a a 

Then AB is divided in extreme a.id mean ratio at C. 

Thus, if AB = a, AC = « (see p. 356). 

Now L BAD = 36“ (p. 361), 

aBAE = 18% 

be BD ^/5~l 

sin 18 -^3 - 2ab 4 

Er. 1»11. 18« a« . decimal : aed Ycri^ the value b, ' 

yriflAAnrcmept, 


See Ex. 1670, p. 315. 


HEAnSlON PAPEHS 

PAPER I (ON Book I). 


+1. In tbe given figure AB is parallel to CD ; 
and AF and CG are the bisectors of l BAE and 
L DC A. Prove that AF and CG are parallel 

2. ABC and DEF are two triangles. If tbe 
following facts hold, are the triangles oongruent 
(give reasons for your answers) : 


(i) 

AB=DE, 

ac=df, 

|A = 1D; 

(ii) 

AB = DF, 

AC = DE. 

|A=12; 

(iii) 

u. 

UJ 

II 

CD 

< 

ac=df. 

!A^!F; 

(iv) 

DE=BC. 

[A = !^ 

|B = [D: 

W 

BC=DE, 

[A^IE, 

!B = !F? 



+3. ABCD and ABPQ are a parallelogram and a rectangle on opposite 
sides ol a straight line AB ; join DQ. CP : prove that CDQP is a pamllelo- 

gram* 


+4. The triangles ABC and A'BC are on the same side of their common 
base BC, and the angle A'BC equals the angle ACB, and the angle A'CB 
equals the angle ABC; also AB and A'C intersect in O. Prove that the 
triangles AOC and A'OB are congraeni. 

6. In a triangle AB=12cm., BC = 9cm. and the perpendicnlar from 
B to AC is 5-7 cm. Show that there are two triangles that fulfil these 
conditions and draw them both. Stote how the two triangles are related. 


6, & tower, whose base is a circle of diameter 40 feet, is surmounted by 
a spire. The distance of the shadow of the point of the spire from t.»e 
nearest point of the base is measured to be 33 feet, while the line joining 
the top of the spire with its shadow mahes an angle of 60° with the grounil. 
Draw a ehetoh to soale, and measure to the nearest foot tbe height of the 
top of the spire above the ground. 
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PAPER II (ON Book I). 


fl. AB and CD a.o two parallel straight lines and a straight line is 
drawn to cat them in K 'ind F. If B and D are both on the same sided 
EF, prove that the bisectors of L BEF and L DFE are at right angles to one 

another. 

2, How many sides has a regular figure the angle of which contains 
162°? 

Is it possible for a regular figure to have angles of 130°? 


■IS. ABCD is a parallelogram (not rectangular), and AL and CM are 
the perpendiculars from A and C on to the diagonal BD. Prove (otherwise 
than by a mere appeal to symmetry) that ALCM is a parallelogram. 


t4. In the given figure YM is perpendicular to 
XZ, ZN is perpendicular to XY, and YM and ZN 
intersect at O, also OY = OZ. Prove that XY = XZ. 

5. Construct a parallelogram ABCD whose sides 
AB AD are 5 ’4" and 3", and the distance between 
AB and CD is 2-6". Measure the angle ADC. 

Find a point P in AB which is equidistant from 
D and B. 




Measure PB. State your construction. 

6. Find, by drawing, the length of the ehadow of a man 6 feet high, 
when the altitude of the sun is 57°. 


PAPER III (on Book I). 

1 Give oarefnl definitions of the following, and draw «e“res 

to make your definitions more clear :-Supplementary angles, angle 

with aketohes. the meaning of prism ; triangular pyramid. 

+2. ABC is an isosceles triangle (AB^Oi 
right angles to BC ; CD cuts BA produced at D. Prove 

isosceles triangle. , ad. rfand DA 

ECD and ECB? Give reasons. Also prove A 
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4 Is each of the foUo%Hng statements tree for any paraUelogram ? If 
not. state in each case a kind of quadrilateral for ..hich it « tre^ No proo 8 
are required, (a) The diagonals bisect one another, (b) The diagonalB 
bisect the angles, (c) The opposite angles together make two right angles. 

(d) The diagonals are equal. 

+5 PQR is an isosceles triangle having PQ=PR. A straight Une is 
ara^vIi pei-pendicular to QR and cots PQ, PR (one of them prodnoed) in X. Y. 
Prove that the triangle PXY is isoscelee. 

6. Two points of land, A, B, on the shore are 2-8 miles apart, A being 
S. 71® W. of B. A ship at sea observes A to bear N. 17® E., and B to btar 
N. 42° E. Find the distance of the ship from A and from B. 

If the ship’s course is N. 50° E., at what distance wUl she pass B 2 

PAPER IV (ON Book I). 

1. Draw a figure of a cuboid showing three of its faces. If you placed 
a cuboid with one of its faces vertical, how many of its faces (i) must be 
vertical, (ii) might be vertical? If you placed it with one of its edg^ 
horizontal, how many of its edges (i) must be horizontal, (ii) might be 
horizontal, (iu) must be vertical? How many diagonals has a cuboid? 

t2. Prove that, if all the sides of a quadrilateral are equal, the figure is 
a paraUelogram and its diagonals cut at right angles. 

fS. D is the middle point of the side BC of a triangle ABC. If DA is 
equal to half BC, prove that the angle BAG is equal to the sum of the angles 
B and C. 

4. A and B are two points on paper. What is the locus of the point C 
under the following conditions:— when C is restricted to being in the 
plane of the paper ; secondly t when C may be anywhere in space?— (i) Angle 
ACB is 90°, (U) O is equidistant from A and B. (iii) Angle CAB is 20°, 
(iv) C is always 1 inch from AB (which may be produced indefinitely in 
both directions). 

6, Construct a triangle whose base is 7*3 cms. long, with vertex 8 cme. 
away from the base line and 4 cms. away from the middle point of the base ; 
measure the sides of the triangle. 

6. A ship steaming N. 55° W. at 16 knots sights a lighthouse bearing 
K. 42° W., distant 3*5 miles at noon. Find, by drawing, how near the ship 
wiU pass to the lighthouse, if she keeps on her coarse. Find also at what 
time (to the nearest minute) she wiU pass the lighthouse. 

G. S. (v) 


\ 


P 
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PAPER V (ON Book I). 

f 1. If the bisector of an exterior angle of a triangle is parallel to one of 
the sides, prove that the triangle is isosceles. 

2. Draw freehand diagram of 

(i) a quadrilateral with only two sides parallel which has equal 

diagonals, 

(ii) any other quadrilateral which has eqnal diagonals. 

What IS the name of the quadrilateral (i) ? 

3. What is the name of the geometrical solid whose surface is traced oak 
(i) by one arm of a pair of dividers being rotated about the other when the 
latter is kept vertical? (ii) by one edge of the piece of paper on which you 
are writing being rotated about the opposite edge ? 

+4. ABCD is a parallelogram; DA and DC aro produced to X and Y 
respectively so that AX = DA and CY= DC ; XB and BY are drawn. Prove 
that X6Y is a straight line. 

6. P. Q are two pointa 6 cms. apart. PS is a straight line making an 
angle of 40® with PQ. Find a point (or points) equidistant from P and Q 
and 4 cms. from PS. Measure the distance of your point (or points) from K. 
Is this problem always possible whatever the angle SPQ? 

6 Three ships. A, B and C, start together from a port. A proce^ due 
North; B, N.E., and C, East. If the ships always keep in a line, A gomg 
20 knots and B 12 knots, what is C’s speed? 

PAPER VI (ON Book I). 

L In the figure, which is not drawn to scale, 
find V if AB and CD are paraUel and x is 18; also 
prove that AB and CD wiU meet if produ^ 
towards B and D (whatever x may be), provided 
tfiat x+y is greater than 32. 

2. ABC is a triangle in which ABC is 5^ 
and ACB is 70°. CB is produced beyond 8 to D, 
so that BD= BA, and BC is produced beyond C to 
E, so that CEsCA. Determine from theoretical 
oonsiderationa the angles of the triangle ADE. 

Construct the triangle ABC when its perimeter 
is 3". 
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+3 ABC is sn isosceles triangle, the equal sides AB, AC are P^duced M 
o. E ‘respectively; the bisectors of Z DBC, . ECB mtersect at F. Provo 

that A FOB is isosceles. 

4. A right cylinder of diameter 6-8cm. and height 7 *6 cm. is divided 
into two parts by a plane through its centre at 28“ to its base: measure the 

l6Dgtlx of tliO SOCtlOUe 

45 PSy the bisector of the angle P of a triangle 
through S, ST and SU are drawn parallel to PR and PQ, thus fommg 
1 quafrUateral TPUS: prove that the sides of TPUS are aU equal to one 

fljiother« 


6. A captive balloon is observed from two positions A and B on a 
horizontal plane, A being due north of the balloon and B ^“6 ^th of it. 
A and B are 2 miles apart. From A the angle of elevation of the balloon is 
27“ and from B it is 18®. Find by drawing the height of the balloon. 


PAPER VII (ON Books I, II). 

fl, CX, the bisector of an exterior angle of a ABO, which is not 
isosceles, m^ts AB in X. Prove that L AXC is equal to half the difference 
between the angles A and B. 

2. Draw XOX', YOY% two straight lines intersecting at O, so that 
^)(qY = 50o, Mak6 0X = 4in., 0Y=3in. Find a point P equidistant from 
X, Y, and at the same time equidistant from XOX', YOY'. Find another 
such point, GU Explain (in two or throe lines) how these points ate found. 

+3. Bays of light proceeding from a point 
O fall on a mirror AB and are reflected, 
making an equal angle with the mirror. 
Prove that the reflected rays, if produced 
backwards, would all be found to pass 
through a point P, such that ON = PN and 
OP is perpendicular to AB. 

4. ABC is a triangle having a fixed base BC, 5 cm. long, and a moveable 
vertex A. What is the locus of A 

(i) when ABC is isosceles (ABs AC)? 

when ABO has a fixed area ( = 10 sq. cm. ) ? 

(iii) when the median AM has a fixed length (=€oni.}? 


Measure OP, 0<^ in inches. 



368 


REVISION PAPERS 


5. Draw a paraUelogram having sides of 4 om. and 6-5 cm. and an ande 
of 75*^. Eind its area. 


t6, CaU the corners of a reotangnlar sheet of paper A, B, C, D (AB being 
a long side of the rectangle); if it were folded along the diagonal AC, then 
AB and CD would cut at a point we will call O. Make a freehand sketch of 
the figure you would obtain and prove triangles ADO, BCO equal in area. 

7. The range of a gun is 2J miles. If it is stationed miles from a 
straight road, what length of the road can it command ? 


PAPER VIII (on Books I, II). 

1. A destroyer, steaming N. 10*^ E. 30 knots, sights a orniser, II miles 
ofi, bearing N. 62*^ E. Half an hoar later the cruiser is 5 miles off, bearing 
N. 70‘^ E. Find the course and speed of the cruiser. If the destroyer then 
alter course to N. 70*^ E., how far astern of the oruiser will she pass? 

t2. With centre A and radius AB a 
circle is drawn. With centre B and equal 
radius an arc is drawn intersecting the first 
circle at C. Similarly from centre C the 
point D is determined, and from centre D 
the point E. Prove that BAE is a straight 
line. 

3. OA is the vertical line which is the junction between two walls of a 
room, OB and OC the horizontal lines running along the junction between 
the walls and the floor. What is the locus of the point P which moves about 
in the room under the following conditions:— (i) so as to be always 6 f^t 
above the floor? (ii) so that the angle AOP is always 50®? (m) so as to be 
always equidistant from OB and OC? (iv) so as to be 4 feel from O and 

2 feet from the plane AOC? 

4, How is the area of a parallelogram measured? 

Construct a rhombus whose area is 8 sq. ins. and whoso sides are each 
3*2" long. 

e. The area of a triangle is 24 square inches, the altitude is 8"; 
length of the base, and on it describe a parallelogram, the area o w 
ahall be 48 square inches. 
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4fi. A four-BideJ field is to be divided into t,eo pert, of eqeal 
tts accuracy o( the following eonstruction. Draw a quadrilateral ABCO to 
represent the field; draw the diagonal AO; find E. the nud-point of AC ; 
join BE, DE; then the areas ABED and CBED are eqaaL 

t7 HVQ is a triangle right-angled at V, HVT is a triangle on the 
opposite Bide of HV having l THV a right angle ; prove that the squares on 
HT, HQ are together equal to the squarss on TV, VQ. 

PAPER IX (ON Books I, II). 

1. In the shear-legs shown in the 6gur® AD is 
80 feet, BD is 60 feet, and the angle BAD is 130®. 
The load is supported by a chain passing over a 
pulley at D and controlled by a winch at A. If the 
end B of the tie>rod BD is moved away from A until 
D is brought vertically over A, find (1) the distance 
through which B is moved, and (2) the length of 
chain which must be let out so that the load remains at the same height 
above the ground. 

2. A, B are points 3" apart on an unlimited straight line ; slate carefully 
and fully the locus of the following points 

(i) points equidistant from A and B, (ii) points 3" from AB, (iii) the 
middle points of chords of a circle (centre C), which are parallel to A8, 

(iv) the middle points of chords of a circle (centre C), which are equal to AB. 

(v) the centres of circles of radius 3" which pass through A points at 
which AB subtends a right angle, (vii) the centres of circles passing through 
A and B, (viii) the centres of spheres passing through A and B. 

3. (i) How many faces has a prism on a six-sided base? (ii) Bow 
many vertices has a cone? (iii) How many edges has a pyramid on a base 
of 6 sides? 

4. ABC is a triangle having AC=37*2", BC = 9‘6"« AX, BY are drawn 
perpendiculax to BC, AC respectively. If AX =2*4", find length of BY. 

5. Draw a parallelogram of base 8 cm., angle 70^, and area 56 sq. cm. 
Transform this parallelogram into an equivalent rhombus on the same base. 
Measure the acute angle of the rhombus. 

t6. Draw a quadrilateral ABCD having tbe angles at A and D both 
acute; from B and C draw BE and CF perpendicular to AD. Prove thab 
the area of the quadrilateral ABCD is equal to the sum of the areas of the 
triangles ABF and ECD. 


D 
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7* A volcanic xnount^uii is in tlie shape of a cone 4000 ft. high : the base 
ie a circle of 8000 ft. radios. Calculate (to the nearest tenth of a mile) the 
length of a rack^and^^pinion railway which takes the shortest way to the top# 


PAPER X (ON Books I, II). 


L CD and EF are two given parallel straight lines, and A is a given 
point in CD. B is a given point on the side of EF remote from A. It is 
required to determine the position of a point P in CD, such that, when the 
straight line PB is drawn crossing EF at Q, then PQ may be equal to AP. 
Prove that the perpendicular distance of the line PBfrom the point A is equal 
10 the distance between the parallel lines. Hence solve the problem, and 
show that there are in general two possible positions for the point P. 

Draw the figure, making the perpendicular distance between the parallel 
lines equal to 3 era., AB=8 cm. and angle DAB = 60'*. Determine from your 
drawing the two possible lengths of PQ. 



t2. The triangles CAB, OPQ are con- 
gruent. QP produced meets AB in X. 

Prove that OX bisects the angle AXP. 

3. How many edges has (i) a cube; 

(ii) a cuboid; (iii) a square pyramid? 

Draw a freehand sketch of each. 

4. Construct a triangle, given BC«9*2 

oms. ; CA=8-2cm8.; ABslOcms. 

On AB constroot an equivalent iaoaceles triangle. Meaanie the equal 
Bides SJid find the area. 

s A triangular field ABC has to be dividea into four parts 

Give a proof. , . , . u i» 

6. Prove that the area of a trapezinm is obtained by mnltiplymg hall 

the sum of the paraUel sides by the altitude. ^ 

Draw a trapezium having its p^Uel ^ “[^zinm into an 

6 cms., and one of its acute angles 68 . 

r "e toi finiSg th: "UTa^rapezium foUowa directly from year new 
figure. 
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YJ. In tne right-angled triangle ABC, BC ia the hypotenuse and the aide 
AB is double the side AC. A squaxe is described on BC and is divided into 
two rectangles by a line through A perpendicular to BC. Prove that one 
rectangle is four times the other. 


PAPER XI (ON Books I, II). 

1. A vessel steaming at uniform speed finds that the hearings of a 
lightbonse at 3, 4 and 5 p.m. are N. 20® E., N. 25® \V., and N. 60 
respectively. Its distance from the lighthouse at 4 p.m. is 10 miles. Find, 

by drawing, the ship’s course. 

2. Show that it is usually possible to draw two circles each of which 
touches two given aides of a given triangle (produced if necessary) and has 
its centre on the third side, bat that under certain circnmstancea only one 
such circle o&n be drawn# 

3. The figure shows three jointed rods» BC having a length of 6 cm., 
CD of 10 cm., and DA of 3*0 cm. B moves in a slot XY and BC is alwaxjs 

perpendicular to XY. The rod AO revolves in 
the plane of the paper about the point A, which 
is fixed. ‘ 

Draw the figure full size, with C at its greatest 
possible distance from A. Now imagine AD to 
revolve clockwise at the rate of 60® per second, 
and show the position of B at the end of ea<d) second. Give the greatest and 
the least distances of C from A and the range of movement possible for B. 
Show in a table the distance of B from its original position at the end 
of each second, and illustrate by a graph. 

4. The figure represents a field to scale, 1 centimetre denoting a chain. 
Estimate the area of the field in acres. 


e 


a 
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t5. A straight line is drawn parallel to the base BC of a triangle ABC 
ontling AB at X and AC at Y; prove (i) that triangles XBC, YBC are equal 
lii area, and (ii) that triangles ABY, ACX are equal in area. 


6. By means of 
the identity 


a sketch-dgure, with a very brief explanation, illustrate 
(a+z) (a + y)=a*+<2z + ay +zy. 


7. A shelter trench of rectangular section is 3 ft. wide and 4 ft. deep; 
the earth excavated is piled up in front as a rampart ; if the vertical section 
is a right-angled isosceles triangle, how high is the rampart? 


PAPER XII (ON Books I, II). 


1, If the line joining two points P, Q is bisected perpendicularly by a 
given straight line, then Q is said to be the image of P in the given straight 
line. Given a point and a straight line, show how to find the image of the 
point using compasses only (no proof is required). 

2. A comer shelf ABC is to be made from a board and to consist of two 
pieces ABED and CDE glued together along DE. The depth 8" of each 
piece is to be the same as the breadth of the board. Determine the greatest 
breadth AB of the shelf. What is the shortest length of board which will 
suffice for the job? 



3 (i) A shot is fired from an airship high overhead. Assuming that 

sound iavels trough the atmosphere at a uniform rate of IWO f^t^r 
second, what is the soUd-locua of points at which the report will be hear 

in cme second ? . 

(ii) What is space-loons of points equally distant from twojpT 
points? 
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•■4 E and F are the middle poinU of AD and BC, the sides of a paraUelc 
gramABCD. Prove that the lines BE. DF divide the diagonal AC into 

thre6 equal parts. 

5. In a field in the form of a quadrilateral ABCD. B is due North of 
A and D is due East of A. Also AB = 7*5 chains, BC = 8-4 cliams, CD-1'3 
chains, DA = 4 chains. Find the area of the field in acres. 

t6. Assuming that the medians of a triangle ABC pass through one 
point, prove that the eis triangles into which they divide the triangle ABC 
are equal iu area to one another. 

7. Find, in centimetres, the ba8e*radiuB of a cone of slant side 3 deci- 
metrea and height 12 czn. 


PAPER XIII (ON Books I— III). 

tl. If two pairs of straight railway lines cross one another, prove that 
the figure they enclose is a rhombus. [You are to assume that the perpen- 
dicular distance between one pair of lines is the same as the perpendicular 
distance between the other pair of lines.] 

2. The figure represents a coal-box. Find the volume of the solid 
figure shown. 



3. Treasure is known to be buried in a field 20 yards from a straight 
hedge, and 30 yards from a cairn, this being inside the field and 40 yards 
from the hedge. Show that it may be in either of two positions. Find 
the distance apart of these positions (i) by measurement ; (ii) by calculation. 
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4. A model boat sails in a straight lino aoross a droiilar pond, towarcb 
a point 50 yards away. The greatest distance aoross the pond is 70 yards. 
How near to the centre of the pond will the boat go? What will be the 
boat’s least distance from the point on the pond’s edge exactly opposite the 
starting-point? [Both answers by calculation.] 

5. Describe a triangle with sides 4*5, 6, 7*5 in. ; find the centres of the 
inscribed and circnmscribed circles, and measore the distance between them. 

to. ABC is a triangle baying the sides AB, AC eqnal; perpendiculars 
drawn to AC at A and to BC at B meet at D. Prove that AD bisects the 
angle between CD and BD produced. 

7. A cucle whose centre is O is touched internally at A by a circle of 
half its radius. A radius OQ of the former circle cuts the smaller circle at P. 
Prove that arc AC=:arc AP. 


PAPER XIV (ON Books I— HI). 


+1. Prove that the line joining the middle points K of the sides AB, 
AC of a triangle ABC is parallel to BC. 

2. A ship is situated 4*5 miles from a straight shore. Two piers are 
respectively 6 miles and 8*9 miles from the ship. Calculate the distance 
between the piers. 


3. The figure shows three equal bars AB, BC, CO, jointed at B and C, 
The three are placed on a table, and the bar AB 
is kept fixed while the point D is gradually 
moved along AB from A to B, the joint C moving 
in consequence across the table. Prove that, if 
the straight line AC is drawn, in aU positions of 
D, the triangle ADC has one of its angles double 

of another. 

If each bar is of length a, obtain an expression 
for the length k of AC when D has been moved a 
distance k from A towards B. Also calculate k 
when k=^a, taking a=10cin. 

4. In a circle a chord 24 in. long is 6 in. distant 

Calculate (i) the radius of the oirole ; (u) the length of a chord which is 10 in. 

distant from the centre. 
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6. A triangle ABC is inscribed in a circle, centre O, and radius 4 . 

li tiie angleeof the triangle are A=72o. B= 65 o, 0=53° what are the 
angles BOC, COA. AOB? Hence find the sides of the triangle by drawing. 

■tfi. AB is a chord of a circle whose centre is O, and AB is ^ 

the tangent at P. If the tangents at A and P intersect at T. prove that the 

angles POA, TAB are equal to one another. 

7 RS is a Bied chord of the circle RLNS ; a ohord LN of givsn leogth 
is placed in the are RNS, and BN and SL meet in O. Stow that the 
ma^itnde of the angle ROS is independent of the positron of tho ohord LN, 

in the arc. 


PAPER XV (ON Books I— III). 


tl. Draw a triangle ABC, bisect AB at D ; draw DE parallel to BC and 
let it cut AC at E ; prove that E U the mid^point of AC. 

2. ABC is a right-angled triangle. The angle A is 90°. A circle iB 
circumscribed round the triangle. Its radius is found to be 6", AN is drown 
perpendicular to the base BC. O is the mid-point of BC and ON *2*4 . 
Calculate the lengths of AN, AB, and AC. 

t3. If the diagonals of a quadrilateral intersect at right angles, prove 
that the sum of the squares on one pair of opposite sides is equal to the sum 
of the squares on the other pair of opposite sides. 

4. Constmet a triangle ADE suoh that AD, DE, EA measure 6, 6T, 
9*7 cm. respectively. Conatruot the circumscribing circle and the circle 
escribed to DE. Measure the radii of the circles and the distance between 
their centres. 

5. ABC is a tangent to a circle at B, BD is a diameter and BE, BF are 
chords such that zABE=20®, /CBF = 60*; DE, DF, EF are joined. Find 
all the angles of the figure. 

tfi. A triangle ABC is right>angled at A, O is the mid-point of BC, and 
AP is drawn perpendioolar to BC : prove that the angle OAP is equal to the 
difierenoe between the angles at B and C. 
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^ 7. In order to dToid the shoals shown in the figure, the navigator ia 

instructed to take bearings of the fixed objects A and B and to take care 

that the angle subtended by AB never exceeds 130®. Explain the reason ior 
this instruction. 


SEA 



PAPER XVI (on Books I — III). 

fl. ABODE is a five-sided figure in which BC, CD are respeotiTely 
equal to AE, DE and ^BCD«=aDEA. Prove that AC^sBE. 

2. ABCD is a rectangle in which AB = 4in., BC = 6 in. A circle with A 
33 centre passes through the middle point of BC and cuts AD at F. Galon- 
late the length of OF. 

3. ABC Is a triangle in which AB is 7 in., BC is 5 in., CA is 3 io- 
The circle whose centre is A and radius is AC cuts BC again in D. Pro^e 
that ACD is an equilateral triangle. 

4. In playing with coins of the same size a boy observed that he coold 
arrange six coins round a centre one, each touching the centre one and two 
others. Show the possibility of this by drawing a careful figure in which 
each circle has a radius of 2 cm. State clearly how you determine the 
centres of the circles and what help you get in this construction from 
considerations of symmetry; then justify by general reasoning the method 
you have adopted. 

5. P and Q are two points on the circumference of a circle, and the 
tangents to the circle at P and Q intersect at an angle of 66°. What 

of the whole circnmference is the minor arc PQ ? and what is the ratio of t e 
major arc PQ to the minor arc PQ? 
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AOB ifl a diameter of a circle; through A and B parallel ohords of 
the circle are drawn. Prove that these chords are eqaaL 

+7, Two circles cut one another in the points A and B. Through A any 
line is drawn which cuts the circles again in the points P, ft and the 
tangents at P, ft cut in T, Prove that the four points B, P, T, ft are on a 

circle. 


PAPER XVII (ON Books I— Itl). 


tl. PftR is a triangle, and S is the mid-point of ftR. From S, ST ifl 
drawn parallel to ftP, meeting PR in T , and SU parallel to RP j meeting Pft 
in U. Prove SU = RT and also SU xbTP. 

2. Construct (without any calculation) a square which shall be equal in 
area to the difference betweeu the areas of two squares whose sides are 
7 and 4 cm. 

t3. PQR is a triangle right-angled at ft, S is the mid-point of Pft; 
prove that PR5 = RS»+3ftS2. 

4. A, B, C, D are fonr points on a circle of which O is the centre. AC 
is a diameter and z BACs35% Z D6C=40°. Find Z ODC, Z ODB, giving 
your reasons briefly. 

o. The line CD measures 14 cm. ; with centres C and D describe 
circles of radii 3 and 7 cm. respectively. Construct one of the interior 
common tangents, and measure the perpendiculars upon this from the nearer 
points at which the line joining the centres cuts the circumferences. 

t6. A triangle ACE is inscribed in a 
circle ABCDEF; prove that the sum of 
tdie angles ABC, CDE, EFA is equal to 
four right angles. 

t7. In the figure, BC touches the circle 
ABD. Show that CE touches the circle 
ADE at E. (You may assume the converse 
of the *' alternate segment” theorem.) 
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PAPER xvm (ON Books I— III). 

1. Take a Kne AB, 9 cm. long (Fig.), and through B draw CO at right 
angles, making 60 = 6 cm., and BD = 3 cm. 

Join AC and complete the rectangle AFDEC. 

Denote by z the number of degrees in the angle 
BDF, and write in each angle of the figure its 
value in degrees. 

You are told that if the parts of the figure 
marked Y and Z were cut oat they could be 
placed against the part marked X so that the 
three parts would form a square. 

Give the area of the square. 

2. AB and XY are unlimited parallel straight lines 2 cm. apart; AB is 
8 cm. long and C is its middle point. P is a point on X Y, PN is perpendicular 
to AB, and CN is xcm. long. Find expressions for AN, BN, AP, BP, aud 
simplify the last two as far as possible. Hence find an equation for x when 
AP is three times BP; solve it, and test the acooiacy of your result by 
drawing a figure to scale. 

f3. A straight line AB is produced to C, so that AC=3AB; on BC an 
equilateral triangle BCD is described. I^ove that the square on AD is seven 
times the square on AB. 

4. What would be the radius of a circle in which an aro 11" in length 
subtended an angle of 31i® at the circumference? 

5, Construct a quadrilateral OPQR, given OP=6 cm., 0R = 5 cm., 
angleO=74®,angleP=83°, and angle R = 97°. Draw a circle to pass through 

O, P, and R. 

f6. ABC is a triangle. Points X, Y are taken in AC, BC respectively 
each that the angle XYC is equal to angle BAG. Prove that the angle XYA 
= the angle ABX. 

+7. O is the centre of the inscribed circle of a triangle ABC, and AO is 
produced to meet at D the circle circumscribed to the triangle. Show that 

db=dc=do. ^ 
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PAPER XIX (on Books I — IV>. 

1. A rectangular sheet of paper ABCD 12 in. by 10 in. is folded along 
XY, a line 4 inches from the shorter side BC. Find by calculation to three 
sig^cont figures, and illustrate by rough sketches, the shortest distance of 
A from C ; (a) before folding, (&) when the two parts of the sheet are at 
right angles. 

2. On a fixed line AB, 8 cm. long as base, construct a triangle ABC. 
whose area is 24 sq. cm., such that the vertical angle is 63®. Measuie 
(1) the smallest angle, (2) the radius of the circumcircle of the triangle. 

3. A position X lies 4000 yards N. 68® E. of Y, whUst Z lies 3000 yards 
due S. of Y. Find the distance and bearing from X of a position which is 
equidistant from the three positions X, Y and Z. 

t4. ABC is a triangle inscribed in a circle; the bisector of the augle 
BAC meets tlie circumference in D. A circle described with centre D and 
radius DC cuts AD in E. Prove that BE bisects angle ABC. 

f5. AB is a chord of a circle and AD the tangent at A. A chord QP is 
drawn parallel to AB, meeting the tangent AD at D. Prove that the triaugles 
DPA and AQ6 are equiangular. 

6. A pendulum swings through an angle of 10® on either side of the 
vertical : calculate the length of a scratch made on the clock-case by the back 
of the pendulum-weight, given that the pendulum is 4' 4" long. If the 
pendulum were to swing through twice as large an angle, would the scratch 
be twice as long? Would the distance between the ends of the scratch be 
doubled? 

t?. The sides BA, CO of a cyclic quadrilateral ABCD are produced to 
meet in O; the internal bisector of the angle BOO meets AD in Land BC 
in M. Prove that 

AL:LD = MC:BM. 


PAPER XX (ON Books I—IV). 

1. A room is 20 ft. long, 16 ft. wide, and 12 ft. high. A shing La 
stretched diagonally from one corner of the floor to the opposite corner 
of the ceiling. By drawing and measnrement determine approximately in 
degrees the inclinatioDs of the string (i) to the floor of the room, (ii) to one 
of the longer ndes of the floor. 
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2. Draw two straight lines making an angle of 60® with one another 
and intersecting at O. On one of the lines take the two points X, Y on 
opposite sides of O ench that XO=2in., OY=4*5in. Draw the circle 
through the points X and Y which will cut the other line in two points 
equidistant from O. Measure the distance of each of these points 
hrom O. 

8. Constmct a triangle ABC in which a=3'% c=;4", and B = 29°. 
Draw its inscribed circle, and also the escribed circle which touches AC 
between A and C. Measure the radius of each circle, and show theoretically 
that the line joining their centres must pass through B. 

4. What is the length of the edge of the largest equilateral triangular 
piece of paper which, when lying perfectly flat, will just float on the surface 
of a hemispherical bowl, filled with water, of 6*2 cm. radius ? 

t5. Show that the four points A, Q, X, R lie on a circle. 


A 



+6. QR is a chord of a circle. TR is the tangent at R j a straight line 
through Q perpendicular to this tangent meets it in T and the circumf^noe 
of the circle again in P ; PM is the perpendicular from P on QR. Prove 
that the angles QPM, TPR, TMR, TRM are all equal. 

+7 In a triangle PQR. PQ= PR =2 inches, and QR = 1 inch. In the 
side PQ a point S is taken such that QS = i inch. Prove that the triangle 

QRS is isosceles. 


PAPER XXI (ON Books I— IV). 

1 A sphere of 6" diameter rests on the top of an open 
whos'e itTmLet.r is 4". To what distance will the sphere project aboee 

the top of the cylinder? 

2. State, without actually performing ^y ^hluK^de 

solve the problem of drawing two ® How many solutionfl 

a given angle and intersect npon a given straight Ime. now 

of the probtem would you expect to get? 
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3. AB 16 a fixed line. Throagh A a line AC is drawn, of length 2*4 in., 
making an angle of 40° with AB. Draw the figure to lull scale, and construct 
a ciicle to touch AB at A and to pass through C. Explain your conatruotion 
Measure the radins of this circle Verify by calculation. 

4. Two Circles ot radii 4 cm. and 7 cm. have their centres 9 cm. apart. 
Calculate the length of the common tangent to the two circles. 

to. AB is arc of a circle and C its middle point. Prove that the 
angle ABC is one*quarter of the angle which the arc AB subtends at the 
centre oi the circle. 

t6. ABC is a right-angled triangle in which C^90°. A square is 
described on AB so as to be on the opposite side of AB from C. Tiie 
diagonals of the square intersect in 0. Prove that CD bisects the angle C, 

t7. ABCD is a parallelogram. From any point E in the diagonal AC, 
EH is drawn parallel to AD to meet DC at H, and EF parallel to DC to meet 
BC at F. Prove that the triangles ABD, EFH are similar. 


PAPER XXH (ON Books I— IV). 

1. A penny falls into a onp whose shape is an exact hemisphere of radius 
6 cm. If the penny lies s^unmetrlcally at the bottom and its diameter is 
3 cm., calculate how fai below the penny the lowest point of the cup is. 

2. A, B, C are S landmarks. B is 200 yards due East of A, and C is 
200 yards N. 26° E. of B. An observer in a ship which is due North of B, 
observes that AC subtends an angle of 90° at his eye. Find, by drawing’, 
the distance of the ship from A, B, and C. 

3. Draw a circle of radios 7 cm. and a chord distant 4 cm. from the 
centre. 

Now draw a circle of radius 5 cm. to touch your first circle intemaJly, and 
also to touch PC. State your construction. 

+4. To two circles, centres O and O', an internal and an external 
common tangent are drawn, meeting in P. Prove that P lies on the circle 
Oil OO' as diameter* 

6. ABCD is a circle: AC, BD meet in X. Given that zABD= 33° 
^ ADBss27°, z BACss 45°, calculate the angles BXC, AGO. ABC, showing 
your reasoning clearly but shortly. 

G. s. (v) 
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6. AB is a breakwater, 2000 yards long, B being due East of A. The 

breakwater subtends an angle of 50° at each of two ships, x and y. If x 
bears N. 10° E. from A, and y is 800 yards to the Eastward of x, find the 
distance of each ship from the breakwater. [Scale 400 yards to 1 inch.] 

7. The height of the Great Pyramid is 149 metres; an exact model of 
the pyramid is made of height 1*49 metres, its side faces being triangles 
Bimilar to the side faces of the pyramid. What is the ratio of the total slant 
enrfaee of the pyramid to that of the model? 


PAPER XXIII (ON Books I— IV). 


1. A dirty football was found to leave a circle of mud, 11" in circum- 
ference, when bouncing ; if the radius of the ball was 6^ \ find the depth to 
which it was squashed in by the impact. 

2. Ihaw a circle of 4 cm. radius bo touch two circles of radii 3 cm. 
and 2 cm. respectively, whose centres are 6 cm. apart. The 3-cm. circle 
is to lie entirely inside the 4-cm. circle, and the 2-cm. circle is to lie entirely 

outside. 

3 P is a point on the oircnmference of a circle of centre O and radius 

lliiL Qi8takensothatzPOQ:=40°anaOQ = 3in. Construct a circle 

to touch the given circle at P and to pass through Q. Measure the radius 
of this circle. 

+4. If AB is a tangent to a circle of radius 5", where A is any point on 
the circumference and B is 12" from A, find the locus of B as A moves 


Tonnd the circle. 

5 O and P are points 1000 yards apart, P being due East of 0. At 
Q tte iL OP subteL an angle of 63°. If Q is 450 yards from the hue 
OP, draw a figure to scale, and find the distance and bearing of Q from O. 

6 B AC is an equilateral aroh, B being the centre of the arc AC and C 
the Centre of arc BA; BED. CFD are shnilar 
arches, B being the centre of DE and C the 
centre of DF and D of BE and CF. What is 
the locus of the centres of circles touchmg (i) arcs 
AB and AC, (ii) arcs DE and DF. (ui) arcs BA 

and DF ? 

Hence explain how to construct with your 
instruments a circle (shown dotted in the figure) 
which will touch the arcs BA, AC, DE, DF. 

Draw the figure carefully, taking BC 5 inches long. 
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f7. In any triangle ABC, P is a point in BC snch that BP is one-third 
of BO. Join AP and take on it a point O such that AQ is one-third o£ AP. 
Then prove that the area of the triangle ABQ is ono-ninth of that of ABC. 

What is the ratio of the areas of the triangles ABQ and ACQ? Give 
your reason. 


PAPER XXIV (ON Books I— IV). 


1. A paper pyramid on a square base is made as follows. On each side 
of a square of side 3 inches is constructed an isosceles triangle of height 
5 inches, the triangles lying outside the square. A 4-pointed star is tlius 
formed, which is cut out ot paper. By folding the triangles upwards a 
pyramid is formed. Find its height, and the length of each of its sloping 
edges. 

t2. ABO is a triangle inscribed in a circle and the tangents at B and C 
meet in T. Prove that, if tlirough T a straight line is drawn parallel 
to the tangent at A meeting AB, AC produced in F and G, then T is the 
mid-point of FG. 

8. OY, OX are two straight lines at right angles. On OX two points 
A, 8 are marked so that OAssl", OB=3". By construction find a point 
(or points) on OY at which AB subtends an angle of Explain yonr 
constrnction and measure the distance of the point (or points) &om O. Find, 
by drawing or ot/irneise, the position of the point on OY at which AB 
subtends the greatest possible angle. 

fd. Two chords of a circle AB, CD intersect at a point X. 

If XB=XD, show that ABrsCD, and that ACBD is a trapezitun. 

f5. A given point D lies between two given straight lines AB and AC. 
Find a construction for a liue through D terminated by AB aud AC, such 
that D is one of its points of trisection. Prove also that there are two such 
lines. 


6. Draw ^o straight lines AB, AO enclosing an angle of 48*^. Take a 
point D in AB such that AD=2‘6 in. Constrnct a circle DEF to touch AB 
in D and also to touch AC. 

Constmet another circle to touch AB, AC and also to touch, the circle 
DEF. State the steps of thia oonatmotion. 


13 
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7 « The xnoath of a stable bncket (Fig.) is 13 ioches in diamecer» the 
base 8^ inches in diameter, and the slant side measures 
9 inches. Draw a yertical section through the axis of the 
bncket, and find by calculation the height of the bucket and 
the height of the cone formed by producing the slant sides 
beyond the basa 

Assuming the volume of a cone to be a third of the 
product of the base and the height, find how many gallons the backet wDl 
hold. (1 cubic foot=6i gallons.) 


% f 
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PAPER XXV (ON Books I— IV). 

1. A cubical block of edge 4 ft. rests on a table ; the base is ABCD, and 
P, Q, R, S are the corners above A, B, C, D respectively. If the edge 
raised 2 ft., AB remaining on the table, find by drawing to scale the height 
of R above the table, and the inclination of AR to the table. 

2. A paper cone (like an electric light reflector) is slit down straight 
from* the vertex to the base, and opened out flat; sketch the figure produced, 

and name it. 

t3. ABO is a triangle inscribed xn a circle. Bp, CE are dia\m 
dicular to AC, AB, and are produced to cut the circle m F and G. r 

that FG is parallel to DE. 

+4. The side BC of a triangle ABC is divided at D so that Bp=2DC; 
AD is bisected at E; and CE meets AB in F. Prove that CE-2E . 

5 Draw a straight line AB of length 6 cm. Find a ^ 

AB ;ub® nls U^gle o£ 64" and such that AP is 4 cm. Measure the 

distance PB, 

ft From a point P outside a circle of radius a, are drawn 
PQ®;. length X), and the straight line PAB fh 

^ ^r^^:j:it^S=XXllnes pa, PB.and 

express it in terms of a?, y, a. fhronch its 

If the circle is taken as representing a alright y above 

centre, PQ wiU be the range of vision Ipproslmote form 

,asind in order to have a range of vision of 60 inUes. 
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PAPER XXVI (ON Books I— 

L Wh&t is the locus of centres of 

(а) circles which touch a fixed line PQ nt a fixed point P; 

(б) circles of radius 3" which touch a fixed line PQ? 

Also of the following points : — 

(c) the points of contact of tangents drawn from a fixed point to 
a fixed sphere; 

(d) points on the earth which are 3000 nautical miles K. of the 
equator? 

2. The figure represents a bridge, whose span AB is 80 ft., supported 

on an arch in the form of an aro of a circle. 
AC=16 ft. = BD. Let r ft. denote the radius of 
the circular aro and b ft. the height of the 
roadway AB above the highest point of the 
arch. Find an algebraic equation connecting r 

with b. Then use it to calculate (i) the value of b when r=65| (ii) the value 
of r when 6 = 1. 

3, A stick, 4* long, is leant up ogainst a oyllndrical wooden roller of 
18'* diameter. The axis of the cylinder is perpendicular to the vertical 
plane in which the stick lies. The point where the stick touches the ground 
is 3' away from the point of contact of the cylinder with tlie ground. 
Without drawing to scale, find (i) the distance between the two points of 
contact which the slick makes respectively with the ground and the roller, 
(ii) the distance of the axis of the roller txom the point of contact of the 
etiok with the ground. 

t4. ABCD is any parallelogram. From A a straight line is drawn 
outting BC in E and BO in F. Prove that AF t FE = BC : BE. 

t5. The ude BC of an equilateral triangle ABC is produced to D so 
that CD = 6C. Prove that the perpendiculars to AC drawn through B and 
C respectively trisect AD. 

6. Constroct a triangle ABC, in which BC is 2", the angle BAC is 60^, 
and the sides AB and AC are .'n the ratio 3 : 4. 
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PAPER XXVII (ON Books I— IV). 

fl. AOCy BOD are chords of a circle ; the tangents at A and B meet at 
P ; the tangents at C and D meet at Qu Prove that the sam of the angles P 
and Q, is twice the angle BOC. 

2. AB is a diameter of a circle of radios 5cm. Draw a chord CD of the 
circle perpendicular to AB and 6 cm. in length. Also, through O, the point 
of intersection of AB and CD, draw a chord of the circle 8 cm. long. State 
the steps of your construction. 

t3. ABC is a triangle. O is the middle point of BC, and AO ia 
produced to T. The lines bisecting internally the angles BOT, COT cut 
externally the sides AB, AC in D, E. Prove that DE is parallel to BC. 

4. Construct a square equal in area to an equilateral triangle of side 
3 inches. Measure the side of the square. 

+5. D is the middle point of the base BC of a triangle ABC, E is a 
point in AC such that the angle ADEis equal to the angle ABC. EF isdraxm 
parallel to BC and meeting AD in F. Prove t^t the rectangle AF . FD is 

equal to the square on EF. 

6. Draw a circle of radius 5 cm. and take a point O at a distance ot 
10 cm. from Us centre. From O draw a line cutting the circle in P and « 
such that P is the middle point of 00. 


PAPER XXVin (ON Books I— IV). 

1 A and B are two forts 5 miles apart. The effective range of A’s guns 
is Similes, aud of B’s, 3 miles. Draw the circles bounding tue area 

by tie two forte, and let C be one of the points Jtowt 

circles An enemy’s ship comes to C so as to be able to bombard a 

forts. 

t2. O is the centre of a circle of 2 in. radius, A is a P°p ‘ ® ve 

ApTs a tangent from A. If OP is produced to 
that the circle whose centre is A and radius AQ wiU touch the g 
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t8. In a triangle ABC, AB = AC and / A ia a right angle; if the bisector 
of ^ C cuts AB in D, prove that BD“=2DA®. 

4. Show how to construct a triangle similar to and double the area of a 
given triangle. 

5. A point R is taken on the side AB of a triangle ABC of area e, so 
that AR = x. AB, where a: >1/2. RQ is drawn parallel to BC to meet AC at 
Q, RH pamllel to AC to meet BC at H, and QK parallel to AB to meet BC 
at K. Prove that the areas of ARQ and BRH are x'-'z and (1 - respectively 
(notice that they are similar to ABC), and find in similar form the area of 
CQK; use these results to find the area of ORHK. Verify your result for 
ORHK by giving x the values 1 and 1/2. 

+6. AB is an arc of a circle, of radius 4 inches, subtending an angle ol 
45® at its centre C. Let the tangents at A ai>d B meet at T , and produce 
CAaml BT to meet at S. Prove that ASs=AT=TB, and, denoting eanh ol 
these equal lengths by x inches, calculate the value of x. 

Now suppose that AT and STB represent two railway lines crossing each 
Other at T. The points A and B are connected by a loop-line represented by 
the arc AB of radius 400 yards. Determine in yards the distances of the 
jpoints A and B from the crossing T. 


PAPER XXIX (ON Books I— IV). 


1. The two equal circles, centres P and O, are so drawn that each 
^assee through the centre of the other : they intersect at A and B. 
The radius of each circle is r. Prove that (i) aro AOB subtends an 

angle of 120® at P. (ii) the seotor of arc AQB and centre P is of area . 


(iii) AB=:r^^. (iv) area of aPAB = — ■ . (v) the area common to the 


two oircles 
of each circle is 0*39. 





(vi) the ratio of this common area to the area 


12. ABCD is a quadrilateral in a circle. One side BC is produced to E. 
Prove that the bisectors of the angles BAD, DCE meet on the oiroomference. 


3. Draw a straight line 06C, making OB=.2*5om., OC = 6'4cm. 
Through O draw a line OA making the angle AOB=s42®. Then draw a 
circle passing through B and C and touching OA. (Describe the steps 
of yom construction.) 
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+4. The bisector of the angle A of a triangle ABC meets BC at D; and 
DE, DF are drawn respectively perpendicular to the external bisectors of the 
angles B, C, to meet AB, AC produced at E, F respectively. Prove that EF 
is parallel to BC. 

5. B, C, D are three points in order on a straight line, such that BCs2", 
and CD = 4". Construct a triangle ABC, such that AB + ACs=5'' and the 
bisector of the external angle at A passes through D. 


PAPER XXX (ON Books I— IV). 


1, Draw a circle whose diameter is 7 cm. long, and a line 2*6 cm. distant 
from the centre. Mark off on the line a point which is 6 cm. distant from the 
centre, and then describe a circle touching the line at this point and also 
touching the circle. 

2. C is the middle point of a straight line AB, 12 cm. long. On AC, CB 
and AB semicircles are described. What is the radius of the circle whio 
can be described in the space enclosed by the three semicircles touching all 

three of them ? 


t3. Draw any triangle ABC. It is required to inscribe in this trianglo 
an equilateral triangle one Bide of which is parallel to AB, and the oppoai 
vertex lies on AB. 

Show how this can be done by employing the properties of similar 
triangles. 

+4, At two points A. B of a straight line perpendiculars AC. BD ^ 
erected and AD, BC meet in a point E; from E a perpendicular EF is 

to AB. Prove that 111 


+5. ABCD is a rhombus; a straight Ime « ° 
both produced, at P and ft respecUvely. Prove that PB . 

AD is the bisector of the angle BAG of «■« W“^e ABC an^^ 
the middle point of AB ; also AD and CF mterseot m P, and PH rs p 
to AB cutting BC in H. Prove that 


PH AC 
BH ’ BC* 
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PAPER XXXI (ON Books I— IV). 

tl. O, A, B, C, D are points oo the circumference of a circle such that 
the angles AOB, BOC, COD a>e equal. Prove that the angle between the 
chords AC, OB is equal to that between AD, 00. 

t2. Through the vertices B, O of a triangle ABC two parallel lines BL 
and CM are drawn, meeting any straight line through A in L and M 
respectively. If LO is drawn parallel to AC and meets BC in O, prove that 
OM is parallel to A8. 

t3. Prove that, if circles are described passing through two given points 
A and B and cutting a given circle in P and Q, the chord PO outs AB in a 
fixed point. 

4. PX, PY are two straight lines intersecting at an angle 45®: A, B ara 
points on PX such that PAss ABs;5 cm. Construct in one figure the points 
on PY at which the segment AB subtends angles 20®, 30®, 40®, explaining 
your method- How would you find the point K on PY at which AB subtends 
the greatest angle? Construct tliis point in any way you please, and measure 
this greatest angle. 

6. CDEF is a rectangle (Fig.) in which CD = a and CF = 6. Aoirolc. 

whose centre is at O, the middle point 
of EF, is described to cut CF at H and 
D£ at K. If the radius r of the circlo 
is such tliat CH~HO, express r in terms 
of a and b. 

Suppose that the two right-angled tri- 
angles A and B are cut away from the 
rectangle and placed in the positions 
A| and 8j, thus converting the rectangle 
into an equilateral hexagon- Show that it 
a/2 = 6/^/3, the resnlting hexagon Is regular, 
i.e. has also its angles all equaL 

PAPER XXXII (ON Books I— IV). 

1. ABC is any triangle. Show how to inscribe a square PQRS in tha 
triangle bo that P lies on AB, Q on AC, and the side RS on BC. 
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2. Draw a circle 3 inches in diameter and place in it a chord AB 
2*5 inches in length; draw the diameter BC and produce BC to D so that D 
is 1 inch distant from the circle ; and through D draw DE perpendicular to 
6D. Then draw a circle touching D£ and also touching the former circle at 
A. State the steps of your construction. 

t3. If ABCD is a cyclic qnadrilateral and AB, DC be produced to meet 
at Q, and BC, AD to meet at R, prove that QP, RP, the bisectors of the 
angles BQC, CRD, are at right angles to one another. 

t4. A straight line is drawn parallel to the side BC of a triangle ABC 
cutting AC in P and AB in Q; BP cuts CC in T. Prove that AT produced 
bisects BC. 

5. In Fig. ABCD is a cross-section showing a railway cutting made in 
ground, the surface of which slopes in a direction at right angles to the 
cutting as shown by the line AED. BC is the trace of the horizontd plane 
on which the track will be laid, and EF is a vertical centre line bisecting BC. 
The side AB of the cutting is to have the same slope to the horizontal as the 

side CD. 

Calculate the dimensions * and y. Find the volume, in cubic yards, of 
the earth which most be excavated per chain length of track. 





appendix 
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List of Definitions. 

Acnt* anelo, oimiw angle, roaex angle. (An angle less than a right 
angle ia said to be acute ; an angle greater than a right angle and less than 
two right angles is said to be obtuse (p. C4) ; an angle greater than two and 
less than four right angles is said to be retlcxy (p. 250.) 

Acute-angled triangle. A triangle which has all its angles acute ia 
called an acute-angled triangle, (p. 8*2.) 

Adjacent angles. 'When three straight lines are drawn from a point, 
if one of them is regarded as lying between the other two, the angles which 
fhis lino makes with the other two are called adjacent angles, (p. 64.) 

Alternate angles, corrospoadlng angles. {See p. 70.) 

Altitude. See triangle, parallelogram. 

Anglo. ("When two straight lines are drawn from a point, they are said 
to form, or contain, au angle. The point is called the vertex of the angle, 
and the straight lines are called the arms of the angle, j/ (p. 64.) 

Angle in a segment. An angle Ln a segment of a circle ia the oaglo 
subtended by the chord of tho segment at a point on the arc. (p. 253.) 

Angle of elevation, of depression. (See p. 46.) 

Are of a circle. (Seep. 218.) 

Base. See triangle, parallelogram. 

Cliord of a circle. (Seep. 218.) 

Circle. A circle is a line, lying in a plane, such that all points in the 
line are equidistant from a certain fixed point, culled the cento*® of the 
circle. The fixed distance is called the radios of the circle, (p. 217.) 

Circomcentoe. The centre of a circle circumscribed about a triangle is 
called the circumcentre of the triangle, (p. 224.) 

Circumference of a circle. (See p. 215.) 

Circumscribed polygon. If a circle touches all the sides of a polygon, 
it is said to bo inscribed in the polygon ; and the polygon is said to bo 
circumscribed about the circle, (p. 224.) 

Common tangents, exterior and interior. (See p. 263.) 

Concycllc. Points which lie on the same mrele are said to bo conoyolio* 
(p. 257.) 
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Cone. (See %/. ’^iS.) 

Congraent. Figures ^bich are eqaal in all respects are said to be 
congruent, (p. 85.) 

Contact of circles. If two circles tocch the same line at the same points 
they are said to touch one another, (p. 245.) 

Converse. (See p. 76.) 

Coordinates. (See p. 152.) 

Cube. (See p. 42.) 

Cuboid. (See p. 43.) 

Cyclic quadrilateral. If a quadrilateral is such that a circle can be 
circumscribed about it, the quadrilateral is said to be cyclic, (p. 261.) 


Cylinder. (See p. 217.) 

Diagonal. See quadrilateral. 

Diameter of circle. (See p. 218.) 

Envelope. If a line moves so as to satisfy certain conditions, the curve 
which its different positions mark out is called its envelope. (See p- 293.) 

Equilateral triangle. A triangle wliich has all its sides equal is called 
an equilateral triangle, (p. 82.) 

Equivalent. Figures which are equal in area are said to be equivalent, 
(p. 168.) 

Escribed circles of a triangle. (See p- 244.) 

ronrtli proportional. If x is such a magnitude that a : 6=c * ** 
x is called the fourth proportional to the three magnitudes a, 6, c. (p. 30^7 

Height. See triangle, parallelogram. 

Heptagon. See pentagon. 

Hexagon. See i>entasoii- 

Hypotcnuso. See right-angled triangle. 

inscribed polygon. If a circle passes poly Jo^^^nd the 

polygon, Che circle is said to be circumscribed about the pol>g 

polygon is said to be inscribed iu the circle, (p. 224.) 

isosceles triangle. A triangle which has two of its sides equal is caUod 
an isosceles triaugle. (p* 82.) 


APPENDIX 

Xtine. The boundary between any two parts of a surface is called a lim 
A line has length but no breadth or thickness. 

X.OCUS. If a point moves so as to satisfy certain conditions, the path 
traced out by the point is called its locus, (p. 144.) 

major arc, minor arc. (See p. 218.) 

major segment, minor segment. (See p. 253.) 

mean proportional. If x is such a magnitude that a : x=x : b, then x 
is called the mean proportional between a and b. (p. 331.) 

Median. See triangle. 

Wet, (See p. 27.) 

Obtnso angle. See acute angle. 

ObtuBe*angled triangle. A triangle which has one of its angles an 
obtuse angle is called an obtuse>angled triangle, (p. 81.) 

Octagon. See pentagon. 

Parallel stralglit lines are straight lines in the same plane, which do 
not meet however far they are produced in either direction, (p. 70.) 

Parallelogram. A quadrilateral with its opposite sides parallel is called 
a parallelogram, (p. 73.) 

Auy side of a parallelogram may be taken as the base. The perpen- 
dicular distance between the base and the opposite (parallel) sido is called 
the height, or altitude, (p. 167.) 

Pentagon, hexagon, heptagon, octagon, etc. — a polygon of 5, 6, 
7, 8, ... sides; 5-gon, G>gon, 7-gon, 8-gon.... (p. 18.) 

Perimeter. The perimeter of a figure is the sum of its sides, (p. 18.) 

Perpendicular. See right angle. 

Plane. A surface which is such that the straight line joining every pair 
of points in it lies wholly in the surface is called a plane surface, or, hrioUy, 
a plane. 

Point. The boundary between any two parts of a line is called a point. 
A point has no length, breadth, or thickness, but it has position. 

Polygon. A plane figure bounded by straight lines is called a polygon, 
or, a reettUnear figure, (p. 83.) 

(See p. 44.) 

Projection, (See p. 210.) 

Proportion, (See pp. 302, 303.) 
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(See p. 27.) 

Quadrilateral. A plane figure bounded by four straight lines is called 
a quadrilateral, (p. 73.) 

The straight lines which join opposite comers of a quadrilateral are 
culled its diasonals. (p. 73.) 

Radinfl. See circle. 

Batio. (See pp. 302, 303.) 

Rectangle. A parallelogram which has one of its angles a right angle 
is called a rectangle, (p. 135.) 

Bectillnear figure. A figure contained by straight lines. 

Rednctio ad absnrdtun. (See p. 122.) 

Reflex angle. See acute angle. 

Regular polygon. A polygon which has all its sides equal and all its 
angles equ.al is called a regular polygon, (p. 84.) 

Rboznbns. A parallelogram which has two adjacent sides equal is 
called a rhombus, (p. 135.) 

Right angle; perpendicular. When one straight line stands on another 
straight line and makes the adjacent angles equal, each of the angles is called 
a right angle ; and the two straight lines are said to be at right angles, or 

perpendicular to one another, (p. 61.) 

Right-angled triangle. A triangle which has one of its angles a right 

angle is called a right-angled triangle. 

The side opposite the right angle is called the hypotenuse, (p. 81.) 

Scalene triangle. A triangle which has no two of its sides equal ifl 
OdUed ft BCftlene triftnglft* (p- 

of a circlft. (Sea p. 219.) 

of ft circle. (See p. 219.) 

Semicircle. (See p. 219.) 

similar. Figures which are equiangular to one another and have their 
iorresponding sides proportional are said to be similar, (p. 313.) 

Solid. Any limited portion of space is called a soUd. A solid has 
ehgth, breadth and thickness, (pp. 65 — 59.) 

Sphere. (See p. 217.) 
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Bqnare. A reotangle which has two adjocont sides equal ia called 
a square, (p. 135.) 

Straight lino. If a line la auoh that any part, however placed, lioa 
wholly on any other part if its extremities are made to fall on tliat other 
part, the line is called a straight line. 

Supplementary angles. When the snm of two angles is equal to two 
right angles, each is called the supplement of the other, or is said to be 
supplementary to the other, (p. 66.) 

Surface. The boundary between two parts of space is called a surface. 
A surface has length and breadth but oo thickness. 

Symmetry. (See p. 51.) 

Tangent. A tangent to a oirole ie a straight line which, however far 
it may be produced, has one point, and one only, in common with the 
circle. 

The tangent is said to touch the circle ; the common point is called 
the point of contact, (p. 238.) 

Tetrahedron. (See pp. 26 — 27.) 

Third proportionaL If x is such a magnitude that a ib^b :x, then x 
ia called the third proportional to the two magnitudes a, b. (p. 309.) 

Trapezium. A quadrilateral which bos only one pair of sides parallel 
ia called a trapezium. A trapezium in which the sides that are not parallel 
are equal is called an isosceles trapezium, (p. 135.) 

Triangle. A plane figure bounded by three straight linos is called a 
triangle, (p. 73.) 

Any side of a triangle may be taken as base. The line drawn porpen* 
dicular to the base from the opposite vertex is called the hoiglit, or 
alUtude. (p. 172.) 

The straight line joining a vertex of a triangle to the mid-point of the 
opposite side is called a median, (p. 110.) 

Vertically opposite angles. The opposite angles made by two inter- 
Becting straight lines are called vertically opposite angles {verHcally opposite 
because they have the same vertex), (p. 66.) 

Vertlees. The comers of a triangle or polygon are called its vertices 

16.) 


A 3-«ided prism. (See p. 44.) 


